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THE  "ELEKTRON"  SPACE  SYSTEM 

A  space  system  consisting  of  the  two  scientific  stations  "Elek- 
tron-l"  and  "Elektron-2  "  was  successfully  launched  in  the  Soviet  Union 
on  30  January  1964,  the  two  stations  being  ejected  into  substai tially 
different  orbits  by  a  single  pov/erful  rocket  vehicle.  The  creation  of 
such  a  system  opens  new  possibilities  for  study  of  circumterrestrial 
cosmic  space  and  is  of  fundamental  importance  for  the  development  of 
cosmic  physics.  A  broad  ccxnplex  of  measurements  necessary  for  more  pro¬ 
found  understanding  of  the  physical  processes  unfolding  in  various  re¬ 
gions  of  circumterrestrial  cosmic  space  is  being  acccMnplished  with  the 
aid  of  the  scientific  stations  ”Elektron-l”  and  ”Elektron-2. ” 

One  of  the  basic  assignments  of  the  satellites  ”Elektron-l"  and 
"Elektron-2"  is  to  study  the  internal  and  external  radiation  belts  of 
Earth,  The  streams  of  charged  particles  present  in  the  radiation  belts 
are  highly  intense,  and  the  energy  of  many  particles  in  the  radiation 
belts  is  sufficient  to  allow  them  to  penetrate  inside  space  ships. 

The  "Elektron"  satellites  are  also  investigating  the  ultraviolet 
radiation  of  the  Sun,  cosmic  rays,  the  magnetic  field,  and  so  forth. 
Below  we  present  a  full  list  of  the  scientific  apparatus  mounted  on  the 
"Elektron"  satellites. 

SCIENTIFIC  APPARATUS  ABOARD  THE  SATELLITE  "'ELEKTRON -1" 

1.  A  package  of  instruments  for  study  of  the  Earth’s  radiation 
belts,  consisting  of  scintillation,  gas-discharge  and  semiconductor  ra¬ 
diation  detectors.  The  instruments  register  electrons  with  energies 
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ranging  from  40  kev  to  10  Mev  and  protons  with  energies  from  2  to  200 
Mev. 

2*  Apparatus  for  study  of  the  soft  corpuscular  radiation,  consist¬ 
ing  of  scintillation  counters  with  an  auxiliary  electron  accelerator  on 
one  of  the  indicators  and  a  magnet  cutting  off  low-energy  electrons  on 
the  other  indicator.  The  apparatus  registers  electrons  from  kev  and- 
protons  from  150  kev. 

3.  A  "Mayak“  ["Beacon"]  system,  designed  for  study  of  the  electro¬ 
magnetic  properties  of  the  ionosphere  and  the  interplanetary  medium 
means  of  coherent  radio  waves  at  the  frequencies  20.005j  30.0075  and 
90.0225  Me. 

4.  Ballistic  piezoelectric  micrometeorite  detectors  having  a  sen- 

2 

sitive  surface  area  of  0. 03  m  .  The  minimum  particle  mass  that  can  be 
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registered  is  10“  g. 

5.  A  mass  spectrometer  for  study  of  the  ionic  composition  of  the 
atmosphere  at  high  altitudes.  This  instrumentation  is  capable  of  regis¬ 
tering  mass  numbers  from  1  to  34  atomic  mass  units. 

6.  Solar  energy  cells,  for  study  of  the  performance  of  solar  bat¬ 
teries  under  the  conditions  of  cosmic  space. 

SCIENTIFIC  APPARATUS  ABOARD  THE  SATELLITE  "ELEKTRON-2" 

1.  Instrument  package  for  studying  the  radiation  belts  of  the 
Earth,  consisting  of  the  same  instruments  as  aboard  the  satellite 
"Elektron-l,  " 

2.  An  electrostatic  spherical  analyzer,  which  registers  electrons 
and  protons  with  energies  Eq  of  100  ev,  200  ev,  400  ev,  1  kev,  2  kev, 

4  kev  and  10  kev  in  the  band  within  +30^  of  Eq. 

3.  Two  ferromagnetic -probe  magnetometers,  which  measure  three  mu- 
tually  perpendicular  components  of  the  magnetic  field  in  the  ranges 
from  2-3  to  1200^. 
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Fig.  1.  The  cosmic  station  “Elektron-1. "  l)  Sealed  housing  of  station; 
2)  shutters  of  heat -regulation  system;  3)  solar  batteries;  4)  antennas; 
5)  micrometeor  detector;  6)  instrument  for  registering  corpuscular  ra¬ 
diation;  7)  mass  spectrometer;  8)  proton  detector;  9)  device  for  study¬ 
ing  the  energy  spectrum  of  radiation-belt  electrons, 

4.  X-ray  counters,  v/hich  register  the  solar  x-radiation  in  the 
ranges  from  2  to  8  A  and  from  8  to  l8  angstroms.  The  counters  are  moun¬ 
ted  on  a  platform  that  automatically  orients  itself  toward  the  Sun  and 
"look"  at  the  Sun  almost  continuously, 

5.  Apparatus  for  studying  the  composition  of  cosmic  rays  and  the 
time  variations  of  the  fluxes  of  various  nuclear  groups.  The  instru¬ 
ments  incorporate  Cerenkov  and  scintillation  counters,  which  register 
nuclei  with  charges  Z  >  2,  Z  >  5  and  Z  >  15  and  heavier  ones  with  en¬ 
ergies  exceeding  600  Mev/nucleon, 

V 

6.  Apparatus  for  registering  cosmic  radio  emission  at  the  fre¬ 
quencies  725  kc  and  1525  kc. 

FTD-TT-64-770/1+2 


Fig.  2,  The  cosmic  station  "Elektron-2. ”  l)  Sealed  housing  of  station; 
2)  shutters  of  temperature -control  system;  3)  solar  batteries;  4)  an¬ 
tennas;  5)  magnetometer;  6)  solar  orientation  sensors;  7)  spherical  an¬ 
alyzer  for  studying  the  energy  spectrum  of  low-energy  particles;  8)  in¬ 
strument  for  studying  the  chemical  composition  of  cosmic  rays;  9)  in¬ 
strument  for  studying  the  energy  spectrum  of  radiation -belt  electrons; 
10)  mass  spectrometer;  11)  instrument  for  studying  the  solar  x-radia¬ 
tion;  12)  .low-energy  proton  detector;  13)  charged -particle  traps. 

7.  A  charged-particle  trap  similar  to  those  used  on  all  cosmic 
rockets.  The  trap  registers  positive  masses  in  the  plasma  layer  around 
the  Earth  and  protons  in  the  solar  corpuscular  streams.  Electrons  with 
energies  >  100  ev  are  also  registered  by  the  trap,  but  they  give  rise 
to  colle/ctor  currents  of  the  opposite  sign. 

8.  A  mass  spectrometer  for  studying  the  ionic  composition  of  the 
atmosphere  at  high  altitudes.  The  Instrament  has  the  same  parameters  as 
the  one  aboard  the  satellite  "Elektron-1. " 

9.  Solar  energy  cells,  for  study  of  theJj'’  performance  under  the 
conditions  of  cosmic  space. 

Two  elliptical  orbits  with  large  eccentricities  were  selected  for 
the  "Elektron"  cosmic  system  in  order  to  provide  for  scientific  inves- 
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tigations  over  the  entire  range  of  altitudes  of  interest  to  us  —  fre® 
the  upper  layers  of  the  atmosphere  to  cosmic  space  beyond  the  limits  of 
the  radiation  belts.  The  first  orbit  lies  in  the  most  interesting  re¬ 
gions  of  the  internal  radiation  belt,  crosses  parts  of  the  external 
belt  and  covers  the  region  of  space  with  nonregular  magnetic  field  and 
the  unstable  particle  fluxes  that  produce  the  aurora.  The  second  orbit 
crosses  parts  of  the  internal  belt  and  the  most  interesting  regions  of 
the  external  radiation  belt,  and  intersects  a  region  with  nonsteady 
fluxes  of  low-energy  electrons  situated  outside  the  external  radiation 
belt  —  the  region  that  has  come  to  be  known  in  the  literature  as  the 
outermost  belt  of  charged  particles.  The  apogee  height  of  the  satellite 
"Elektron-l"  is  7000  km,  which  corresponds  approximately  to  the  upper 
boundary  of  the  internal  radiation  belt,  while  the  apogee  of  “Elektron- 
2"  is  68,000  km.  The  perigee  altitude  lies  in  the  range  from  400  to  460 
km  for  both  orbits.  The  inclination  is  about  6l^.  The  perigees  are  sit¬ 
uated  in  the  Northern  Hemisphere,  which  guarantees  optimum  conditions 
for  conducting  radio  communications  sessions  between  the  cosmic  sta¬ 
tions  and  ground  monitoring  points.  Together  with  this,  when  the  sta¬ 
tions  are  situated  in  the  perigee  region  of  the  orbits,  the  telemetry 
traffic  is  at  its  heaviest,  since  it  Is  in  this  region  that  the  meas¬ 
urements  related  to  study  of  the  upper  atmosphere  are  made  In  addition 
to  the  radiation -belt  studies. 

Ejecting  two  satellites  into  substantially  different  orbits  by 
means  of  a  single  booster  presents  significant  technical  difficulty.  To 
eject  the  cosmic  stations  "Elektron-1”  and  "Elektron-2**  Into  the  speci¬ 
fied  orbits,  the  former  was  separated  on  the  powered  flight  segment  of 
the  booster's  last  stage  while  its  engine  was  still  running.  The  "Elek- 
tron-1"  station  was  separated  by  means  of  a  special  propulsion  system 
that  accomplished  separation  of  the  “Elektron-l  *’  station  from  the  last 
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tage  of  the  booster  rocket  at  a  rigorously  defined  speed  and  with 
ractically  no  disturbing  effects  on  the  subsequent  motion  of  the  last 
tage.  The  ”Elektron-l"  station  was  designed  in  such  a  way  that  it 
ould  be  most  compact  at  the  time  of  separation  and  would  not  have 
arge  projecting  parts. 

’'^Elektron-l"  and  ”Elektron-2"  are  automatic  stations  -  satellites 
developed  for  complex  study  of  circumterrestrial  cosmic  space. 

Figures  1  and  2  show  the  external  appearance  of  the  satellite  sta- 
ions  "Elektron-1"  and  *‘Elektron-2.  ” 

On  the  outside  of  each  station  are  the  solar  batteries^  the  anten- 
.a  systems,  some  of  the  instruments  for  scientific  research  and  the  so¬ 
ar-orientation  sensors.  The  cylindrical  part  of  the  housing  accommo- 
.ates  the  rotating  shutters  of  the  temperature -control  system.  The 
'Elektron-l"  station  is  distinguished  by  its  folding  antennas  and  so- 
.ar-battery  panels,  which  open  after  separation  of  the  statioxi  from  the 
ooster  rocket  on  command  from  a  programmed  timer.  This  v/as  necessary 
-n  connection  with  separation  of  this  station  on  the  powered  part  of 
he  trajectory.  The  solar -battery  panels  are  rigidly  mounted  on  the 
'Elektron-2'*  station.  The  scientific  instrumentation  installed  on  the 
'Elektron"  satellites  takes  measurements  at  all  points  of  the  orbits. 

'he  results  of  the  measurements  are  read  into  storage  devices  carried 
jn  board.  Scientific  information  and  data  on  the  performance  of  the  on¬ 
ward  systems  are  accumulated  in  the  storage  unit  over  one  or  several 
orbits  (depending  on  the  operating  mode  selected  for  the  memory  units). 

During  communications  sessions,  transmission  of  the  stored  infor- 
lation  is  accompanied  by  direct  telemetric  transmission  of  a  large  num- 
er  of  parameters  registered  by  the  scientific  instruments,  and  data 
;re  transmitted  on  the  performance  of  all  systems  aboard  the  station, 
-peration  of  the  on-board  apparatus  can  be  controlled  by  either  of  two 
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methods  ~  autonaaously  or  by  commands  transmitted  to  the  stations  from 
ground  points  on  special  command  radio  links.  The  power-supply  systems 
include  solar  batteries  and  buffer  storage  batteries  charged  fr^  the 
solar  batteries. 

The  angular  attitude  of  the  "Elektron"  stations  in  space  is  deter¬ 
mined  by  the  solar-orientation  sensors,  whose  indications  are  regis¬ 
tered  in  the  storage  units  simultaneously  with  the  measurement  results 
from  the  scientific  instrumentation, 

A  complex  of  control  and  monitoring  points  on  the  ground  has  the 
responsibility  for  controlling  the  flight  of  the  ”Slektron”  cosmic  sys¬ 
tem,  measuring  the  parameters  of  the  satellite -station  orbits,  receiv¬ 
ing  and  recording  the  telemetry  and  scientific  data,  and  Issuing  com¬ 
mands  to  switch  on  and  off  the  apparatus  carried  by  the  devices. 

The  locations  of  the  control  and  measuring  stations  in  this  com¬ 
plex  permit  communication  with  the  "Elektron-1”  and  "Elektron-2"  satel¬ 
lites  on  all  orbits  that  pass  over  the  territory  of  the  USSR. 
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INTERPIANETARY  5T,IGHTS  WITH  CONSTANT  OUTPUT 

ENGINES 

V.V*  Beletskiy  and  V.A.  Yegorov 

The  problem  of  interplanetary  flight  of  a  Jet-propelled  vehicle 
with  an  ionic  or  plasma  engine  is  investigated  on  the  assumption  that 
the  jet -reaction  power  output  is  constant.  The  study  is  made  basically 
by  the  "transporting -trajectory  method"  —  a  method  of  linearizing  the 
equations  with  respect  to  a  certain  suitably  selected  reference  trajec¬ 
tory.  The  method  is  convenient  for  the  rapidity  of  its  calculations  and 
has  high  accuracy  for  a  broad  class  of  practically  interesting  trajec¬ 
tories.  Flights  with  optimum  control  of  the  jet  acceleration  are  stud- 
ledj  as  v;ell  as  flights  with  a  constant  jet -acceleration  vector  that 
changes  direction  once. 

*  * 

* 

The  present  paper  investigates  the  problem  of  cosmic  flight  of  a 
jet-propelled  apparatus  with  an  ionic  or  plasma  engine  on  the  assump¬ 
tion  that  the  power  expenditure  on  jet  reaction  is  constant.  The  maxi¬ 
mum  accelerations  that  these  engines  can  impart  to  the  rocket  amount  to 
only  a  few  mm/sec  .  Due  to  the  small  magnitude  of  the  reaction  acceler¬ 
ations  obtained  as  compared  with  the  acceleration  of  gravity ^  the  tra¬ 
jectory  of  the  space  flight  consists  of  segments  of  two  different  types 
segments  of  spiral  motion  in  the  vicinity  of  the  planets  and  segments 
of  flight  between  the  planets'  spheres  of  influence. 

It  is  convenient  to  separate  these  segments  by  points  at  which  the 
planetocentric  velocity  of  the  rocket  is  the  same  as  the  local  parabol¬ 
ic  velocity  [1],  Here  we  may  disregard  the  influence  of  the  Sun  in  ap¬ 
proximate  calculations,  at  least  until  the  parabolic  velocity  is 


reached,  and  we  may  disregard  the  influence  of  the  planet  after  this 
speed  has  been  reached,  taking  the  initial  heliocentric  velocity  of  the 
rocket  as  equal  to  the  heliocentric  velocity  of  the  planet. 

The  present  paper  is  concerned  with  flights  between  spheres  of  in¬ 
fluence  of  planets.  A  method  is  proposed  for  calculating  the  trajecto¬ 
ries  and  power  characteristics  of  cosmic  flight  on  the  basis  of  the 
transporting  trajectories  and  transporting  coordinate  system  that  are 
introduced.  The  basic  inspiration  for  the  method  is  due  to  T.M.  Sneyev. 
This  procedure  is  based  on  the  assumption  that  the  flight  trajectory 
with  small  reaction  acceleration  does  not  differ  greatly  from  a  certain 
suitably  selected  known  trajectory.  Such  a  trajectory  will  be  referred 
to  as  a  transporting  trajectory,  and  a  system  of  CJoordinates  that  moves 
translationally  along  tne  transporting  trajectory  will  be  referred  to 
as  the  transporting  coordinate  system. 

In  first  approximation,  we  may,  in  this  system  of  coordinates, 
disregard  all  forces  other  than  the  engine -thrust  reaction  force,  since 
the  basic  part  of  the  solar  attraction  is  taken  into  account  by  the 
very  introduction  of  the  transporting  trajectory.  To  take  the  gravita¬ 
tional  attraction  of  the  Sun  into  account  with  greater  accuracy,  it  is 
expedient  to  linearize  the  equations  of  motion  in  the  transporting  co¬ 
ordinate  system;  this  also  takes  into  account  the  linear  part  of  the 
perturbations  of  the  rocket  in  the  Sun’s  gravitational  field,  perturba¬ 
tions  due  to  deviation  of  the  rocket  from  the  origin  of  the  transport¬ 
ing-coordinate  system. 

It  is  shown  in  the  present  paper  that  a  treatment  of  this  type  is 
sufficiently  accurate  for  a  broad  class  of  trajectories.  Moreover,  this 
method  first  makes  it  possible  in  a  number  of  cases  to  avoid  numerical 
integration  of  the  equations  of  motion,  since  the  linearized  equations 
are  integrated  in  quadratures;  secondly,  it  makes  it  possible  to  solve 
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the  boundary -value  problem  without  iterations,  since  the  problem  be¬ 
comes  linear.  We  shall  apply  the  transporting-trajectory  method  to  an 
arbitrary  reaction -acceleration  control  law. 

The  paper  submitted  here  contains  seven  sections. 

Section  1  considers  model  problems  and  sets  forth  the  transporting 
trajectory  method  for  solution  of  the  interplanetary -flight  problem. 
Section  2  considers  the  variational  problem  for  a  rocket  with  a  con¬ 
stant-power  engine  moving  in  an  ai*bitrary  force  field;  the  method  of 
transporting  trajectories  is  used  for  solution  of  this  problem  in  Sec¬ 
tion  3*  "The  solution  of  the  optimum  problem  in  first  approximation  Is 
studied  in  Section  4.  In  Section  we  consider  (in  first  approximation) 
the  problem  of  flight  with  reaction  acceleration  constant  in  magnitude 
and  cha:ging  direction  once.  In  Section  6,  the  equations  of  optimum  mo¬ 
tion  are  integrated  in  the  second  approximation;  Section  7  presents  the 
results  of  calculations  for  certain  flights  to  Mars,  Venus,  and  Jupiter 
and  analyzes  the  accuracy  of  the  method  used.  The  results  of  a  series 
calculation  of  interplanetary -flight  characteristics  are  set  forth  in 
another  paper  written  by  the  authors  in  collaboration  with  V.O.  Yershov. 

The  authors  express  their  heartfelt  gratitude  to  D.Ye.  Okhotsim- 
skly  and  T.M.  Eneyev  for  their  invaluable  assistance  in  the  vjork,  and 
to  N.B.  I^yshetskiy,  N.A.  Malinina  and  Ye. A.  Sidorova  for  running  the 
calculations. 

1.  INITIAL  CONSIDERATIONS.  MODEL  PROBLEMS.  THE  TRANSPORTING  COORDINATE 
SYSTEM 

Let  N  be  that  part  of  the  power  of  the  on-board  powerplant  that  is 
converted  into  the  kinetic  energy  of  the  reaction  jet,  be  the  veloc¬ 
ity  of  particle  motion  in  the  jet,  f  be  the  reaction  acceleration  and 
m(t)  be  the  variable  mass  of  the  rocket.  Then  we  have,  by  definition  of 
reaction  force  and  power. 
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m  dt  ’ 


dm  V,* 


V/e  shall  regard  N  as  constant  during  the  entire  operating  time  of 


1  dm 


the  engine.  Excluding  with  the  aid  of  (1.^,  we  obtain 
Integrating,  we  find  [2,  3] 


P 

W 


/Hfl  M  ^0  r 


(1.3) 


T 

(1.4) 

0 

VJe  note  that  by  excluding  dm/dt  from  (l.l)  and  (1.2),  we  obtain 
the  formula 

‘  f^2NIVrm,  (1^5) 

from  which  it  follows  that  at  any  fixed  time  during  operation  of  the 
engine,  the  reaction  acceleration  will  be  the  larger  the  lower  the  ex¬ 
haust  velocity  at  this  moment. 

It  follows  from  Formula  (1.3)  that  for  any  rocket  with  an  engine 
producing  a  constant -power  jet,  the  optimum  operating  mode  will  be  that 
in  which  the  integral  J(1.4)  reaches  a  minimum  during  the  time  of 
flight,  with  the  expenditure  of  fuel  from  a  small  relative  weight  of 
fuel  approximately  proportional  to  J. 

This  permits  making  trajectory  studies  and  calculating  the  reac¬ 
tion  acceleration  without  using  parameters  for  specific  rockets,  and 
the  terminal  relative  weight  and  required  fuel  expenditures  can  then  be 
calculated  from  the  values  of  the  integral  J  as  soon  as  the  parameters 
of  the  powerplant  become  known. 

Problems  of  determining  flight  modes  corresponding  to  the  minimum 
of  Functional  (1.4)  differ  considerably  from  problems  on  the  minimum  of 

T 

the  functional  C  ,  which  are  normally  solved  for  chemical-fuel 
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rockets.  It  is  natural  to  begin  a  study  of  low-thrust  motion  frcan  ele¬ 
mentary  model  problems, 

l)  Let  us  consider  rectilinear  motion  with  a  small  constant  reac¬ 
tion  acceleration  f  over  a  given  path  2s  for  a  specified  time  2T  in  the 
absence  of  external  forces  and  under  the  condition  that  the  initial  and 
terminal  velocities  on  the  path  are  zero.  V7e  shall  assume  that  the  ve¬ 
locity  rises  uniformly  on  the  first  half  of  the  path  and  diminishes  un¬ 
iformly  on  the  second  half. 

We  have 


/  -  2s/f2  =.  akc/r.  (1.6) 

During  this  process j  the  velocity  =  2s/T  =  2Vq  is  gained  and 
then  lost,  i.e.,  a  velocity  impulse  4Vq  is  expended.  Here  Vq  =  s/T.  We 
see  that  on  the  basis  of  the  over -all  velocity  impulse,  the  expenditure 

a 

for  motion  with  small  thrust  is  exactly  tv/ice  the  expenditure  for  im¬ 
pulse  acceleration  and  deceleration  of  the  rocket. 

We  have  for  the  entire  path 


h  2pT  =  BVo^ T,  (1.7) 

2)  Let  us  now  assume  that  a  small  constant  acceleration  acts  not 
all  of  the  time,  but  only  at  the  beginning  and  the  end  of  the  assigned 
path,  and  that  it  is  necessary  to  shut  off  the  engine  for  this  time  in 
order  to  obtain  the  minimum  of  J  in  the  assigned  total  flight  time. 

By  virtue  of  the  symmetry  of  the  motion,  it  is  sufficient  to  treat 
it,  like  Problem  l),  only  over  half  s  of  the  entire  path  during  a  time 
T  equal  to  half  of  the  total  flight  time.  Let  t  be  the  time  at  which 
the  engine  is  shut  off.  Then  we  obtain  J  and  the  assigned  path: 


/2  =  2A: 

2j  =  /t2  +  2/t(7’-t).  (1.9) 

Solving  the  problem  for  the  minimum  (1.8)  with  Condition  (1.9), 


we 


get 
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We  see 


27 

4  T  • 


(1.10) 


LZ. 

4  r  * 


A 


that  Jg  <  JjL  by  5/^*V^/r,  l.e.,  by  approximately  15*  5^- 

3)  Let  us  now  assume  that  the  acceleration  plot  has  two  steps  of 
height  and  fp  and  duration  t  and  T  -  t,  and  that  it  is  necessary  to 
select  the  parameters  t,  and  from  the  minimum  condition  (1.4)  for 
the  assigned  path  s. 

In  this  problem,  we  have  instead  of  (1.8)  and  (1.9) 

A  «  2  [/,*t  +  (f-T)].  2s  «  /,t2  +  2/,t  (f-T)  +/? 

which  leads  us,  like  the  foregoing,  to  the  formulas 


t  = 


ii  v_  f  _±^y_ 

5  r  ’  ~  5  T 


32  V* 

5  T  • 


(1.11) 


V/e  see  that  with  the  gain  already  equal  to  20^  of 


4)  The  maximum  advantage  can  be  obtained  if  we  solve  the  varia¬ 
tional  isoperimetric  problem  for  the  minimum  of  Functional  (1.4)  for 
the  assigned  path 


I 

s=2^(r-0/W*- 


(1.12) 


4 

From  the  condition  that  the  variation  6Jy  =*^12/  +  X(r  — vanish 

9 

(where  1  is  the  constant  Lagrange  multiplier)  and  Condition  (1.12),  v/e 


find 


V/e  see  that  the  reaction  acceleration  diminishes  linearly  to  zero 
at  t  =  T  from  an  initial  magnitude  one-and-one  half  times  larger  than 
the  constant  acceleration  of  Problem  l),  and  the  advantage  in  the  val¬ 
ue  of  J  as  compared  with  Problem  1)  is  25^. 

5)  The  variational  problem  can  also  be  solved  in  a  similar  fashion 
with  boundary  velocities  differing  from  zero.  The  solution  is  again  a 
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linear  law  of  variation  of  the  reaction  acceleration,  and  the  advantage 
as  compared  with  the  case  of  constant  reaction  acceleration  will  be  of 
the  same  order. 

The  elementary  model  problems  that  we  have  considered  enable  us  to 
discern  an  essential  peculiarity  of  the  motion,  namely  that  the  intro¬ 
duction  of  a  discontinuity  into  the  engine's  operation  and  a  stepwise 
change  in  the  magnitude  of  the  reaction  acceleration  permits  recuclng 
the  value  of  Integral  fl.4)  and,  consequently,  cutting  fuel  consumption. 
The  maximum  reduction  of  fuel  consumption  is  attained  by  introducing 
continuous  control  of  the  acceleration  f  by  an  optimum  lav;,  v;hich  has 
been  found  to  be  linear  in  time  in  the  case  under  consideration. 

The  problems  set  forth  above  represent  something  of  an  analogue  of 
the  problems  of  flight  between  planetary  spheres  of  influence  with  as¬ 
signed  tiroes  t^  of  beginning  and  t^  of  completion  of  the  flight,  since 
these  times  fix  the  initial  and  terminal  points  of  the  path,  the  helio¬ 
centric  velocities  at  these  points,  and  the  time  of  flight. 

For  approximate  calculations  of  motion  in  specified  spans  of  time 
between  planetary  spheres  of  influence,  taking  the  attraction  of  the 
Sun  into  account,  it  is  found  more  convenient  to  consider  the  motion 
not  in  a  fixed,  but  in  a  translationally  moving  coordinate  system.  Sup¬ 
pose  that  the  origin  of  this  system  is  moving  along  a  heliocentric  con¬ 
ic  section  (according  to  Kepler's  lav/s)  during  the  same  time  t^,  t^  be¬ 
tween  the  same  boundary  points.  In  this  system,  the  rocket  will  be  ac¬ 
ted  upon  not  by  the  solar  attraction  itself,  but  only  by  the  "perturba¬ 
tion"  due  to  the  Sun,  i.e.,  the  difference  between  the  attractive  for¬ 
ces  exerted  by  the  Sun  on  the  rocket  and  on  the  coordinate  origin  or, 
more  precisely,  the  difference  between  the  force  of  solar  gravitation 
and  the  inertial  force  due  to  the  noninertial  character  of  the  reckon¬ 
ing  system.  V/e  shall  refer  to  the  coordinate  system  introduced  as  the 
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transporting  system  and  the  trajectory  of  the  coordinate  origin  as  the 
transporting  trajectory.  The  rocket's  trajectory  in  this  system  will 
begin  and  end  at  the  coordinate  origin.  Since  the  initial  heliocentric 
velocity  of  the  rocket  is  the  same  as  the  Earth's  velocity  for  flight 
beginning  at  the  Earth,  the  initial  velocity  of  the  rocket  in  the 
transporting  system  will  be  opposite  in  direction  and  equal  in  magni¬ 
tude  to  the  heliocentric  initial  velocity  of  the  coordinate  origin  of 
the  transporting  system.  Similarly,  the  terminal  velocity  of  the  rocket 
in  the  transporting  system  will  be  equal  in  magnitude  and  opposite  in 
direction  to  the  terminal  planetocentric  velocity  of  the  transporting 
system  coordinate  origin. 

V/hen  the  trajectory  in  the  transporting  system  deviates  slightly 
from  the  coordinate  origin,  the  perturbations  may  be  disregarded  as 
small  by  comparison  with  the  reaction  force,  and  we  obtain  motion  in 
space  v/ithout  forces,  so  that  the  model  problems  examined  above  acquire 
even  greater  significance.  Here  and  in  everything  that  follows^  we 
shall  use  the  term  "perturbations”  to  imply  the  above  solar  perturba¬ 
tions  in  the  transporting  coordinate  system.  It  should  be  noted  that  in 
a  specific  calculation  of  interplanetary -flight  trajectories,  it  is  us¬ 
ually  found  advantageous  to  select  a  somewhat  different  transporting 
trajectory,  namely,  one  located  in  the  plane  of  the  Ecliptic. 

2.  FORMULATION  OF  GENERAL  VARIATIONAL  PROBLEM 

It  was  shown  above  that  for  engines  with  a  reaction  jet  of  con¬ 
stant  power,  the  current  relative  mass  m/mQ  and  the  reaction  accelera¬ 
tion  f  are  related  by  the  integral  relationship  (1.3)« 

The  problems  that  can  be  set  up  for  rockets  with  low -thrust  en¬ 
gines  come  in  a  wide  variety.  They  include:  acceleration  of  a  rocket 
from  the  orbit  of  an  Artificial  Earth  Satellite  or  planet  to  escape  ve¬ 
locity  and,  conversely,  return  to  such  an  orbit  from  cosmic  spacer 


flight  between  planets,  probing  circumsolar  space,  and  so  forth.  In  all 
of  these  problems,  it  is  reasonable  to  require  that  the  rocket  carry 
the  largest  payload  consistent  with  execution  of  the  given  assignment. 

As  v;e  see  from  (1.3)i  the  problem  of  minimum  mass  expenditure  in 
this  flight  reduces  to  minimization  of  Integral  (1.4).  As  was  shown  in 
[2,  3]*  the  problem  of  the  minimum  fuel  t^nd  powerplant  masses  reduces 
to  minimisation  of  this  same  integral. 

The  problem  can  be  fc3?mulated  mathematically  as  follows.  Let  a 
force  field  with  potential  U  and  a  reaction  acceleration  act  on  a  rock¬ 
et  with  mass  m.  Let  U  =  U/m.  Then  the  rocket’s  equation  of  motion  will 
take  the  form 

V  —  gradjr  =  f;  r  =  V,  where  r  =  {x,  y,  z);  V  =  (k,  r,  w);  f=(/„  /,).  (2.1) 

It  is  necessary  to  determine  the  law  of  variation  of  the  vector  T 
such  that  the  functional  J  (1.4)  has  an  extreme  at  a  given  T  with  Rela¬ 
tionships  (2.1)  prevailing.  Let  us  introduce  the  Lagrange  multipliers 

XjX.X,X,X,X,  and  write  the  auxiliary  functional 
x^  y^  u^  v^  w^ 

4*  (y  *’)  Iz (w^  ““  ^ A)  + 

The  variation  6J  =  where  the  term  6^J  arises  when  the 

terminals  are  varied  (with  fixed  terminals,  =  0),  and 

T 

6^  =  ^  (X„  +  i,)  6a  -  (ip  +  iy)  -  (i«  -f  i*)  - 

- (is^^sx  +  X*  +  iw)  yx  +  K^VV  4-  ^tUyi  4”  Ip)  “ 

•—  (XxU XX  4"  yx  4”  1*^ *»  4"  iw)  4"  (2/ x  '  ix)  ^/x  4" 

4“  (2/v  —  ^v)  ^/v  4"  (2/ X  ~  iz)  Wt) 

Equating  to  zero,  we  obtain  the  Euler  equations  by  virtue  of 
the  Independence  of  the  variations  that  appear: 

2/jc  “*  ix  ~  0,  2/y  —  Xy  =  0,  2/*  X*  =  0, 

Xu  4*  ix  ip  4"  iy  0|  Xm  4”  i*  ~ 

Xx^^xx  4"  Xyl/xy  Xxi7*j  +  Xu  =  0| 

X®l/yx  4*  Xyi/yy  4“  XsC^y,  4“  Xp  =  0| 

XscC^XZ  4*  XyJ^yx  4"  XjC^lI  4“  Xjo  0. 
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Excluding  the  Lagrange  multipliers  from  the  above,  we  obtain  for 


f  .  f  and  f  the  equations 
j\  y  2 


Uxx 

Uxy 

Uxz 

II 

o 

II 

1 

Uyx 

Uyy 

Uyz 

^  1 

i 

Urx 

Uzy 

Uzz 

(2.2) 


Simultaneous  solution  of  Eqs.  (2.1)  and  (2.2)  gives  the  optimum 
trajectory  “rCt)  and  the  optimum  program  7’(t).  In  the  general  case,  the 
solution  of  System  (2. l)-(2.2)  will  depend  on  12  arbitrary  constants, 
with  which,  when  we  have  them,  we  can  satisfy  various  ini^iial  and  final 
conditions. 

Let  us  note  one  property  of  the  equations  of  the  variational  prob¬ 
lem.  V/e  introduce  the  function 


where 


M  =  up  “h  —  V y/x  —  U yjftj  —  U zjz  d ) 


P  ==/*.?  =  /v.  »  =  /*. 

Then  Eqs.  (2«l)-(2. 2)  will  be  vjritten  in  the  following  canonical 

form: 


a:  = //p,  y  =  Z  —  Hn,  ix  =  fy  — ft  — 

q  =  —}iy,  u  (2.  4) 

where  the  H  with  subscripts  denote  partial  derivatives  of  H  with  res¬ 
pect  to  the  argument  indicated  by  the  subscript.  The  first  integral  H  = 
=  Hq  of  the  variational  problem  follows  at  once  from  this. 

Let  the  potential  U  possess  the  properties: 

Uxt  —  xUyz  EH  0,  zUxy  —  xUxy  0,  yJJxi  —  »•  0, 

Vx  +  yUxy  -  XUyy  IK  0,  t/x  4"  ZUxt  -  XU u  ■■  0,  i/y  +  zUiy  -  yUu  0,(2.  5) 

Uy  +  xUxy  —  yUxx  33  0,  Ui-\r  xUxx  —  zUxx  “0,  i7s  +  y^ty  —  ^Uyy  WI  0. 

These  identities  prevail,  for  example,  for  any  central  force  field, 
including  the  Newtonian.  Then  Eqs.  (2,l)-(2.2)  or,  what  is  the  same 
thing,  Eqs.  (2.4)  have  another  integral 

r  X  t  —  r  X  f  =«k.  (2..  6) 

Thus  we  conclude  that  there  are  four  integrals  of  the  equations  of 
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motion  in  the  three-dimensional  case  and  two  integrals  in  the  twu-di- 

mensional  case.  These  integrals  enable  us  to  lower  the  order  of  the 

system;  instead  of  Eqs.  (2.2),  we  obtain,  for  example,  in  the  two-di¬ 
mensional  case  for  the  components  f  ,  f  ,  the  system 

X  y 

(aa  4-  yy)  /,  —  /*  {xU ,  +  y*)  +  fv  ^  =*  Hffl  +  Ajy, 

4  .(2.7) 

(axe  +  yy)  fy  —  U  {xy  —  yU^)—  fy  +  yUv) —  Py  —  *“ 

2  2  2 

Here  f  =  f ^  ^y  *  similar  to  (2.7)  prevail  in  the 

three-dimensional  case  as  well. 

3.  METHOD  OF  APPROXIMATE  SOLUTION  OF  OPTIITOI-MOTION  EQUATIONS 

The  Eqs.  (2. l)-(2.2)  of  optimum  motion  in  an  arbitrary  conserva¬ 
tive  force  field  with  potential  U  =  U(x,  y,  z)  may  be  written  in  the 
following  vectorial  form: 

(3.1) 

r  —  grad  U  — 

f-Xf  =  0.  (3.2) 

Here  "v  is  the  radius  vector  of  the  trajectory  and  the  matrix  A  is 
determined  by  Formula  (2.2). 

In  the  case  of  a  Newtonian  force  field  U  ==  \i/v  and  the  elements  of 
the  matrix  in  (2.2)  take  the  form  indicated  in  Section  6  (Formulas 
(6.4),  the  right  members  of  which  need  only  be  multiplied  by  p,). 

The  twelve  integration  constants  of  System  (3.1)  should  be  defined 
in  such  a  way  that  the  12  boundary  conditions 


r  =  ro,  r  =  To  i  =  h, 
•  • 


(3.3) 


are  satisfied. 


In  the  problem  of  flight  between  planetary  spheres  of  influence, 
it  is  possible,  as  was  shown  in  Section  1,  to  disregard  the  attraction 
of  the  planets  and  to  take  the  coordinates  and  velocity  components  of 
the  takeoff  planet  and  the  destination  planet  as  the  boundary  condi- 


-  18  - 


tlons. 


Although  System  (3-1)  has  the  first  integrals  indicated  in  Section 
2y  full  integration  of  System  (3«l)  evidently  cannot  be  acconplished  by 
analytical  methods.  Numerical  solution  of  the  boundary -value  problem 
(3.1) -(3. 3)  encounters  the  usual  difficulties:  the  necessity  for  a 
large  number  of  iterations  requires  a  large  amount  of  computer  time  and 
makes  it  hard  to  obtain  series  results.  For  this  reason^  it  appears  ex¬ 
pedient  to  use  an  approximate  technique  for  the  calculation^  one  that 
possesses  adequate  accuracy  and  does  not  require  iterations ^  namely: 
the  method  of  linearizing  Eqs.  (3*1)  about  a  suitably  selected  trans¬ 
porting  trajectory.  Let  us  assume  that  the  trajectory  of  the  motion  is 


f  =  To  +  p,  (3* 

v.’here  7^  defines  a  certain  trajectory  and  the  quantity  j'pj  is  small  as 
compared  with  |rQl.  The  transporting  trajectory  satisfies  the 

equation 


To grad  i/o  =  0.  (3*5) 

Substituting  (3»5)  into  (3*1)  and  disregarding  second -order  infin¬ 
itesimals  (v/e  include  terms  of  the  f orm  in  this  designation),  we  ob¬ 
tain  the  system  of  linear  equations 


p  — i4op-“f, 
f — ilof  *=*  0. 


(3.6) 

(3.7) 


Here  Uq  and  Aq  are  the  values  of  the  function  U  and  the  matrix  A 
along  the  transporting  trajectory  *rQ(t).  In  first  approximation,  we  may 
set  Aq  =  0,  and  then  we  obtain  for  "p  and  7  formulas  by  means  of  which 
the  calculations  can  be  carried  out  in  a  particularly  simple  fashion 
(see  Section  4).  For  more  exact  determination  of  and  7,  the  linear 
system  (3* 6) -(3^7)  should  be  integrated.  This  system  contains  periodic 
coefficients,  but  it  must  nevertheless  be  integrated  at  least  in  quad¬ 
ratures  if  Eq.  (3«5)  of  the  transporting  trajectory  is  integrated  in 
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quadratures.  This  will  be  the  case,  for  example  for  the  Newtonian  cen¬ 
tral  force  field  U  =  p/r. 

Henceforth  we  shall  be  considering  precisely  this  value  of  U.  The 
integrability  of  System  (3«6)-(3«7)  is  evident  from  the  following  con¬ 
siderations.  Equation  (3. 7)  for  the  determination  of  T  takes  the  same 
form  as  the  homogeneous  part  of  Eq.  •(3»6).  But  this  homogeneous  part 
has  as  a  solution  the  variation  of  the  Keplerian  motion  and,  conse¬ 
quently,  may  be  reduced  to  quadratures.  Solution  of  the  equation  for  T 
will  be  a  linear  ccaibination  of  particular  solutions  of  the  homogeneous 
equation  for  knowing  7,  we  may  deteinntne  the  particular  solution  of 
the  nonhomogeneous  equation  (3*6)  for  if  only  by  the  method  of  vary¬ 

ing  the  constants.  Thus,  solution  of  the  problem  reduces  to  quadratures. 

Among  other  things,  it  follows  from  these  considerations  (and  from 
considerations  of  dimensionality)  that  in  the  approximation  under  con¬ 
sideration,  the  optimum  control  of  the  react ion -acceleration  factor  is 
given  by  the  formula 

(3.8) 

where  is  the  transporting  Keplerian  ellipse,  7*  is  the  Keplerian  el¬ 
lipse  whose  parameters  are  detemined  by  the  boundary  conditions  of  the 
problem  and  £  is  the  acceleration  of  Newtonian  gravitation  at  a  dis¬ 
tance  R  from  the  center  of  attraction. 

The  integration  process  that  has  been  described  here  and  the  solu¬ 
tion  of  the  boundary -value  problem  may  be  written  in  the  following  form. 
Let  us  now  denote  by  a  six -dimensional  vector  incorporating  both  the 
coordinates  and  the  velocity  components.  \Je  have 

p  —  po'hp’if  (3*9) 

where  "pq  is  the  solution  of  the  homogeneous  system  (3»6),  and  is  a 
particular  solution  of  the  nonhoraogeneous  system  (3*6) .  We  shall  have 
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(3.10) 

where  are  particular  solutions  of  the  homogeneous  system  (3*6)  and 
are  the  integration  constants.  Then,  according  to  what  we  said  above, 

i.e.,  the  six -dimensional  vector  7  (which  incorporates  the  components 
of  the  acceleration  and  its  derivative)  is  a  linear  combination  of  the 
same  particular  solutions  that  give  the  vector  in  the  other  lin¬ 
ear  combination  (3«10).  The  constants  of  integration  a^ ,  together  with 
c^,  enable  us  to  satisfy  the  12  boundary  conditions. 

Now,  substituting  (3»ll)  into  (3*6),  we  find  the  particular  solu¬ 
tion  by  varying  the  coistants: 

(3.12) 

selecting  in  such  a  way  that  ~  i*e.. 


9tiU)  *  0. 


(3.13) 


V/e  obtain 


?  =  2  Cipj -{- 2  {3*i4) 

The  actual  integration  of  the  system  will  be  carried  out  in  Sec¬ 
tion  6.  We  note  at  this  juncture  only  that  by  virtue  of  (3*13)^  the 
constants  are  defined  only  by  the  initial  data,  with  finite  formu¬ 
las  given  for  c^;  all  functions  are  given  in  finite  form;  the 
[Translator’s  note;  letter  symbol  missing]  ^  are  determined  by  quadra¬ 
tures,  which  may  be  taken  in  finite  form  or  obtained  numerically.  The 
constants  are  subject  to  determination  by  the  final  data  (at  the 
time  t  =  t,.)  from  the  system  of  algebraic  equations 

(3.15) 

tZx  t-i 

Here  the  index  k  signifies  that  the  quantities  are  taken  for  time 

t  =  tjj.. 
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The  algorithm  written  out  above  fully  solves  the  boundary -value 
problem  for  the  system  of  eqiuations  (3* 6) -(3-7) • 

The  approximate  method  proposed  makes  it  possible  first  to  avoid 
numerical  integration  in  many  cases,  and,  secondly,  to  solve  the  boun¬ 
dary-value  problem  without  iterations.  All  of  “^his  significantly  sim¬ 
plifies  and  shortens  the  calculation.  Moreover,  the  proposed  method 
possesses,  as  will  be  shown  below,  sufficiently  high  accuracy  for  a 
broad  class  of  trajectories. 

4.  SOLUTION  OF  THE  GENERAL  VARIATIONAL  PROBLEM  WITHOUT  TAKING  PERTURBA¬ 
TIONS  INTO  ACCOUNT 

For  small  deviations  of  the  motion  from  the  transporting  motion, 
we  may,  in  approximation,  disregard  in  System  (3*6) -(3. 7)  perturbations 
due  to  the  basic  (with  reference  to  the  thrust)  force  field,  the  more 
so  because  the  principal  portion  of  the  effect  of  the  basic  potential 
is  taken  into  account  by  the  very  introduction  of  the  transporting  sys¬ 
tem  of  coordinates.  Then  Aq  =  0  and  the  equations  of  motion  in  the  x> 

^  coordinate  system,  which  moves  translationally  according  to  the  laws 
of  undisturbed  motion  along  the  transporting  trajectory,  will  be  writ¬ 
ten  most  simply: 

x  =  ixf  y  — /v»  z  =  fxtfx  =  0,  /v~0,  /z==0.  (4.1) 

This  means  that  in  this  approximation,  the  optimum  thrust  control 

law  is  linear  in  time: 

f  =  At  +  B,  (4.2) 

while  the  trajectory  'r(t)  in  the  coordinate  system  under  consideration 
will  be  written  in  the  form 

p(t)  =Co  +  C,t  +  B«»/2  +  A(>/6.  (4.3) 

If  it  is  required  to  provide  for  escape  from  the  Earth's  sphere  of 
influence  with  zero  relative  velocity  and  arrive  in  the  sphere  of  in¬ 
fluence  of  another  planet  with  zero  relative  velocity,  then  the  boun- 
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Fig.  1.  Example  of 
flight  trajectory  to 
Mars  in  transporting 
coordinate  system  with 
reaction  acceleration 
constant  in  magnitude 
and  changing  direction 
once.  The  flight  times 
and  thrust -reversal 
time  T  are  marked  on 
the  trajectories  in 
days.  The  dashed  curve 
is  the  trajectory  with 
the  same  boundary  con¬ 
ditions,  but  with  op¬ 
timum  thrust  control 
(all  curves  without  ac¬ 
count  of  perturbations). 
A)  Millions  of  kilome¬ 
ters. 


dary  conditions  of  the  problem  will  be 

where  T  is  the  assigned  flight  time  and  Vq 
and  ^  are  the  initial  and  final  velocities 
on  the  transporting  trajectory  with  respect 
to  the  Earth  (planet  of  origin)  and  the  des¬ 
tination  planet,  respectively.  Then  the  con¬ 
stants  of  the  problem  are  determined  as  fol¬ 
lows  through  the  boundary  conditions: 

Co  =  Poi  Cl  =s  Poi 

6  •  •  12 
A  =  Yi  (po  +  Pk) - ^  (P*  ”■  Po)» 

B  =  —  j-(2po+ P*) +^{p*“-'Po)'  (^*5) 


The  value  of  the  integral  ^j=slpdt 
given  by  the  formula A |*^+(A»B)r^+  IB  1*7. 

Let  us  consider  as  an  example  calcula¬ 
tion  of  a  flight  to  Mars.  Figures  1-2  show 
the  trajectory  *^(t)  and  control  law  '?(t)  for 
the  case  in  v/hich  I-!ars  is  moving  in  the  plane 
of  the  ecliptic,  departure  occurs  on  27  Sep¬ 
tember  i960  and  the  flight  time  T  is  212  days. 
V/ritten  in  dimensionless  form,  the  boundary 


conditions  in  this  case  will  be 

io  =  - 0.0145.  ^0  ==- 0,12826. 

i*  =  -  0,076884,  S*  =  -  0,109856,  (4.  6) 

Xo  J/Q  ^  Xk  —  Vk  0. 

To  obtain  dimensional  velocity  values,  it  is  necessary  to  multiply 
the  values  of  (4.6)  by  the  velocity  of  the  Earth  at  the  time  of  launch¬ 
ing.  The  value  of  Integral  (1*4),  which  determines  the  mass  flow  rate, 
is  J  =  0.0520  or,  in  dimensional  form,  9»26  m  /sec*^. 
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As  will  be  seen  from  Fig.  2,  the 
straight-line  hodc^aph  of  the  acceleration 
under  consideration  passes  close  by  the  co¬ 
ordinate  origin.  At  the  middle  of  the  trajec¬ 
tory,  therefore,  the  thrust  changes  quickly 
to  almost  exactly  the  opposite  direction,  and 
the  absolute  magnitude  of  the  thrust  acceler¬ 
ation  changes  substantially:  from  fQ  =  1.20 
mm/sec  ,  it  diminishes  (on  the  105th  day  of 
flight)  to  a  value  near  zero  =  0.15 

mm/sec  )  and  then  rises  to  fy  =  1.22  mm/sec  . 
Remarks. 

1.  Also  of  interest  is  the  case  in 
which  the  optimum  (in  the  absence  of  pertur¬ 
bations)  is  flight  with  a  constant  accelera¬ 
tion  vector.  This  case  obtains,  for  example, 
when  the  coordinates  of  the  end  point  are  not 
assigned,  but  must  be  determined  from  the  condition  of  minimum  func¬ 
tional  J(l.4). 

With  the  flight  time  T,  the  Initial  data  "pq,  and  the  terminal 
velocity  given,  vanishing  of  the  terra  6^J  in  the  variation  6J,  a 
terra  depending  on  the  variation  of  the  end  coordinates,  results  in  the 
condition  A  ==  0,  and  we  obtain 

f  =s:  B  « =  const,  p (<)  =  Po  +  po<  +  B , 

i.e.,  the  coordinates  are  quadratic  and  not  cubic  polynomials  in  t,  as 
in  the  general  case. 

2.  We  can  formulate  and  solve  the  problem  of  optimizing  the  direc¬ 
tion  of  a  reactive  acceleration  of  constant  absolute  magnitude.  If  we 

do  not  take  perturbations  into  account  here,  it  is  found  that  the  ra- 
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Fig.  2.  Example  of 
flight  to  Mars.  Ho- 
dograph  of  small - 
thrust  acceleration 
vector  for  optimum 
control  without  taking 
perturbations  into  ac¬ 
count.  A)  mm/sec^;  B) 
days. 


ties  of  the  reaction-acceleration  vector  components  are  piecewise-lin- 
ear  functions  of  time: 

/„  ft  -f  Bt 

where  the  coefficients  are  constant.  Here  the  absolute  magnitude  of  the 
reaction  acceleration  f  is  determined  by  the  quadrature 

T 

y  =  ?  y  at*  4-  hx-^r'^dx,  where  t  = 

(I 

^1^^)  J2  /  4.  &  =  {AxBx  +  AyBy  +  AiBx)  TJ2, 

Y  -  V4(5*x  4-  +  BT-z). 

The  quadrature  is  taken  in  inverse  hyperbolic  functions.  The  con¬ 
stant  coefficients  are  determined  by  the  boundary  conditions  from  a 
system  of  transcendental  equations  whose  solution  may  be  found  numeri¬ 
cally. 

5.  INTERPLANETARY  FLIGHT  WITH  REACTIVE  ACCELERATION  CONSTANT  IN  MAGNI¬ 
TUDE  Al'JD  CHANGING  DIRECTION  ONCE 

Up  to  this  point,  we  have  been  considering  the  problem  of  optimum 
flight  between  planets.  Hovjever,  the  transporting -trajectory  method  is, 
of  course,  applicable  to  calculation  of  flights  with  arbitrary  control 
of  the  reaction  acceleration.  The  simplest  form  o^  control  is  obviously 
control  in  which  the  reaction  acceleration  is  constant  in  magnitude  and 
changes  direction  in  space  abruptly  once.  In  the  present  section,  we 
shall  be  considering  flights  with  such  control. 

The  problem  of  flight  of  a  react  ion -thrust  vehicle  under  the  in¬ 
fluence  of  the  Newtonian  force  field  and  a  constant  reaction-accelera¬ 
tion  vector  can  be  solved  rigorously  in  Jacobian  elliptical  functions 
[4].  Due  to  the  complexity  of  this  solution,  however,  it  will  be  expe¬ 
dient  to  resort  to  approximate  investigation. 

Let  us  consider  motion  in  the  transporting  coordinate  system.  Just 
as  in  the  case  of  optimum  control  (Section  4),  we  may  disregard  the  so- 
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lar  perturbations  in  first  approximation  for  this  motion.  Then  the 
equations  of  motion  will  assume  the  simplest  form.  Among  other  things, 
this  will  enable  us  to  compute  trajectories  on  a  mass  scale  by  varying 
the  transporting -system  parameters  systematically. 

To  make  it  possible  to  satisfy  six  initial  and  six  final  condi¬ 
tions  (the  three  velocity  components  and  the  three  point  coordinates), 
the  motion  must  contain,  in  addition  to  six  integration  constants,  six 


more  absolute  parameters.  In  the  problem  under  consideration,  the  six 
absolute  parameters  are  the  following  quantities:  f,  the  magnitude  of 
the  thrust  acceleration,  olq  and  i^,  two  angles  determining  the  position 
of  the  thrust  vector  before  the  change  in  direction,  and  Ij,, 
same  angles  after  the  thrust  vector  has  rotated  and  t,  the  time  of  this 
rotation. 


These  six  parameters  must  be  selected  in  such  a  way  as  to  satisfy 
the  assigned  boundary  conditions.  Here,  a  is  the  angle  between  the  x- 
axis  and  the  projection  of  the  vector  "f  onto  the  ecliptic  plane  xy,  and 
i  is  the  angle  between  the  vector  T  and  the  z-axis.  Without  taking  per¬ 
turbations  into  account,  the  equations  of  motion  in  the  transporting 
system  take  the  form: 

Xf  =? //,  a;,  =  /,  =  3.  (u«l) 

(Here  we  have  adopted  the  designation  x  =  x^,  y  =  z  =  x^).  The  com- 
0  k 

ponents  f_  and  f„  are  determined  by  the  formulas 

3  S 

—  f  cos  ao  sin  I'o,  /a°  =  /  sin  Oo  sin  I’o,  /a®  =  /  t'os  ic* 

=  f  cos  a*  sin  i*i  A*  =  /  At  1^  =  /  i*. 

0  0 

Integrating  Eqs.  (5»l)  and  requiring  that  x_  =  x_  and 

So  S  S 

k  k 

at  t  =  0,  and  x  =  x  and  at  t  =  T,  we  obtain  a  system  of  al- 

So  5  S 

gebralc  equations  for  determining  the  parameters  Oq,  Iq,  i^,  f  and 
T.. 


The  solution  to  this  system  may  be  written  as  follows.  Let  us  de- 
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note 


AP'x.  =  i.*  -  i.o,  =  1/  _  -i^T,  r‘  =  7  (A;y  •, 


*-1 


P*  —  2  ^ A*.)*,  B  =  -^  ,  cos  0  =  -2^ 


S  (AV,.)  (A?,) 


«“1 


pV 


Then  the  solution  to  the  above  sy:;ten  of  algebraic  equations  will 
depend  on  three  parameters:  v,  p,  and  cos  9  and  will  be  presented  in 
the  form 


X _ 2(p*-f  —  Sup  cos  6)  ±  (r*  -f  2u*  —  Sup  cos  6)*-i-  2  (2u*—  up  cos  6)* 

T  2{p*  —  2upcos6) 

(the  sign  before  the  radical  is  selected  from  the  condition  0<T/!r<l) 


/ 


4u*  —  4upcos6 


cos  Iq  —  t  0  ^  lo  ^  180” , 

-&.V^{T-x)  +  2tix,  .  -AF..(r-t)  +  2to, 

““ - fxT  sin  <0  .  “s  «o  -  sin  i, 

•> 

•  —  SAXj  n  .*  4  QA® 

cosi*=: - {T~^) - ’ 

.  AVx.  {2T  -  T)  -  2Ax2  AFxs  (2r  -  t)  -  2AjCi 

sma» - /r (r _ T) sin 4  ’  “***-  /r(7’-T)sin<»  ’ 


It  is  these  formulas  that  determine  the  magnitude  of  the  reaction 
acceleration,  its  direction  before  and  after  reversal  and  the  reversal 
time  from  given  boundary  conditions  and  the  total  flight  time  T.  These 
formulas  include  coordinates  and  components  of  the  velocities  in 
the  transporting  (moving)  coordinate  system. 

In  investigating  a  flight  from  the  Earth  to  Mars,  the  transporting 
ellipse  was  selected  in  such  a  way  as  to  pass  through  the  Earth  at  time 
t  =  0  and  through  the  projection  of  Mars  on  the  plane  of  the  ecliptic 
at  the  time  t,  .  Let  TVt  ^x'*  =  0  be  the  velocity  components  rela- 
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tive  to  the  Earth  at  time  t  =  0,  and  let  y,«,  F/,  TV  the  velocity 
relative  to  Mars  at  t  =  tj^  in  the  transporting  motion.  Further,  let  the 
distance  of  Mars  from  the  plane  of  the  ecliptic  be  at  time  t  =  tj^. 
fThen  »  Sa®  “  0,  *1*  =  =  0,  =3  2«,  «i°  “  —  £,9  =  —  x^^  =  0,  ffi*  «  —  F**, 


=  - 1 V.  is"  =  • 

This  selection  of  the  boundary  conditions  provides  for  departure 
from  the  Earth  at  zero  velocity  relative  to  the  Earth  arri arrival  at 
Mars  with  zero  velocity  with  respect  to  Kars.  (The  Earth  and  r4ars  are 

I 

regarded  as  nonattractive  points.)  For  flight  from  >!ars  to  Earth  with 
the  same  conditions,  the  boundary  data  take  the  form 

=  1, 9  =  0.  X30  =  2ax  =  3:3*  =  0, 

=  _  F,-,  ijo  =  -  Fy».  X3®  =  F,«.  =  -  Fx^  xj*  =  ~  F„\ 

X3*  =rt3. 

Let  us  dwell  briefly  on  the  general  nature  of  the  parameters  f 
(magnitude  of  thrust  acceleration)  and  t  (reversal  time)  as  functions 
of  the  boundary  conditions. 

For  this  purpose,  we  shall  consider  the  problem  with  zero  initial 
and  final  values  of  the  coordinates  (x,o  =  x/ «  0,  s  =  1,  2,  3).  Let  be 
the  initial  velocity,  the  final  velocity,  and  0^  the  angle  between 
iTq  and  we  shall  denote  fe  «  Fo/  Fk,  fca  *=  Fk/  Fo  «  1  / 

Then 

X  2  (1  4-  A  cos  0o)  —  K(1  +  cos  0o)’  +  (i  — 


or 

t  2  -t- i'o  cos  ®«)  —  (^*0*  •4-^4-  2/^0  cos  60)^*  4~  (^0^  f  ^  ^  ^  \ 

^  y-  T^^i)  -lb. da; 

V/hether  it  is  more  convenient  to  use  the  first  or  second  of  these 
formulas  depends  on  the  sign  of  the  inequality  Vq  ^  Vj^,  namely  on  which 
of  them  has  a  velocity  ratio  smaller  than  unity.  The  reversal  time  t 
depends  on  two  parameters;  k  and  0q.  This  relationship  is  represented 
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Fig,  3.  Thrust  vector  reversal  time  T  as  a  function  of  the  ratio  of  the 
initial  velocity  Vq  to  the  final  velocity  in  the  transporting  system 

of  coordinates  and  as  a  function  of  the  angle  6  between  the  vectors  of 
these  velocities. 

in  Fig.  3*  V/e  see  that  for  a  given  ratio  of  the  initial  and  final  ve¬ 
locities,  the  reversal  time  is  closer  to  the  origin  (Vq  <  V^)  or  to  the 
terminal  (Vq  >  of  the  flight  the  larger  the  angle  6^  between  Vq  and 
For  a  fixed  0q,  the  reversal  time  varies  as  a  function  of  the  ratio 

V\- 

Similarly,  we  have  the  following  formula  for  the  thrust  accelera¬ 
tion  f: 


or 


/  = 


)/  ('  -  f ) + < 

+  Y 

4-  2ACOS0O 

1 

ir) 

/ 


F.l/ - 

"  T*')  t)  2/coCos05  ~  7^) 

f 

• 

\  T  K 

(5.^) 


5.4a) 


From  Fig.  4,  which  shows  a  plot  of  Tf/Vj^  as  a  function  of  k  and  9q 
and  Tf/VQ  as  a  function  of  ICq  and  6q,  we  see  that 

2<<x<4. 
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4.  Magnitude  f  of  reaction  acceleration  as  a  function  of  ratio  of 
..nitial  Vq  and  final  velocities,  the  angle  6  between  the  vectors  of 

;hese  velocities,  the  largest  of  the  velocities  and  the  flight  time  T. 

•mere  a  depends  on  the  ratio  and  the  angle  e^,  but  is  bounded  by 

the  quantity (2  <  a  <  4). 

Formula  (5-5)  permits  immediate  estimation  of  the  value  of  f  need¬ 
ed  for  the  specified  flight  (T  and  V^,  are  given). 

Vie  note  that  Yq,  6^  and,  in  the  general  case,  as  v;ell,  are 
functions  only  of  the  takeoff  time  t^  and  the  arrival  time  t^  for  spec¬ 
ified  orbits  of  the  start  and  finish  planets. 

In  concluding  this  section,  let  us  consider  an  example  of  trajec¬ 
tory  computation  in  the  transporting  coordinate  system.  The  calculation 
is  made  for  the  same  case  of  flight  to  Mars  (with  launching  on  27  Sep¬ 
tember  i960)  for  which  we  calculated  the  two-dimensional  problem  with 
optimum  (perturbations  disregarded)  control  (Section  4).  The  trajectory 
in  the  cra;nsporting  system  Is  represented  in  Fig.  1.  For  comparison. 

Fig.  1  showed  the  trajectory  of  the  same  flight  but  calculated  for  the 
optimum  case,  i.e.,  for  linear  components  of  the  reactive  acceleration. 
It  was  found  that  the  necessary  constant  reactive  acceleration  f  =  0.83 
mm/sec  ,  that  the  thrust -vector  reversal  takes  place  on  the  105th  day 


of  flight  (with  a  total  flight  time  of  212  days);  the  maximum  deviation 
of  the  trajectory  from  the  transporting  ellipse  was  -  10  million  kilo¬ 
meters.  The  dimensionless  quantity  J  =  f^  (where  f  and  T  are  dimen¬ 
sionless)  is  0.0695;  comparing  with  the  figure  J  =  0.0520  calculated 
(without  taking  perturbations  into  account)  for  the  same  example  with 
optimum  control,  we  see  that  optimum  control  gives  an  advantage  of 

-  25^. 

The  question  as  to  the  accuracy  of  the  approximate  optimum -flight 
characteristics  obtained  is  investigated  further  on,  in  Section  ?•  In 
the  examples  being  considered,  exact  dimensionless  values  of  J  (ob¬ 
tained  for  the  true  gravitational  field)  are  0.092^  and  0,063 j  respec¬ 
tively.  Thus,  both  of  the  approximate  values  obtained  above  for  the  in¬ 
tegral  J  differ  from  the  exact  ones  by  23-24^  in  the  same  direction. 

The  accuracy  with  which  the  gain  due  to  optimization  of  control  is  de¬ 
termined  is  approximately  the  same.  Such  accuracy  is  obviously  adequate 
for  rough  calculations.  A  second  approximation  (taking  the  linear  part 
of  the  solar  perturbations  into  account)  gives  a  much  more  accurate  re¬ 
sult,  as  will  be  shown  in  Section  J, 

6.  INTEGRATION  OF  LINEARIZED  SYSTEM  OF  EQUATIONS  OF  OPTIMUTyi  MOTION 

Let  us  now  turn  to  the  problem  of  optimum  control  of  the  reactive 
acceleration  and  consider  its  solution  in  second  approximation,  i.e., 
let  us  sol/e  System  (3«6)-(3«7). 

V/e  shall  consider  the  dimensionless  variables  r,  v,  and  t,  which 
are  connected  to  the  dimensional  variables  R,  V,  and  T  by  the  relation¬ 
ships 

i?  =  r-r,  r  =  y  V,  g=-^*  (6.1) 

Here  ?  is  the  initial  distance  from  the  center  of  attraction  and  5 
is  the  acceleration  of  gravity  at  this  distance.  The  linearized  equa- 
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tlons  (3*6)  and  (3»7)  are  wrltttn  in  full  as  follows: 


X  “  ~  ^ xyV  “  ^ XI*  *“  /*! 

'  y  -  -  IPyyV  -  V0,.l  ~  U,  (5.2) 

z  -  £;»^  -  i/»xvy ' 


/,  -  IPxxfx  -  TPxvU  -  V\Jt  =  0, 

fy  -  TPyJx  -  V\yfy  -  U\J,  =  0,  (5.3) 

h  -  U‘,xfx  -  V.y  h-  VUz  =  0. 

The  xyz  coordinate  system  will  move  translationally  along  a  Kep- 
lerian  transporting  trajectory.  The  superior  number  0  signifies  that 
the  coefficients  have  been  taken  along  the  transporting  trajectory. 

We  note  the  following.  Solution  of  the  homogeneous  equations  cor¬ 
responding  to  System  (6.2)  yields  simply  the  variation  of  the  Keplerian 
motion.  Knowledge  of  this  variation  is  helpful  in  solving  many  problems 
of  celestial  ballistics.  Hence  the  solution  to  the  homogeneous  part  of 
Eqs.  (6.2)  is  of  independent  interest.  Solution  of  the  nonhomogene ous 

equations  in  (6.2)  is  possible  with  any  law  of  variation  of  f  .  f  .  f 

xyz 

andj  of  course.,  is  likewise  of  independent  interest.  Among  other  things, 
we  might  consider  optimum  control  of  the  reaction -acceleration  vector  "f 
(fjjx  fyx  Formulas  (6.3). 

The  coefficients  of  Eqs.  (6.2)  and  (6.3)  are  calculated  by  the 
formulas 


-  - 


X 


—y 


r®  ■  r* 
Ux, 


U. 


w 


. 


Zxz 


Uy,= 


Zzy 


Let  us  now  select  an  absolute  coordinate  system  XYZ  with  origin  at 
the  center  of  attraction  such  that  the  plane  of  the  transporting  tra¬ 
jectory  will  coincide  with  the  XY  plane,  while  the  X-axis  is  directed 
toward  the  perihelion  of  the  transporting  trajectory  (Fig.  5)* 
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Fig.  5«  Coordinate  systems. 


V/ith  a  coordinate  system  selected  in  this  way,  we  shall  have  along 
the  transporting  trajectory 


ro 


1 

3  * 


77®  —  — 

Uyy - 


To* 


+ 


To* 


= 


£/i  =  0,  P^=0. 


» 


since  Zq  s  Oj  remembering  that  =  r^  cos  y^  =  sin  -O-,  where  is 
the  true  anomaly,  we  get 


^  (3  'OS*  »  -  1).  (3  sin’  - 1), 

~o  'o 

3'°s^«sm»  . 


77 


Thus,  the  coefficients  in  Eqs.  (6. 2) -(6. 3)  have  the  values  {6,3) • 
To  Integrate  the  equation  system  ^6.2),  it  is  convenient  to  go 
over  to  a  rotating  system  of  coordinates  whose  origin  coincides  with 
that  of  the  xyz  system  (i.e.,  with  a  point  of  the  transporting  trajec¬ 
tory),  while  its  ^-axis  coincides  with  the  z-axis,  its  T)-axis  is  direc 
ted  along  the  radius  vector  of  the  transporting  trajectory,  and  its  4- 
axis  is  directed  along  the  transversal  of  the  transporting  trajectory 
in  the  direction  of  motion.  We  have 


ar  ==  T]  cos  ^  —  g  sin  y  -  Tj  sin  ^  +  S.cos  x  -  C- 


(6.6) 
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Substituting  (6.6)  in  Eq.  (6.2),  we  obtain  the  equation  of  motion 
in  the  following  form  after  certain  manipulations: 


¥ 


(6.7) 


Here  is  the  angular  velocity  of  the  motion  along  the  transport¬ 
ing  trajectory  and  f  ,  f>  and  f.  are  the  projections  of  the  reaction- 
acceleration  vector  on  the  q,  and  5-axes.  Equations  (6,7)  could  have 
been  written  at  once,  since  the  terms  written  in  the  left-hand  members 
of  the  first  two  equations  are  the  projections  of  the  Coriolis  and  cen¬ 
trifugal  accelerations  onto  the  corresponding  axes,  the  terms  governed 
by  the  presence  of  the  angular  acceleration  ib  and  gravitational  terms. 
If  *?  is  determined  by  Eqs.  (6,3)9  then  the  fundamental  system  of 
solutions  to  Eqs.  (6.7)  with  zero  right-hand  members  will  give  the  fun¬ 
damental  system  of  solutions  for  (6.3)  as  well;  thus,  f^,  f^  and  f^ 
will  have  been  determined;  then  the  motion  will  be  found  by  integrating 
the  nonhomogene ous  linear  system  (6.7)  with  known  right  members. 

Let  us  now  concern  ourselves  with  integration  of  System  (6.7).  For 
this  purpose,  we  pass  to  the  variable  (the  true  anomaly).  Let  P  be 
the  dimensionless  focal  parameter  of  the  orbit,  and 

p  s=:  (1 -f  ecos^)"S  r  =  Pp.  (6.8) 

Using  the  formulas  for  Keplerian  motion  =yT,  we 

reduce  System  (6.7)  to  the  system 

■  11' -  2 ,1' -  21' -  (1  +  2p)  T,  + -^  I  =  i»p* /,. 
r-2^|'  +  2n'-(l-p)E-^t,  =  />VA, 

C'-2-^C'  +  pC=i>*p*A. 

Here  the  primes  denote  derivatives  with  respect  to  Let  us  Inte- 
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grate  the  third  equation  of  (6, 9)-  "fhe  substitution  §  =  pv  results  in 
an  equation  v"*i-v[p  — 2 (p'/p)--fp" /p)  =  But  it  is  not  difficult  to 

factor  out  p  — 2  (p'/p)*  +  p"/p  =  It  from  (6.8),  and  the  equation  assumes 
the  form 

y'*’ -j- V  =  P^pVt-  (6.10) 

Writing  the  general  solution  to  this  equation  and  remembering  that 


^  =  pv,  we  obtain 


C  = 


CjP  sin  ^  -i-  Csp  cos  d  -f  {p  sin  ^  J  p*  cos  d  tfd 
—  p  cos  d  ^  /I  p®  sin  ^  dd}. 


(6.11) 


=  Cjp*  (c  +  cos  —  CeP*  sin  ^  +  P®  {p*  (e  +  cos  0)  ^  fx,  p*  cos  B-dO-  + 

-f-*  p*  sin  d  J/tp*sindfid};  ,  (6.12) 


Henceforth  we  shall  also  use  the  notation 

C5  =  psin4>,  ^8  =  pcoS'0‘,  ^6  =  P^^/^p’cosdff-fr, 
Za  =  -- P^^/cP^sin-O-d^, 


(6.13) 


V/e  define  the  values  of  the  integration  constants  c^  and  c^  in 
terms  of  the  initial  data.  For  we  have  ?  =  and  the 

integrals  in  the  curly  brackets  in  (6.11)  and  (6.12)  are  zero.  This 
gives 

r  t  ' 

Cs  =  Co  sin  ^0  +  -^  <^os  ^0,  Ce  =  C(J<«  +  cos  ^o)  -  sin  O®* 

rO 

Let  us  now  turn  to  the  first  two  equations  of  (6.9).  The  substitu¬ 
tion 

C  =  pa,  Ti  =  pp  (6.14) 

reduces  these  equations  to  the  form 

-  3pP  -  2a' =  Py/r,,  a"  +  2p'  =  PyA  (6.15),  (6.l6) 
V/e  integrate  Eq.  (6.16)  once.  We  obtain 

a' =  Ci 2^ +  .  (6*17) 

which  uses  the  notation 

=  p*^p»/^(i^,  j^{%)  «  0.  (6. 18) 
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Substituting  (6,17)  in  (6, 15)^  we  get 

p*+ (4_3p)  p  =  2c,  +  2/s  +  i“p»/,.  (6.19) 

We  make  the  inverse  substitution  to  (6.14):  p  -  (1  +  ccosd)  t].  Then 
(6, 19)  will  be  written  as  follows; 


sin^ 

1  -r  ccdsO 


I  “T“  cos  ^ 

1  -i-«  cosd  ^ 


O 

^  (1  +  ccosd)* 


(6.20) 


Here 

•  ®  =  2ci  +  2/5  +  i«pVi,.  (6.21) 

It  can  be  verified  easily  that  without  a  right  member,  Eq.  (6.20)  has 


the  particular  solution 


Tja  •=  sin  d. 


(6.22) 


A  second  particular  solution  of  Eq.  (6.20)  with  zero  right  member 
is  found  from  the  familiar  formula -ns  =  “na  \ — 

''  t]. 


VJe  obtain 


sin^ 

Pj  =  — •  2fi  e  cos  ^)  ’ 


,,3  =  siu»/-.  r=\^dd. 


(6.23) 


Calculation  of  the  quadratures  J*  gives; 


y  =  _p*ctgO+  ^ ggja sin ^ le^ -f 2g  +  c*(i  +c*)cosd]  — 

(6.24) 

where  E  =  ElVi'^, 

Here  E  is  the  eccentric  anomaly; 

sin E  =  }/ 1  — - e*p sin d,  cosE  =  p(e -f  oos^).  (6.25) 

Now  the  solution  of  the  non homogeneous  equation  (6.20)  can  be 
found  by  varying  the  constants. 

It  is  then  found  that 


T)  »  CiT)i  +  C2r\2  + 


(6.26) 


where  c^,  Cg,  and  c^  are  constants  of  integration, 
by  Formulas  (6.22)  and  (6.23)>  and 


are  given 
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j  = +  (6*2/) 


y  (6. 28 ) 

From  this  we  can  also  calculate  dT]/di>  =  t)  ’ : 

=  cjTji'  +  csV  +  i"  ’Is^^a*  (8.  29) 

where  and  like  rj^i  will  be  written  out  in  final  form 

below,  in  the  summary  of  formulas. 

It  remains  to  complete  integration  of  the  system  of  equations  and 
determine  Let  us  turn  to  Eq.  (6.17).  Integrating  it,  we  get 

G  «  ci^  —  2/ -j  dd H- /7|<i0 -f  Ci,  (a  =  |/p).  Substituting  q  from  (6.26),  we  can 
then  perform  simple  operations  to  take  quadratures  in  the  homogeneous 
part  of  the  solution.  As  a  result  we  obtain 

?  =  cih  +  C2h  +  czh  +  Cili  +  p%  (6.30) 

v;here  c^,  c^  and  c^  are  the  constants  of  integration  and  lu 
are  calculated  in  final  form  below  in  the  formulary. 

V/e  note  that  it  follows  from  §  =  ap  that  |' =»  ,  Then  by 

virtue  of  (6,17) 

^' =  p  (esiai&i -f  Cl  —  2tj/p  +  7^).  (6.3l) 

Now  that  we  know  general  expressions  for  q,  q',  4,  it  is  easy 
to  determine  the  constants  c^,  c^j  c^,  and  c^^  in  terms  of  the  initial 
data  qQ,  q^,  ^0^  The  values  of  these  constants  will  be  expanded  be¬ 
low  in  the  list  of  final  formulas. 

The  solution  derived  in  this  paragraph  describes  the  relative  mo¬ 
tion  of  a  point  under  the  action  of  an  arbitrary  reaction  force.  The 
motion  is  considered  in  a  system  of  coordinates  whose  origin  moves 
along  a  Keplerian  trajectory.  The  problem  was  then  linearized  on  the 
assumption  that  the  deviations  of  the  point  from  the  origin  are  small 
(as  compared  with  the  distance  fran  the  coordinate  origin  to  the  center 
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of  gravitational  attraction).  Since  the  solution  obtained  can  be  ap¬ 
plied  to  a  number  of  different  types  of  problems  (some  of  these  will  be 
indicated  below) ^  it  will  be  helpful  to  give  a  summary  of  the  formulas 
describing  this  motion. 

Let  us  consider  a  motion  in  the  neighborhood  of  a  Keplerian  tra¬ 
jectory  with  a  focal  parameter  P  (dimensionless)^  an  eccentricity  e  and 
a  true  anomaly  i>. 

We  shall  consider  the  motion  in  the  rotating  system  of  coordinates 
whose  origin  moves  along  the  indicated  Keplerian  trajectory, 
with  the  -q-axis  directed  along  the  radius  vector,  the  |-axis  along  the 
transversal  and  the  ^-axis  along  the  normal  to  the  plane  of  the  Kepler¬ 
ian  trajectory. 

Now  suppose  that  in  addition  to  the  gravitational  forces,  a  reac¬ 
tive  acceleration  with  the  components  f^,  f^  and  f^  acts  at  a  point. 
Further,  let  us  use  the  prime  to  denote  derivative  with  respect  to  -1: 
for  example,  dtj/diJ  =  Conversion  to  the  derivative  with  respect  to 
(dimensionless)  time  is  accomplished  with  the  formulas  dil/dt  =  v'p/r^, 
r  =  Pp,  p  =  1/(1  +  e  cos  \s).  As  follows  from  the  results  of  this  sec¬ 
tion,  the  motion  under  consideration  will  be  determined  by  the  follow¬ 
ing  summary  of  formulas : 

t|  =  CiUi-p  C3T]3+  84"  tIsFa,  ,T1*==  P 8  +  ^  ^3* 

1 

T|i  =  —  (Tin  +  co»0],  T]a  =  sinO, 

T|s  =  —  p*  cos  ^  4-  0*7— ^  sin’  0  4-  sin  d  .■  -  +  2e*)  p  sin  d  — 

\  —  e  c  ) 

1 

•qf  =  —  [qy  —  sin  d],  q,'  =  cos 

e 

f  *  “  ji  r  >1  1  ^  cos  ^  *]  ,  ^  cos  ^  *  I  o  'A  o 

qs  =  p*  sin  d  l^i  4-  a  J  +  P sm  ^  ~  3cil), 

1  =  Cili  +  Cjla  H"  4*  ~  P  sin  +  Cj  —  2-^  /I'j  ,  (6#  32 ) 
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“  (Tr^P**“  6  (5  -  2e*  +  He  -  «*)  co««)  -  (YZr?ji^. 

5«  =  —  — 11  —  (1 +  ecosd)*l, 
c 

=  (t!!"eY  (2  +  e*  +  e  (i  +  2f*)  cos 9]  -  jS,  |i  =  p, 

't  =  ' 

COS  £  ==  p(e  -h  cos  d),  sinE  =  Yi  e^p  sin  d, 

C  =  ^iCs  +  ^eCs  "f  C5Z4  “h  Cs^et  4"  =  ■{■ 

Cs^psind,  Cfi' =p*(e4- cos^),  4,=^pcoB^,  C/«— p*sm^, 
Z{  =  jP’  J  cos  dp*  dd,  26  —  —  -P*  ^  /^p*.8m  d  dd, 

Cl  =  2  “  +  —  (4o"  —  Pocsin  do|o)t  Cj  = 

Po  Po  Po 

Ca  =  —  7^  (A:oT1i'°  —  ^o'ri*®) 
po 

ko  =  no  —  cini®.  kf/  =  no'  —  cini'^ 

-  5o  .  %  Q  t  0  t  0 

Ci  =»  ---  —  «r  T - fer  r - M  n  ’ 

Po  Po  Po  Pc 

Cj  =  4o  sin  do  -f  —  cos  do, 

Po 

t  ' 

Cf  ==  4o  (fi  4-  cos  d)  —  ~  sill  do. 

Po 


In  the  present  paper,  these  formulas  are  used  to  compute  cosmic 
flights  with  reaction  acceleration  between  planetary  spheres  of  influ¬ 
ence.  However,  it  is  possible  to  Indicate  a  number  of  other  problems 
where  the  formulas  given  will  be  found  useful.  Some  of  these  follow  be¬ 
low: 

1.  Variation  of  Keplerian  motion  and  isochrone  derivatives.  Set- 

r 

ting  I*?!  =  0  in  the  formulas,  we  obtain  the  variation  of  the  Keplerian 
motion.  Collecting  terms  for  the  initial  coordinates  and  velocities 
(t^o^  so  forth),  we  obtain  expressions  for  the  isochrone  deriva¬ 

tives. 

2.  Problem  of  motion  of  a  body  in  the  vicinity  of  a  satellite.  For 
example,  we  might  consider  the  motion  of  an  astronaut  in  the  neighbor¬ 
hood  of  a  satellite  station,  both  for  the  case  in  which  he  is  provided 
with  a  "back-pack"  Jet -propulsion  device  (f  4=  0)  and  for  the  case  in 
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which  he  does  not  wear  such  a  device  (f  «  0),  We  can  ascertain  the 
^dangerous”  regimes  (or  initial  positions  relative  to  the  satellite), 
in  which  there  is  a  danger  of  the  astronaut losing  the  satellite. 

3.  Problem  of  approach  of  two  objects  in  space.  Assuming  that  one 
cosmic  object  has  already  been  ejected  into  the  neighborhood  of  another 
during  a  preceding  stage,  we  can  consider  the  concluding  stage  -  con¬ 
trol  of  the  reaction  acceleration  f  In  such  a  way  that  the  objects  will 
rendezvous  with  minimum  relative  velocity  (docking  of  a  rocket  at  a 
satellite  station,  assembly  of  a  satellite  station,  and  so  forth),  or 
with  any  other  desired  velocity.  In  this  last  problem,  we  may  leave  out 
the  reactive  acceleration  (f  =  0)  and  seek  the  impulse  (i.e.,  the  ini¬ 
tial  values  of  the  velocity  components)  that  will  provide  for  the  ren¬ 
dezvous, 

4.  Motion  of  a  cloud  of  particles  ejected  from  a  satellite  rela¬ 
tive  to  the  satellite. 

5.  Securing  a  specified  orbit  by  means  of  a  correcting  impulse  or 
reactive  acceleration,  i.e.,  the  problem  of  introducing  a  small  change 
into  the  original  orbit  of  a  cosmic  body. 

6.  Short-term  effect  of  perturbing  factors  on  the  orbit,  etc. 

We  note  that  for  "satellite"  problems,  the  formulas  can  be  simpli¬ 
fied  considerably,  since  in  this  case  the  eccentricity  e  is  frequently 
very  small  and  we  may  set  e  -  O  for  preliminary  investigation;  this  re¬ 
sults  in  fundamental  simplification  of  the  formulas.  For  small  e,  vie 
can  take  account  only  of  terms  of  the  first  order  in  e.  This  simplifies 
calculation  of  quadratures  significantly  in  the  presence  of  a  reactive 
acceleration  f  4=  0. 

The  summarizing  formulas  (6.32)  were  written  for  arbitrary  control 
of  the  reactive-acceleration  vector  *?. 

Now  let  satisfy  the  equations  of  optimum  control.  Then,  as  fol- 
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lows  from  Section  2,  the  cofnponents  of  the  vector  f  along  the  rj,  and 
C-axes  will  be  given  by  the  fomulas 

4  S  8 

A  =  S«ii),  A  =  2  “i’ll.  (6.33) 

i“i  t—i  jtsi 


Here  a.  and  are  constants  subject  to  determination  in  terms  of 
the  boundary  conditions.  Substituting  (6.33)  into  Formula  (6.32),  we 
obtain,  for  example, 

J^^2aJ^u  Ju= 

1-1 


where 


i.al  ^ 

i-l  " 


114  =  0; 

'I)  =  2  ^  (^a^si  +  8{) 

Zs  =  2  ~  S  ^ 

i-s 

Zi  «  2  5  ^ 

j-5 


(6.35) 


Now  the  a^  and  a^  are  determined  from  the  system  of  algebraic 

equations  ^ 

—  2 

1=1  i—i 

<*  _  2  =  2  “I  ('i.'‘^’«‘  + 

i“l  4—1 

4wl  4—1 

-  Pk  (<?i  4-  «sm  —  2^  )=.  Pk2  (6.36) 

(-2 

c*-2^iC/-2^^(^‘V+C4V)p 

)— } 

5 '  —  2  S 

i-s  j«»s 


Here  the  index  k  denotes  the  final  values  of  the  variables. 
Formulas  (6. 32) -(6. 36)  fully  solve  the  linearized  problem  of  opti- 
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mum  rocket  motion.  The  quadratures  appearing  in  these  formulas  can  be 
taken  at  least  partially.  The  expressions  for  the  quadratures  in  expli¬ 
cit  form  are  extremely  cumbersome.  In  practice,  these  quadratures  have 
been  computed  numerically  in  series  calculations  for  problems e 

To  the  above  formulas,  we  should  add  a  formula  for  calculating  the 
integral  Jp  «  J*fp^dt.  Here  fp  is  the  dimensional  absolute  value  of  the 
reactive  acceleration,  t  is  dimensional  time  and  Jp  is  expressed  in 
terms  of  the  dimensionless  value  of  J  by  the  formula 

(6.37) 

It  is  also  more  convenient  to  find  this  quadrature  numerically. 

Let  us  write  out  the  actual  sequence  used  in  computing  trajecto¬ 
ries.  Let  XqYqZq  be  the  absolute  system  of  coordinates,  with  the  Zq-sx- 
is  perpendicular  to  the  plane  of  the  ecliptic  and  the  XQ-axis  directed 
toward  the  Vernal  Equinox.  The  position  of  the  q,  C  system  intro¬ 
duced  earlier  relative  to  the  XqY^Zq  system  is  given  by  tne  angles  Cl, 

0),  i  and  (Fig.  5)i  which  give,  respectively,  the  position  of  the  or¬ 
bit's  ascending  node,  the  position  of  the  orbit's  pericenter,  its  in¬ 
clination  to  the  plane  of  the  ecliptic  and  the  true  anomaly.  Let  the 
system  xyz  have  axes  parallel  to  the  axes  XqY^Z^,  while  its  coordinate 
origin  coincides  with  that  of  the  q,  ^  system. 

The  transition  matrix  between  these  systems  and  its  derivatives 
are 

I  flji  fljj  I ,  I  o-ix  a^j  I . 

vffai  aaa  <*33/  \  0  0  0  J 

The  matrix  of  the  inverse  transition  and  its  derivative  are 

/ Oil  flji  0\ 

4”^  I  flj,  ajj  ajs  I  *  *=  j  0  j » 

W  <*88  <133/  \*~  V  ' 
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where 


flijis— sin  u  cos  ft  —  cos  «  sin  fl  cos  i,  flij=a--8m  u  sin  ft  +  cos  n  cos  Q  cos 

% 

fliisBs  COS  u  COS  ft  —  8in  u  sin  ft  COS  ob=  cos  min  ft  +  sin  cos  ft  cos /, 
031*=  sin  i  sin  ft.  fl3s*=— sin  i  cos  ft. 

Ci8=cos  u  sin  i,  ^  0235*810  tt  sin  f,  03|ss=oosi.  *  . 

(U  =  G>  +  ^)* 


Thus, 


>1 

,  y , 

t 

Tl'' 

hi 

|;)x 

Ui 

1 « 1 

W  1 

U'i 

(6.38) 


and,  conversely. 
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Here  the  prime  denotes  the  derivative  with  respect  to  the  true 
anomaly  i>. 

The  calculation  of  the  dynamic  and  energy  characteristics  of  the 
trajectories  takes  the  following  sequence: 

1,  From  the  given  launching  time  t^  and  arrival  time  t^,  we  com¬ 
pute  the  transporting  trajectory,  which  lies  in  the  plane  of  the  eclip¬ 
tic  and  has  at  times  t^  and  t^  coordinates  that  coincide  with  those  of 
the  projections  of  the  planets  onto  the  plane  of  the  ecliptic.  The 
transporting  trajectories  are  computed  by  the  formulas  of  Keplerian  mo¬ 
tion. 


2.  The  boundary  conditions  (xq,  yQ,  z^;  Xq,  yQ,  z^;  y^^,  z^; 

y,^,  Zj^)  are  calculated  in  the  relative  system  of  coordinates  and 

converted  to  the  (4,  rj,  4)  coordinate  system  by  Formulas  (6.38). 

3.  Formulas  (6, 32) -(6. 36)  are  used  to  solve  the  boundary -value 
problem  and  the  characteristics  of  the  trajectory  are  calculated  in  the 
rotating  transporting  coordinate  system. 

4.  Formulas  (6.39)  may  be  used  to  convert  the  trajsctory  pararae- 


ters  to  a  translationally  moving  transporting  system. 

If  desired,  the  trajectories  can  also  be  calculated  in  the  abso¬ 
lute  coordinate  system, 

7-  EXAI'IPLES  OP  CALCULATION  FOR  CERTAIN  TRAJECTORIES.  COMPARISON  WITH 
EXACT  SOLUTION 

The  trajectory  characteristics  obtained  from  the  foregoing  formu¬ 
las  can  be  used  as  a  first  approximation  in  handling  the  exact  boundary 
value  problem  (3»l)-(3»3)  by  the  conventional  iteration  method.  It  is 
interesting  to  compare  the  exact  and  approximate  solutions  and  esta¬ 
blish  the  region  of  applicability  of  the  approximate  solution  and  its 
exactness. 


Fig.  6.  Variation  of  magnitude  of 
reactive  acceleration  over  time, 
l)  Exact  calculation;  2)  approxi¬ 
mate  calculation.  A)  mm/sec^;  3) 
t,  days. 

Examples  illustrating  calculation  of  certain  flight  trajectories 
to  Mars,  Venus  and  Jupiter  will  be  given  in  the  present  section.  The 
exact  and  approximate  calculations  will  be  compared. 

Figures  6-9  present  certain  characteristics  of  a  flight  to  Mars. 
Figures  6-7  show  the  results  of  exact  and  approximate  calculations  of 
the  reaction-acceleration  modulus  and  its  direction  for  a  flight  leav¬ 
ing  on  28  September  i960  and  ending  on  28  April  196I.  The  excellent 
agreement  between  the  approximate  and  exact  calculations  is  evident. 
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(dmore  detailed  analysis  of  the  errors  will  be  given  below*)  Figure  8 
shows  the  trajectory  characteristics  of  the  same  flight;  the  exact  tra¬ 
jectory^  the  transporting  ellipse ^  the  trajectory  calculated  from  the 
linear  equations  of  the  preceding  section;  Figure  9  shows  the  trajec¬ 
tory  calculated  from  the  linear  equations  and  represented  in  the  trans¬ 
porting  system  of  coordinates.  We  see  that  the  deviations  from  the  co¬ 
ordinate  origin,  l.e,,  the  deviations  of  the  approximate  trajectory 
from  the  transporting  ellipse,  are  small  (less  than  7  million  kilchtie- 
ters).  Even  smaller  (by  an  order)  are  the  deviations  of  the  exact  tra¬ 
jectory  from  the  approximate  one. 

It  is  interesting  to  note  that,  as  we  pointed  out  in  Section  4, 

the  time  dependence  of  the  components  f  ,  f  ,  and  f  is  linear  if  we  do 

X  y  z 

not  take  perturbations  into  account.  As  it  develops,  accounting  for  the 
perturbations  gives  more  accurate  results  the  higher  the  maximum  abso¬ 
lute  value  of  the  reactive  acceleration.  And  the  absolute  acceleration 
figure  is  large  if  the  flight  time  is  short.  For  long  flight  times,  the 
reactive  acceleration  is  small,  and,  as  shown  by  the  exact  and  approxi¬ 
mate  calculations  taking  the  perturbations  into  account,  the  accelera¬ 
tion  hodograph  differs  greatly  from  the  linear.  Certain  examples  of  ho- 

dographs  f„/f.-  are  shown  in  Figs.  7,  10  and  11.  Figure  10  shows  an 

y 

f  /f  hodograph  (exact  calculation)  for  a  flight  to  Mars  lasting  420 
days.  (Departure  17  August  1964,  arrival  11  October  1965* )  We  see  that 
the  hodograph  is  distinctly  nonlinear.  Figure  11  presents  the  relation¬ 
ship  fy/f^  for  a  flight  to  Mars  lasting  13O  days.  (Departure  14  January 
1965,  arrival  24  May  1965» )  In  this  case,  the  relationship  f„/f„  is 

close  to  linear.  The  importance  of  the  component  f_  is  always  minor. 

z 

For  comparison.  Fig.  12  represents  exact  relationships  f„(t),  f,,(t), 

X  y ' 

f  (t)  for  a  flight  departing  15  November  1964  and  arriving  on  11  Octo- 
ber  1965* 
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We  note  further  that  the  true  optimum 
trajectories  in  flights  over  long  angular 
ranges  require  smaller  fuel  consumptions 
the  longer  the  angular  range  and  the  flight 
time.  Analytically,  this  means  that  the  de¬ 
pendence  of  the  integral  (1.4)  on  the  total 
flight  time  T  is  monotonic  and  that  the  in¬ 
tegral  J  diminishes  with  increasing  T.  The 
approximate  method,  whether  the  pertu.rba- 
tions  are  taken  into  account  (Section  6)  or 
even  more  so  when  they  are  not  takeii  into 
account  (Section  4),  cannot  yield  adequate 
accuracy  for  flight  over  long  angular  dis¬ 
tances.  Consequently,  the  dependence  of  J 
on  T  as  obtained  by  means  of  the  approxi¬ 
mate  method  will  be  close  to  the  true  de¬ 
pendence  not  everyv;here,  but  only  in  a  re¬ 
gion  corresponding  to  not  very  long  flight 
angular  ranges.  Figure  13  shows  the  relationship  J(t^),  where  t^  is  the 
departure  time  (the  arrival  time  ^2  fixed).  This  figure  presents  the 
results  of  exact  and  approximate  calculations  (with  and  without  account 
of  the  solar  perturbations  in  the  transporting  coordinate  system);  the 
flights  under  consideration  go  to  Venus,  with  arrival  on  l8  July  1964. 
The  region  in  which  the  approximate  calculation  gives  excellent  agree¬ 
ment  with  the  ex  one  is  readily  recognized  from  this  diagram. 

More  detallev.  information  on  the  accuracy  of  the  approximate  cal¬ 
culations  can  be  found  in  Tables  1  and  2.  Table  1  presents  the  results 
of  characteristic  calculations  for  flights  to  Mars  from  the  Earth,  and 
(in  the  last  column)  from  Mars  to  the  Earth.  Table  2  contains  anadogous 
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Fig.  ?•  Variation  of 
magnitude  and  direction 
of  reactive  accelera¬ 
tion.  1)  Focact  calcula¬ 
tion;  2)  approximate  ^ 
calculation.  A)  mm/sec^; 
B)  days. 


characteristics  for  flights  from  the  Earth  to  Venus,  The  first  column 
of  the  table  indicates  the  departure  and  arrival  dates.  The  columns 
that  follow  contain  the  following  quantities:  J  =  ^f^t  in  m^sec^;  T, 
the  total  flight  time  in  days,-  o,  the  angular  range  of  the  flight;  f^^, 
the  terminal  absolute  value  of'  the  reaction  acceleration  in  mm/sec^;  f^, 
the  initial  absolute  value  of  the  reaction  acceleration  in  ram/sec^. 

The  boxes  of  the  tables  containing  J,  Tq  and  fj^,  show  three  values 
each  for  these  quantities.  The  first  figure  was  obtained  by  the  method 
described  In  Section  4,  i.e.,  without  taking  the  solar  perturbations 
into  account  in  the  transporting  coordinate  system.  In  other  words,  the 
first  figure  is  a  characteristic  of  the  flight  in  first  approximation. 
The  second  figure  was  derived  by  the  method  described  in  Section  6  and 
gives  the  sec end -approximation  characteristic.  Finally,  the  third  fig¬ 
ure  was  obtained  by  the  conventional  iterative  treatment  of  the  boun¬ 
dary-value  problem  (3.3)  for  the  exact  equations  (3.l)-(3.2). 


Fig.  8.  Trajectory  of  a  flight  to  Mars.  1)  Trans¬ 
porting  ellipse;  2)  approximate  trajectory;  3)  ex¬ 
act  trajectory.  A)  Days;  B)  millions  of  kilometers. 

The  seventh  column  of  the  table  indicates  the  difference  between 

the  value  of  J  in  the  second  approximation  (J^)  and  the  exact  value  J. 

In  percent  of  J.  . 
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The  first  table  also  gives  and  J 

3  5 

for  c caparison;  these  are  first  approxima¬ 
tions  of  the  characteristics  of  nonoptimum 
flights,  specifically  flights  with  the  re¬ 
action  acceleration  constant  in  magnitude 
and  changing  once.  Here  we  have  adopted  the 
notation:  f^  is  the  reaction  In  mm/sec^  and 
Jg  is  the  value  of  ^f'^dt  ~  rn^/sec^. 

These  characteristics  were  calculated 


Fig.  9»  Trajectory  in 
transporting  system  of 
coordinates.  Values  of 
the  true  anomaly  on  the 
transporting  ellipse  are 
indicated  along  the  tra¬ 
jectory.  A)  Millions  of 
kilometers. 


without  taking  solar  perturbations  into  ac¬ 
count  in  the  transporting  coordinate  system, 
using  the  method  set  forth  in  Section  5, 
and  can  he  conipared  only  with  the  first  ap¬ 
proximation  of  the  optimum  characteristics. 
However,  when  v/e  remember  that  the  influ¬ 
ence  of  the  solar  perturbations  is  appar¬ 
ently  almost  identical  percentagewise  for 
flights  made  with  different  control  laws 
(with  idencical  departure  and  arrival 
dates),  we  may  use  the  figures  presented  in 
Table  1  to  estimate  the  correction  for  the 
influence  of  solar  perturbations  even  for 


Fig.  10.  Variation  of  the  present  case  of  nonoptimum  flight, 

magnitude  and  direction 

of  reaction  acceleration.  Analysis  of  Tables  1  and  2  Indicates 

A)  rom/sec^j  B)  days. 

that  the  proposed  calculation  method  pos¬ 


sesses  an  accuracy  adequately  high  for  the  cases  of  greatest  interest. 


in  which  the  total  flight  time  is  not  very  long.  We  might  note  a  cer- 


« 

tain  relationship  between  the  accuracy  of  the  method  and  the  angular 


distance  of  flight.  We  see  that  in  flights  through  an  angular  distance 


Fig.  11.  Vaiiation  in  magnitude  and  direction  of 
reactive  acceleration.  Time  of  flight  is  indicated 
along  the  hodograph  in  dayQ.  A)  mm/sec^. 


Fig.  12.  Components  of  reactive  acceleration. 
a)  mm/sec^j  B)  days. 

of  22'3-235°,  the  calculation  delivers  an  accuracy  of  1-5^  in  the  deter¬ 
mination  of  J  (and  f  as  well).  With  increasing  angular  distance,  the 
error  of  the  calculation  rises  rapidly  and,  conversely,  for  angular 
distances  shorter  than  225-235°^  the  method  is  highly  accurate  and  in 
some  cases  (with  <  l80®),  the  calculated  characteristics  differ  from 
the  exact  ones  by  tenths  and  hundredths  of  a  percent.  Figure  14  shows 
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T,  cymKU  3 


the  dependence  of  the  quantity  | (J^  -  J^) 

•I.  j'lOO^  on  the  angular  distance  (S>.  Tis  di- 
agracj  is  characteristic  of  the  accuracy  of 
the  iDCthod. 

We  note  that  calculation  by  the  pro¬ 
posed  method  requires  approximately  1/10 
times  as  much  machine  time  as  the  conven¬ 
tional  iterative  calculation  of  the  boun¬ 
dary-value  problem  for  the  exact  equations. 

Calculation  of  flights  to  Jupiter  by 
the  proposed  method  produces  an  error  smal¬ 
ler  than  that  of  calculation  for  flights  to 
Mars  and  Venus  (with  comparable  flight  an¬ 
gular  distances).  With  a  flight  time  of  549 
days  and  an  angular  distance  of  2O0^,  the 
difference  between  the  approximate  and  ex¬ 


Fig.  13*  J  as  a  function 
of  flight  time  T.  The 
angular  ranges  $  of  the 
flight  are  also  marked 
along  the  T-axls.  1)  Ex¬ 
act  calculation;  2)  cal¬ 
culation  in  first  approx¬ 
imation;  3)  calculation 
in  second  approximation. 
A)  m2/sec3;  B)  T, 
days. 


act  values  of  J  amounts  to  about  12^  (on 
the  high  side),  i.e.,  the  accuracy  is  an 
order  poorer  than  for  calculations  of  Mars 
and  Venus  flights.  With  shorter  angular 
distances  (150-170^),  the  error  will  be  of 
the  order  of  1-5^^  i.e.,  quite  acceptable. 
For  flights  to  Jupiter,  the  deviations  of 


the  approximate  trajectory  from  the  transporting  ellipse  reach  5O-6O 


million  kilometers^,  which  is  larger  not  only  absolutely,  but  also  rela¬ 


tively  (relative  to  the  distance  traversed)  larger  than  for  flights  to 


Mars  and  Venus  (by  approximately  an  order).  Hence  the  accuracy  of  cal¬ 


culation  for  flights  to  Jupiter  is  also  found  to  be  lower. 


To  provide  some  notion  of  the  characteristics  of  flight  to  Jupiter 


■t 


TABLE  1 

_  *■  -t 

Characteristics  of  Tlights  to  Mars 
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^  Flight  from  Mars  to  the  Earth. 

p  p 

1)  I^tes  of  departure  and  arrival;  2)  J,  m  /sec-^;  3)  days;  4)  de- 

o  p 

grees;  5)  mm/sec  ;  6)  mm/sec  ;  7)  (J^  -  J^)/J^*100^;  8) 

mm/sec^;  9)  m^sec^;  10)  14  January  19^57  H)  24  May  1965* 

s 

TABLE  2 


Characteristics  of  flights  to  Venus 
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1)  Dates  of  departure  and  arrival;  2)  J,  fliVsec"';  3)  T,  days;  4)  o,  de 
grees;  5)  fj^,  mm/sec^;  6)  fQ,  mm/sec^;  7)  (J]^  “ 

March  1964.  ^ 


we  have  assembled  certain  calculated  results  in  Table  3^  where  the  sym¬ 
bols  used  are  the  same  as  those  in  Tables  1  an^  2^  except  that  f^  and 
fj^  have  been  replaced  by  the  larger  of  the  two  values  fQ  and  fj^; 

the  only  calculated  results  presented  are  the  second-approximation  fig- 

-  51  - 


TABLE  3 

Characteristics  of  Flights  to  Jupiter 
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l)  Dates  of  departure  and  arrival;  2)  J, 

m^/sec^j  3)  days;  4)  degrees;  5) 
f  mm/sec^,-  6)  1  July  1965. 
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Fig.  14.  Error  of  approximate  calculation  of  the  quantity  J  as  a  func¬ 
tion  of  the  flight  angular  distance  $  (for  flights  to  Mars  and  Venus). 

A)  (J^^  -  J^)/J^-100^;  B)  degrees. 

ures  obtained  by  the  approximate  method  (Section  6). 

CONCLUSIONS 

1.  In  flights  by  jet-propelled  vehicles  with  constant  power  output 
into  Jet  reaction,  the  trajectories  that  are  optimal  in  the  sense  of 
minimum  fuel  consumption  are  those  for  which  the  integral  J  cf  the 
squared  reaction  acceleration  over  the  time  of  motion  reaches  a  minimum. 

2..  Equations  of  motion  that  have  been  linearized  with  respect  to  a 
transporting  trajecx-ory  can  be  used  to  solve  a  number  of  problems  in  the 
dynamics  of  cosmic  flight  (interplanetary  flight  with  reaction  acceler- 


BLANK  PAGE 


ation,  notion  of  a  body  in  the  neighborhood  of  a  cosmic  object,  rendez¬ 
vous  of  two  cosmic  objects,  calculation  of  isochrone  derivatives,  and 
so  forth) « 

3.  The  transporting -trajectory  nethod  enables  us  to  calculate, 
quickly  and  rather  accurately,  the  characteristics  of  cosmic  flights 
made  with  a  reactive  acceleration  operating.  The  error  in  determining 
the  basic  flight  characteristics  amounts  to  1-2^  for  flights  to  l-Sars 
and  Venus  with  angular  distances  of  the  order  of  200-220^.  When  the  an¬ 
gular  distances  are  reduced,  the  accuracy  Increases,  and  it  drops 
sharpay  when  they  are  increased.  Accuracy  also  diminishes  with  increas¬ 
ing  distance  to  the  orbit  of  the  destination  planet,  and  for  this  rea¬ 
son  flights  to  Jupiter  are  calculated  less  accurately  than  flights  to 
Mars  and  Venus  {for  comparable  angular  distances). 

4.  Given  optimum  control  of  the  reactive  acceleration,  flights 
with  reactive  accelerations,  fuel  reserves,  and  values  of  the  integral 
J  all  as  small  as  we  please  become  possible.  However,  such  a  flight 
would  require  a  very  long  total  flight  time,  and  this  would  become 
longer  the  smaller  the  value  of  the  integral  J. 

5.  V/ith  optimum  control  of  the  reactive  acceleration  for  flights 
to  Mars  and  Venus  with  return  to  the  Earth  within  a  span  of  approxi¬ 
mately  a  year  and  a  half,  maximum  reactive  accelerations  of  1.5-3 

2  2  3 

mm/sec  and  an  integral  consumption  of  several  tens  of  m  /sec^  are  re¬ 
quired. 

For  round-trip  flights  to  Jupiter  lasting  approximately  three 
years,  the  value  of  J  required  with  a  maximum  reactive  acceleration  of 
2-3  mm/sec  is  of  tjxe  order  of  100  ra  /sec^. 

6.  For  flights  of  the  same  duration  between  planetary  spheres  of 
Influence  with  a  constant  reactive -acceleration  vector  that  changes  di¬ 
rection  once,  the  energy  outlay  required  is  20-25^  larger  (according  to 
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the  value  of  the  integral  J)  than  for  optimum  thrust  control. 

7*  The  results  presented  In  the  last  section  show,  among  other 
things,  that  optimum  control  of  the  reactive  acceleration  Is  complex  In 
nature,  both  as  regards  the  variation  of  its  absolute  magnitude  and  as 
regards  Its  change  In  direction.  In  absolute  magnitude,  the  reactive 
acceleration  changes  greatly,  for  example,  from  values  of  1.5-2  mm/sec^ 
at  the  beginning  and  end  of  the  flight  to  a  value  of  0.1  mra/sec^  in  the 
middle  of  the  flight.  It  is  possible  that  difficulties  will  be  encoun¬ 
tered  In  realizing  such  control.  This  gives  rise  to  the  question  of  re¬ 
placing  optimum  control  by  a  control  law  that  has  very  similar  energe¬ 
tics  but  is  simpler.  We  might  propose  the  following  “stepwise"  scheme; 
on  the  first  segment,  the  reactive -acceleration  vector  is  constant;  on 
the  second  segment,  there  Is  no  reactive  acceleration;  on  the  third 
segment,  the  reactive -acceleration  vector  is  again  constant  but,  gen¬ 
erally  speaking,  different  from  the  acceleration  vector  in  the  first 
segment.  By  specifying  the  acceleration-vector  values  for  the  first  and 
third  segments,  together  with  the  times  of  stopping  and  starting  the 
engine  on  the  second  seginent,  we  can  provide  for  satisfaction  of  the 
boundary  conditions  and  minimize  the  integral  (1.4). 

As  we  see  from  the  results  given  here,  the  error  of  the  calcula¬ 
tion  increases  with  increasing  angular  distance^.  But  the  transporting- 
trajectory  method  can  also  be  extended  to  the  case  of  flights  over  long 
angular  distances.  For  this  purpose,  we  might,  for  example,  employ 
transporting  trajectories  consisting  of  several  segments  of  various  el¬ 
liptical  trajectories,  segments  that  do  not  necessarily  have  to  meet. 
Two  circular  trajectories  with  different  radii  situated  between  the  or¬ 
bits  of  the  Earth  and  I4ars  might  also  serve  as  transporting  trajecto¬ 
ries  for  calculating  a  flight  from  the  Earth  to  I'5ars  with  long  angular 
distance.  Investigations  in  this  direction  would  appear  to  be  appro- 


priate. 
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THE  ACCELERATION  OF  A  SPACECRAFT  WITHIN  THE  RANGE  OF 


PLANETARY  INFLUEJICE 
V.V.  Eeletskly,  V.A.  Yegorov 

An  Investigation  is  presented  of  the  space  acceleration  trajecto¬ 
ries  within  the  range  of  planetary  influence  in  the  case  of  low  reac¬ 
tion-thrust  acceleration#  An  approximate  solution  is  presented  for  the 
problem  pertaining  to  the  optimum  control  of  react ion -thrust  accelera¬ 
tion*  Formulas  are  presented  for  the  computation  of  trajectory  parame¬ 
ters  at  the  end  of  the  acceleration  phase.  Calculation  results  for  a 
number  of  trajectories  are  presented. 

*  ^ 

Reference  [l]  considers  the  problem  of  flight  between  planetary 
spheres  of  Influence  through  use  of  constant -power  engines*  The  present 
work  considers  the  acceleracion  trajectories  of  a  spacecraft  within 
such  a  planetary  sphere  of  influence. 

The  variation  problem  of  determining  the  optimum  acceleration  tra¬ 
jectories  prior  to  the  attainment  of  the  parabolic  velocity  is  presen¬ 
ted  in  Section  Ij  approximate  solutions  for  this  problem  are  also  pre¬ 
sented.  Section  2  presents  an  analysis  of  a  number  of  acceleration  tra¬ 
jectories^  particular  attention  being  devoted  to  trajectories  close  to 
the  optimum.  Section  3  presents  results  obtained  in  calculating  the  ac¬ 
celeration  trajectories  prior  to  attainment  of  parabolic  velocity,  with 
constant  tangential  react ion -thrust  acceleration. 

The  authors  wish  to  express  their  gratitude  to  O.S.  Ryzhlna  for 
the  programming  and  execution  of  the  numerical  computations  on  the  EVM 
[computer]. 


1.  THE  OPTIMUM  ACCELERATION  PROBLEM 


It  has  been  demcsistrated  [1]  that  the  optlmuia  trajectory  "p  (in  the 

■» 

sense  of  the  minimum  of  the  Integral  J  and  the  optimum  control 

of  the  reaction-thrust  acceleration  ?  in  an  arbitrary  force  field  hav¬ 
ing  the  force  function  U(xy  z)  are  described  by  the  [following] 
equations 


p-gradi^=:f; 


(lei) 


V/e  will  hold  Eqs.  (1-1)  to  have  been  written  for  nondimens ional 
quantities.  The  nondimensional  distances  p,  velocity  V,  time  t,  and  ac¬ 
celeration  f  are  related  to  the  corresponding  dimensional  quantities 
r^y  t^,  and  f^  by  the  following  relationships 


rp  =  roP,  V^=^VJriV,  (1*2) 


v/here  £  is  the  acceleration  of  the  force  of  gravity  at  a  distance  r^ 
from  the  center  of  attraction* 

If  the  field  of  force  is  Newtonian,  U  =  l/r  and  the  trajectory  of 
optimum  acceleration  will  thus  be  flat.  In  this  case  eight  Integration 
constants  for  Eqs.  (l.l)  will  be  defined  by  the  four  initial  conditions 
and  the  conditions  at  the  instant  t  =  T  at  which  acceleration  ceases 
(T  is  given); 

/  2  i/  =:  4-  Vxfy  —  Vyjx  ==  0,  —  V-tfs  +  /*!/*  S=5  0, 

"~“Vxiy  ~h  fzUy  ■*0.  (l#  3) 

The  first  of  the  conditions  In  (1*3)  is  the  condition  that  the 
given  energy  hy^  be  attained  (for  example,  hj^  =  0),  the  remaining  three 
conditions  being  comprised  of  the  conditions  of  transversality  which 
provide  for  zero  variation  of  the  functional  in  the  case  of  unattached 
ends. 


The  first  of  the  contritions  of  transversality  Indicates  that  at 
the  end  of  the  powered  phase  of  the  flight  the  thrust  vector  must  coin- 


•  As  a 


clde  with  the  velocity  vector  in  terms  ot  direction;  f-i-VI/.r 
result,  the  two  remaining  transversality  conditions  lead  to  the  re¬ 
quirement 


d_ 

\  /  J-T 


i*e.,  the  derivative  with  respect  to  t  of  the  ratio  between  the  modulus 
of  velocity  and  the  modulus  of  thrust  acceleration  must  be  equal  to  un¬ 
ity.  Analogous  conditions  prevail  in  the  three-dimensional  case  for  an 
arbitrary  U. 

Through  simple  substitution  it  is  possible  to  prove  that  E-qs* 

(l«l)  for  a  three-dimensional  trajectory  in  the  arbitrary  field  U  sat¬ 
isfy  the  following  law  of  change  in  the  vector  T  for  reaction-thrust 
acceleration; 


f - ?^v,  {X.4) 

l-f 

where  ^  is  an  arbitrary  constant. 

In  view  of  (1.4),  the  total  energy  h  has  the  derivative 

^  F* 

When  ^  >  0,  dh/dt  >  0  and  with  Eq.  (1.4)  it  is  possible  to  derive 
the  acceleration.  In  this  case,  the  Initial  value  of  the  react ion - 
thrust  acceleration  f^  is  governed  by  the  given  value  of  hj^  for  the  fi¬ 
nal  energy,  the  latter  having  been  determined  from  the  following  equa¬ 
tions 


However,  on  the  basis  of  (1.4)  we  obtain 
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l.e,,  the  conditions  of  tranversallty  will  not  be  satisfied#  This  means 
that  Eq.  (1.4)  yields  the  best  acceleration  from  the  arbitrary  point 
Cpq^  Vq)  to  the  point  latter  point  having  been  deter¬ 

mined  by  integration  of  the  first  system  of  equations  in  (l#l)  under 
the  condition  given  by  (1.4);  the  acceleration  is  best  in  comparison 
with  all  other  accelerations  from  the  point  (ip  IT^)  to  the  same  fixed 
point  however,  acceleration  based  on  the  control  law  (1.4) 

is  not  the  best  in  comparison  with  other  accelerations  from  the  same 
point  fpQ,  ITq)  to  sane  other  terminal  point  selected  from  the 

condition  of  the  minimum  for  the  functional  J.  However,  it  can  be  dem¬ 
onstrated  that  In  case  of  low  accelerations  f  the  control  law  (1.4)  is 
close  to  the  best  even  in  the  indicated  sense;  it  develops  that  the  value 
of  the  integral  J  is  close  to  the  minimum  with  motion  according  to  Law 
(1.4)  at  low  reaction-thrust  accelerations,  since  the  ratio  «  f. 
Here  dJ  represents  the  difference  between  the  values  of  the  integral  3 
on  attainment  of  the  exact  optimum  acceleration  and  the  acceleration 
derived  from  Law  (1.4).  Correspondingly,  the  difference  in  fuel  flow 
rates,  referred  to  the  minimum  f^ow  rate,  is  also  a  magnitude  of  the 
order  of  f. 

Let  us  now  attempt  to  derive  a  more  exact  solution  of  the  varia¬ 
tion  problem,  presenting  a  more  specific  statement  of  the  problem.  Let 
us  consider  acceleration  from  a  circular  orbit  in  a  Newtonian  field  of 


forces  to  energy  value's  of  but  not  too  close  to  zero,  in 
the  conventional  polar  coordinates  p  and  cp  to  which  we  will  convert  Eq< 
(1.1): 


(1.5) 


The  radius  of  the  initial  circular  orbit  is  here  taken  as  the  unit 


of  length.  The  last  term  in  the  first  equation  represents  the  Newtonian, 


^p  representing  the  radial  and  transversal  components  of  reac- 

-  59  - 


tlon-thrust  acceleration* 


Assuming  p  and  f  to  be  free  functions,  the  functional  of  the 

P 

problem  can  be  presented  in  the  following  form: 

^  4  r  *  s 

/=  I  V?{p,p.p,p. /„'/,)£«,  ^  =  /J+-^j^-^j/^p’(P-/.)  +  |s|  .  (1.6) 

If  the  variation  of  the  functional  were  to  be  written  out  and 
equated  to  zero,  holding  the  ends  for  f^  ,  and  pj^  to  be  moveable, 

the  f. light  time  T  being  given,  we  would  obtain  two  Euler  equations  (of 
second  and  sixth  orders)  and  four  transversality  conditions  at  the  ends* 
The  transversality  conditions  together  with  the  condition  h(T)  «  and 
the  three  initial  conditions  define  eight  integration  constants  for  the 
Euler  eq>iations.  The  indicated  initial  conditions  are: 

Po  =  po  =  0»  Pfl  =*  ft/Ht 


Let  us  now  take  note  of  the  fact  that  in  the  case  of  low  maximum 
reaction-thrust  accelerations  f^^^  the  given  times  T  of  acceleration  from 
the  initial  energy  h  «=  -  1/2  to  the  given  hj^  must  be  large,  i*e.,  of 
the  order  of  since  it  follows  from  the  equation  dA / (ft  *  fV  cos  (f,  V) 

that  J is  of  the  order  of  unity  and  with  the  mean-value  theorem  v/e 

/ff  ^  "^^0 

obtain^ >  —  9  where  the  velocity  is  a  magnitude  of  the  order 

**  cp  s  r 

of  unity.  It  is  therefore  natural  to  assume  that  with  low  thrust  the 

quantities  p  and  f^  are  small  in  comparison  with  p,  that  they  change 

slowly  with  time,  i*e. ,  that  p  and  f  are  second -order  infinitesimals, 

P 

and  that  each  differentiation  raises  the  order  of  smallness  by  unity. 
This  hypothesis  indicates  that  acceleration  is  accomplished  along  a 
spiral  whose  turns  are  nearly  circular* 

Neglecting  the  third -order  infinitesimals,  we  bring  the  second  of 
the  Euler  equations  to  the  following  forms 


fp 


(1.7) 


Thus  we  see  that  f 

P 


should  not  be  regarded  as  a  first-order  inf in- 


Itesimal,  but  rather  as  one  of  the  second  order. 

Further,  holding  f  »  p  >  we  can  use  the  Euler  equations  to  verify 

P 

the  fact  that  (1.7)  is  valid  with  consideration  of  the  third-order  in¬ 
finitesimals  which  we  earlier  neglected.  Consequently,  (1.7)  is  accu¬ 
rate  to  infinitesimals  of  the  fourth  order. 

The  second  Euler  equation,  the  fourth-order  infinitesimals  being 
neglected,  is  brought  to  the  form  }5/p  =  3i5/2p,  from  which,  considering 
that  p(0)  =  1,  we  obtain 

p=:l/(l-cO^  (1.8) 

Then  from  (1.7)  for  the  radial  component  f^  of  reactive  accelera¬ 
tion  we  obtain  the  expression: 


/p  =  c»/(i— c0‘.  (1.9) 

To  determine  the  constant  c,  using  the  condition  we  ob¬ 

tain  the  equation 

(3c/a:’)2  =  2/h<, 

where  x  =  1  -  cT. 

Because  T  is  of  the  order  of  l/fj^j  this  equation  has  a  small  root 
c  defined  by  the  formula  c  =  (1  -  x)/T  where  at  values  of  h^  not  close 
to  zero  in  first  approximation  x  *=  (  -  2hj^)^'^^,  and  in  second  approxi¬ 
mation 


4  (-!)■] 


'-etc. 

1 

Now  let  us  find  the  quantity  f^  from  the  equations  of  motion.  With 


an  accuracy  to  c' 


A 


1  + 


45 


2  (1 


.* 


Moreover,  we  have  f  =  f  accurate  to  c^.  Accurate  to  c^ 

T 


/  (0  =  A  (0  ==  const,  A  (0  ^  0- 


f 


Having  compared  the  ratios  of  angular  coefficients  *= 

see  that  k^  =  2k^  is  accurate  to  c^.  Hence  it  follows 
that  the  direction  of  thrust  bisects  the  angle  fonned  by  the  tangent 
and  the  transversal. 


Let  us  now  take  note  of  the  fact  that  the  derived  approximate  so¬ 
lution  to  the  Euler  equations  also  only  satisfies  the  conditions  at  the 
ends  in  approximate  terms.  We  have  reference  here  to  the  fact  that  in¬ 
stead  of  pQ  «  0  and  JSq  =  f^Q  in  (1.6),  according  to  (1.8)  and  (1*9)  we 
have 

po  —  2c  ^  0|  po  —  ffti  5c*  0, 


Having  compared  the  derived  approximate  solution  with  the  true  so¬ 
lution  of  the  variation  problem,  we  can  maintain  that 

Apo--=2c,  A(po~/po)  =  5c*.  (1. 10) 

The  approximate  solution  (1.8) -(1^9)  and  the  incremental  values 
(IrlO)  make  it  possible  to  evaluate  the  Increment  AJ  of  the  functional 
J  with  transition  from  the  true  ’solution  to  the  derived  solution.  It 
turns  out  that  AJ  «  c''^. 

2  2 

Since  the  quantity  J  «  c  T  »  c,  AJ/J  »  c  ,  i.e.,  we  have  a  higher 
order  of  smallness  than  for  the  particular  solution  (1.4), 

Let  us  note  that  the  derived  result  cannot  simply  be  extended  to 
the  value  of  =»  0,  Actually,  in  this  case  the  quantity  1  -  cT  is  of 
order  1/4  with  respect  to  £  rather  than  of  zeroth  order,  and  the  eval« 
nations  carried  out  in  the  equations  and  the  boundary  conditions  are  no 
longer  valid. 

Thus  the  investigation  shows  that  in  the  problem  pertaining  to  the 
accumulation  of  the  given  energy  h,,  <  0  the  optimum  control  of  the  mag- 
nituda  and  direction  of  thrust  is  very  close  to  the  control  in  which 
the  acceleration  of  the  force  of  thrust  is  constant  along  the  modulus 
and  bisects  the  angle  between  the  tangent  and  the  transversal.  Thic  re- 
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suit  was  obtained  only  for  energy  values  that  W:re  not  close  to  zero; 
this  result  is  valid  so  long  as  the  spiral  along  which  the  acceleration 
is  proceeding  is  close  to  being  circular^  the  direction  of  thrust  is 
close  to  the  tangent  along  such  a  spiral.  On  the  other  hand,  as  follows 
from  the  exact  consideration  of  the  boundary  conditions  in  the  acceler¬ 
ation  problems  considered  above,  with  optimum  control  the  thrust  accel¬ 
eration  at  the  end  of  the  acceleration  phase  must  be  directed  exactly 
along  the  tangent  to  the  trajectory.  Because  of  continuity  the  direc¬ 
tion  of  acceleration  must  be  close  to  the  tangent  even  in  the  vicinity 
of  the  end  of  the  acceleration  pnase.  Having  compared  this  fact  with 
the  result  of  the  approximate  solution,  we  can  draw  the  conclusion  that 
the  optimum  direction  of  thrust  acceleration  over  virtually  the  entire 
acceleration  phase  is  close  to  the  tangent,  and  the  magnitude,  of  accel¬ 
eration  is  close  to  constant. 

In  conclusion  let  us  note  that  the  basic  results  of  this  section 
are  applicable  to  the  problem  of  probing  the  space  around  the  sun.  In¬ 
deed,  with  such  probing  it  would  be  expedient,  from  the  standpoint  of 
deriving  information,  to  direct  the  rocket  toward  the  sun  along  a  tra¬ 
jectory  between,  let  us  say,  the  orbits  of  the  earth  and  Mercury.  Since 
in  this  case  only  a  certain  finite  nonzero  value  of  hj^  is  obtained,  the 
assumptions  made  at  this  point  prove  justified  and  the  derived  approxi¬ 
mate  solution  of  the  variation  problem  will  be  close  to  the  exact  solu¬ 
tion  over  the  entire  probe  trajectory. 

V/hen  probing  the  space  within  the  earth's  orbit,  it  should  be  as¬ 
sumed  in  Formulas  (1.8)  and  in  the  following  that  c  <  0;  the  motion 
follows  a  spiral  tightening  toward  the  sun;  the  direction  of  thrust  bi^ 
sects  the  angle  between  the  directional  lines  opposite  to  those  of  the 
direction  of  velocity  and  the  transversal.-. 
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2.  ANALYSIS  OF  CERTADJ  ACCELERATION  TRAJECTORIES 


It  is  interesting  to  examine  other  acceleration  trajectories  prior 
to  the  attainment  of  parabolic  velocity  and  to  compare  these  with  the 
optimum.  Let  us  undertake  an  analysis  of  these  trajectories,  devoting 
particular  attention  to  trajectories  with  constant  tangential  accelera¬ 
tion,  since  these  trajectories,  as  demonstrated 
in  the  previous  section,  are  close  to  the  opti¬ 
mum. 

Let  a  and  k  be  the  angles  between  the  di¬ 
rection  of  the  reactive  acceleration  and,  res¬ 
pectively,  the  radius  vector  and  the  velocity 
vector  (Fig.  1).  Let  a  =  p,^  be  the  sectorial 

Fig.  1,  Coordinate 

system  and  mutual  velocity. 

position  of  velocity 

and  thrust -accelera-  We  have 

tlon  vectors. 


-^«/7cosx,  -^=*/psjnct.  (2.1) 

If  the  thrust  is  directed  along  the  normal  to  the  trajectory  (/c  = 
m  90^),  it  [the  thrust]  will  perform  no  worki  in  this  case  h  =  const; 
regardless  of  the  magnitude  of  the  thrust,  it  is  impossible  to  develop 
any  acceleration.  If  the  thrust  is  directed  along  the  radius  vector  of 
the  orbit  we  have  a  =  0  and  a  =  const,  and  with  f  =  const  the  equations 
of  motion,  as  first  demonstrated  by  Tsien  [2],  are  integrated  in  quad¬ 
ratures.  It  turns  out  that  with  f  <  1/8  it  is  impossible  to  achieve  ac¬ 
celeration,  l.e.,  the  orbit  remains  limited  and  the  work  of  thrust  is 
used  exclusively  for  the  rotation  of  the  line  of  apsides  of  an  oscula¬ 
ting’  orbit  about  the  center  of  attraction.  Acceleration  achieved  with 
the  aid  of  the  constant  radial  acceleration  f  is  possible  only  if  the 
values  of  f  are  sufficiently  high,  i.e.,  f  ^  1/8. 

Given  thrust  tangential  to  the  trajectory  we  have  /c  «  0  and  dh/ 

/dt  «'  fV  >  0,  i.e.,  h  increases  monotonically,  and  it  can  be  demonstra- 
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Fig.  2.  Change  in  reactive  accelera¬ 
tion  for  acceleration  'with  constant 
velocity. 


ted  that  h  «  when  t 

In  this  case  it  is  convenient  to  use  the  following  closed  system 
of  equations  for  purposes  of  the  analysis: 


^  1  dp  „ 

—  /  —  — ^*COS  Otj  "37"  ^  COSCtf 

t  ^  p*  at 

d  sin*  a  1  /  t  \ 

•j-cosa--^  (1.  (2 

.  1 


(a.  2) 


This  system  in  particular  makes  it  possible  easily  to  construct 

examples  of  certain  simple  trajectories  (given  appropriatv?  selection  of 

« 

control  laws  for  tangential  acceleration). 

2 

Example  1.  Logarithmic  spiral  [3]»  Here  a  =  const >  f  =  ^q/p  >  — 

2 

=  cos  a/2,  and  V  =  1/p.  Parabolic  velocity  at  a  finite  distance  is  not 
attained. 

Example  2.  Acceleration  with  constant  velocity.  Here  V  = 


,  1  -  / .  p(?  sill*  art  2/1  M  _  1 

P*  'fvUo  p’“p* 


cos  a. 


V/lth  a  start  from  a  nearly  circular  orbit  aQ  ~  7r/2,  Vq  »  1,  and  pQ  *  1 

o 

(Fig.  2).  Parabolic  velocity  is  attained  at  p  =  S/Vq*”. 

Let  us  now  consider  the  basic  properties  of  acceleration  from  a 
circular  orbit  to  parabolic  velocity  with  constant  tangential  reactive 
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acceleration# 

Because  of  the  monotonic  increase  in  h  (and  consequently. 

In  the  orbit *s  semimajor  axis  a)  and  the  focal  parameter  £  (satisfying 
the  equation  dp/dt  =  2fp/V’  >  0),  an  osculating  orbit  continually  en¬ 
larges  Its  linear  dimensions,  the  motion  proceeding  along  an  expanding 
spiral.  Because  of  the  increasing  orbital  dimensions  the  osculating 
period  of  revolution  will  increase,  the  mean  velocity  of  motion  dimin¬ 
ishing  with  each  revolution. 

As  demonstrated  by  an  analysis  of  Formulas  (2.2)  and  calculations, 

eccentricities  of  the  order  of  f  and  deviations  in  velocity  B  from  the 

/ 

mean  value  of  of  the  same  order  result  because  of  the  effect  of  low 

sr 

accelerations,  i.e. ,  f  »  0. 001-0. 0001 j  ~  case  of  ac¬ 

celeration  from  a  circular  orbit  it  may  be  maintained  that  the  average 
velocity  of  motion  diminishes  monotonically  so  long  as  h  <  0.  When  h  > 
>  0,  as  can  be  shown  with  Eqs.  (2.2),  cos  a  and  p  will  increase  mono¬ 
tonically,  with  cos  a  -►  1,  and  p  »  for  t  »,  Consequently,  the  term 
cos  a/p  in  the  first  of  the  equations  (2.2)  will  become  as  small  as 
desired  and  with  t  »  we  will  have  dV/dt  »  f  >  0. 

Thus  the  mean  velocity  V  diminishes  monotonically  when  h  <  0  and 

sr 

increases  monotonically  with  h  >  0.  This  meeais  that  in  the  vicinity  of 
h  »  0,  the  velocity  V  exhibits  an  absolute  minimum  and  dV/dt  ~  0/,  Let 
us  assume  that  this  occurs  exactly  when  h  0.  In  this  case  it  is  not 
difficult  to  determine  the  parameters  of  the  trajectory  at  the  end  of 
the  acceleration  phase  (i.e.,  when  h  ®  o).  These  values  of  the  parame¬ 
ters  will  be  marked  with  an  asterisk.  The  first  of  the  equations  (2.2) 
and  the  condition  h  =  0  itself  yield 


(2.3) 


Further,  we  have 
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fc-  \  vdi  ~  /f,  4-  /tT.  r  r. 

u 

where  V  is  the  mean  value  of  V  over  the  interval  (0,  T),  with  T  the 
time  of  acceleration.  For  the  case  of  a  circular  initial  orbit  we  can 


assume 


1  r  If.  1  4-  1/^  - 

y  __  r  y  y  C  DS  a 


Also  bearing  in  mind  that  h*  ^  0,  and  that  for  a  circular  initial 


orbit  hQ  *=  -  1/2,  we  finally  obtain 


'  J/  cosa  ' 


(2.4) 


Since  as  t  «  we  have  asymptotically  cos  a  «  1^  in  first  approx¬ 
imation  Formulas  (2. 3) -(2. 4)  take  the  form 


1  i  Tf 


/(I  4-  i*  V) 


f.  ^ 

I  - 


(2.5) 


As  demonstrated  by  a  comparison  with  numerical  integration,  the 
approximate  formulas  yield  an  accuracy  of  5-10^  which  is  completely  ad< 
equate  for  estimation  purposes.  However,  computation  on  the  basis  of 
these  formulas  can  be  even  further  refined  by  deriving  an  approximate 
formula  for  a*.  This  can  be  done  b^  using  the  second  of  the  equations 
in  (2.1),  this  equation  being  presented  in  the  form  dc/dt  =  fa/V  and 
a  =  pV  sin  a,  having  approximately 

K  4=  1 - / 

*  yf  C. 

Having  completed  the  Integration,  after  modification  we  obtain 


*  1  /V77v21*^"'1 

3iua  =»y(v4/) 


(2.6) 


Having  determined  a*  from  (2.6)  and  having  carried  out  the  substi 


—  67  "• 


tution  into  (2. 3)- (2, 4),  we  obtain  the  second  approximation  of  the  par¬ 
ametric  values  of  the  end  of  the  acceleration  phase. 

As  shown  by  calculations,  these  formulas  yield  velocity  values  at 
the  end  of  the  acceleration  phase  with  an  accuracy  of  up  to  3^  and  dis¬ 
tance  values  with  an  accuracy  to  Hawever,  the  acceleration  time  in 
second  approximation  is  less  precisely  determined  than  in  the  first, 
since  with  more  exact  determination  of  the  terminal  velocity  the  error 
resulting  frm  the  assumption  of  a  linear  change  in  velocity  becomes 
more  pronounced.  For  approximate  determination  of  acceleration  time  it 
is  best  to  use  the  first -approximation  formula  from  (2.5)#  the  inaccu¬ 
racy  of  the  hypothesis  pertaining  to  the  linearity  of  the  change  in  ve¬ 
locity  and  the  inaccuracy  in  the  determination  of  the  terminal  velocity 
partially  offsetting  one  another  in  this  formula.  The  formula  for  T 
from  (2.5)  yields  an  accuracy  of  5-6^  for  the  acceleration  of  thrust 
£  =  and.  7-85^  for  f  = 

Let  us  also  note  that  there  is  an  exact  relationship  s  =  (h  —  hQ)/ 

/f  in  which  £  is  the  nondimens ional  path  traveled  by  the  rocket  over 

the  ti^jectory.  For  example,  if  the  initial  orbit  is  circular  (hQ  = 

/  X  -4 

w  1/2)  and  f  =  10  ,  the  dimensional  magnitude  of  the  path  s^  covered 

prior  to  attainment  of  the  parabolic  velocity  (h  «  O)  Is  determined 

/  4 

from  the  relationship  s  =  “  0.5*10  ,  where  rQ  is  the  radius  of 

the  Initial  circular  orbit.  VJhen  rQ  is  equal  to  7000  km,  s^  =  35  mil¬ 
lion  kra. 

Remarks.  1.  Let  us  compare  the  acceleration  of  a  rocket  under  con¬ 
ditions  of  low  thrust  with  impulsive  acceleration  from  the  standpoint 
of  the  momentum  expended.  In  the  case  of  impulsive  acceleration  it  can 
be  assumed  that  there  is  an  instantaneous  increase  in  the  velocity  from 
the  circular  (Vq)  to  the  parabolic  Vq*  (2)^^^  over  the  same  dis¬ 
tance  from  the  earth,  i.e.,  the  Increment  in  velocity  -  Vq  = 
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[(2^^/^  —  1]  Vq  =  0.4l  Vq  expended  on  acceleration.  In  the  case  of  low- 
thrust  acceleration^  according  to  (2.5)  for  the  velocity  increment  we 


obtain 


1 

1  +  vTf 


whence 

a  - 

In  the  case  of  very  small  f(f  «  o)  low-thrust  acceleration  re¬ 
quires  a  momentum  greater  by  a  factor  of  approximately  2.4  than  is  re¬ 
quired  in  the  case  of  impulsive  acceleration.  With  f  =  10"^  (i.e.,  of 

o 

the  order  of  1  mm/sec  in  the  case  of  acceleration  from  ah^orbital  al¬ 
titude  of  ~  300  km)  we  will  have  6  «  2.1;  with  f  =  5*10“^^  6  =  I.9,  i, 
e,,  the  momentum  expended  on  low-thrust  acceleration  is  greater  by  a 
factor  of  apprcKimately  two  than  the  momentum  required  for  impulsive 
acceleration. 

2.  The  segment  of  spiral  motion  closer  to  the  planet  is  separated 
from  the  phase  of  flight  between  the  spheres  of  planetary  influence  by 
the  point  at  which  the  planetocentric  velocity  attains  the  local  para¬ 
bolic  velocity.  In  this  case,  the  initial  heliocentric  velocity  in  the 
segment  of  motion  between  the  spheres  of  influence  is  held  to  coincide 
with  the  heliocentric  velocity  of  the  planet,  i.e.,  the  planetocentric 
velocity  is  held  to  be  equal  to  zero.  This  contention  is  valid  on  the 
basis  of  the  following.  In  the  case  of  planetocentric  motion  with  tan¬ 
gential  constant  reactive  acceleration  f  the  energy  integrals  take  the 
following  form: 

1)  in  the  absence  of  an  Initial  velocity  and  gravitational  pull 

7,2/2  = 

2)  with  an  initial  (parabolic)  velocity  -  y2n/p.  and  gravity 

{s-s.)  +n/p. 
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Here  s  is  the  covered  path,  \l  Is  the  product  of  planetary  mass  by 
the  gravitational  constant*  These  integrals  in  cases  l)  and  2)  yield 
ever  closer  magnitudes  for  velocities  and  Vg  as  the  distance  p  in¬ 
creases. 

However,  in  terms  of  the  characteristic  velocity  the  expenditures 
over  an  identical  period  of  flight  time  t  >  t*  in  the  second  case  will 
be  lower  than  in  the  first,  as  is  evident  if  the  equations  of  motion 
are  integrated  once  with  respect  to  time,  holding  the  motion  to  be  ra¬ 
dial  for  the  sake  of  simplicity: 

-  t 

1)  Vi  =  ft,  2)V,  =  V,-\-^dt  +  ft. 

We  have  —  ^  since  p(t)  increases  more  rapidly  under  the 

0 

action  of  thrust  and  in  the  case  in  which  there  is  no  thrust. 

CO 

Let  us  calculate  ^  assuming  p*  as  the  distance  unit  and 

as  the  velocity  unit.  In  this  case  p.  «  1,  and  considering  that  f  « 

p 

l/p^  from  the  energy  Integral  we  will  have  ?  whence 

dt  w  [(l/p)  +  p  -  dp  and 


8X 


The  last  integral  Is  approximately  equal  to  7r/4.  Consequently,  the 
expenditures  of  characteristic  velocity  In  case  2)  are  lower  than  In 
case  1),  by  the  quantity  F.  — 

3?  Departing  from  purely  radial  motion  and  taking  into  considera¬ 
tion  that  with  reactive  accelerations  that  are  not  too  low  acceleration 
upon  attainment  of  the  parabolic  velocity  proceeds  for  a  rather  long 
period  of  time  inside  the  sphere  of  planetary  Influence  in  which  solar 
perturbations  are  small,  we  can  derive  an  approximate  method  for  the 
planetocentrlc  calculation  of  acceleration  at  constant  tangential  ac- 
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p 

celeration  f  =  1/p*  •  1^^  case  it  is  convenient  to  take  advantage 

of  the  fact  that  the  covered  path  s(t)  increases  approximately  as  the 
distance  p(t)  in  purely  radial  motion. 

The  expression  dt  presented  in  Remark  2  for  purely  radial  motion 
in  the  case  of  high  p  is  easily  Integrated,  whereas  in  the  case  of  low 
p,  e.g. ,  1  <  p  ^  the  quadratic  approximation  dt/dp  =  p  /60  -  0.2324p 
+  1.216  can  be  integrated  to  obtain  t  =  -  1,1056  +  1.2l6p  —  0,ll62p^  + 
0.00555p^,  so  that  for  p  >  7  we  have  t  =  t^  +  2  [(p  -  ~  (p^^  - 

—  where  t^  =  3*62  corresponds  to  the  value  of  p^  =  7«  In  order 

to  calculate  the  angle  a  between  the  velocity  and  the  radius  vector  the 
equation  of  motion  can  be  integrated  in  projection  onto  the  normal  to 
the  trajectory  with  respect  to  the  variable  s: 

da  sina  I ^ 

assuming  in  the  integrand  that  s  =  p,  in  which  case  we  will  obt&in 


The  difference  A  =  s  —  p:A' =  1 —  cos a  is  associated  with  the  angle  a. 

2  ^  /  2 

Using  the  formula  for  tan  a/2,  it  is  possible  to  evaluate  A'<  — ^ — 

0 

exp2/y3^  ^  from  which  <  2  is  obtained  for  sufficiently  high  p.  It 
turns  out  that  the  relative  quantity  Vp  initially  increases  and  then 
diminishes,  after  attaining  the  maximum  (of  less  than  10^)  at  p  «  2. 

4.  Let  us  undertake  a  comparison  with  the  previous  motion  involv 
ing  a  low  constant  transversal  component  f^  of  reactive  acceleration 
where  the  centrifugal  term  in  the  nondimenslonal  equations  is  exactly 


equal  to  the  gravitational  term.  This  is  possible  only  when  the  radial - 
component  of  reactive  acceleration  f  =  j3  [4].  In  this  case  the  equa- 
tion  in  projection  to  the  transversal  is  easily  integrated,  and  with 


pQ  =  1  we  obtain 
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(1-M 


a  s 


P  = 


(1 


A»P 


6A* 


With  t  *  0  we  obtain  p  =  2f^,  i.e.,  this  motion  is  not  possible 
for  any  initial  data. 

The  considered  motion  involving  the  component  =  const  is  the 

optimiun  of  all  of  the  motions  with  f  «  j5  in  the  sense  of  the  minimum 
T  P 

of  as  acceleration  is  continued  to  a  value  of  hj^  not  close 

to  zero  [4], 

Let  us  show  that  this  motion  in  the  case  of  sufficiently  low  f^ 
and  hj^  0  is  close  to  the  optimum  as  well  in  the  sense  of  the  complete 

T 

integral  /  =  ^  v// 4- A*)  •  Indeed^  through  simple  calculation  we  find 

0 

j  = /i  4- y>A  ””  A*j »  A^^Ai 

l.e.^  (J^  -  J)/J  is  an  infinitesimal  quantity  of  the  order  of 

For  the  motion  under  consideration  we  have  the  following  values  of 
the  terminal  parameters: 


P,  ==p==i  P,  =*(2A)^  = 

tg(pf)  =  4-.  Z(prf)«18’23':  Z(Vrp)  =  4P. 


p  2 

f  '  +  f  and  V*  is  the  terminal  velocity. 

p  T  ^  * 


where  f 

Comparing  the  case  of  acceleration  at  p 
stant  reactive  acceleration,  we  see  that  the  orders  of  the  terminal 


f  with  the  case  of  con- 
P 


quantities  with  respect  to  f  coincide.  However,  because  of  the  more 

rapid  increase  in  acceleration  when  p  =  f  ,  the  parabolic  velocity  is 

^  1  /2 

attained  at  distances  smaller  by  a  factor  of  (2)  '  from  the  center  of 
attraction  and  the  velocity  itself  correspondingly  is  of  greater  magni¬ 
tude.  The  acceleration  time  in  the  case  of  constant  tangential  accel¬ 
eration  f^  will  be  smaller.  Correspondingly,  in  the  case  of  tangential 
acceleration  the  expenditures  of  energy  will  be  lower  (i.e.,  the  magni- 

T 

tude  of  the  Integral  .  A  comparison  of  the  energy  expendl- 
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tures  should  be  carried  out  for  Identical  periods  of  acceleration  time  T. 
In  this  case,  in  approximate  terms,  we  will  have  the  following  for  the 
tangential  acceleration  (see  Section  2),  accurate  to  the  infinitesimals 
of  higher  order: 

5  ““T  “  V^)  ’ 


while  for  the  acceleration  considered  in  Section  1, 


with  p  =  f 
^  P 


It  is  obvious  that  <  Jg,  i.e.,  the  tangential  acceleration  with 
constant  acceleration  is  more  advantageous  from  the  standpoint  of  ener¬ 
gy  expenditure  than  acceleration  with  constant  transversal  acceleration 
and  the  centrifugal  acceleration  compensated  by  gravity.  However,  as 
can  be  seen  from  the  formulas  for  and  Jg,  the  gain  is  not  great. 

Thus  for  T  =  10,000,  which  corresponds,  for  example,  to  acceleration 
about  the  earth  from  an  altitude  of  ~  300  km  over  a  period  of  approxi¬ 
mately  100  days,  the  gain  in  relative  to  amounts  to  -  2^. 

3.  RESULTS  OF  ACCELERATION -TRAJECTORY  CALCULATIONS  IN  THE  CASE  OP  TAN¬ 
GENTIAL  CONSTAOT  ACCELERATION 

Certain  results  obtained  through  calculate "n  of  the  acceleration 
trajectories  in  the  case  of  constant  tangential  acceleration  are  pre¬ 
sented  in  the  following  tables  and  ijs  Figs.  3-6* 

Tables  1-4  show  the  calculations  of  acceleration  from  an  initially 
circular  orbit  on  the  basis  of  Formulas  (2.3),  (2.4),  (2.5),  and  (2.6); 
in  addition,  these  tables  show  the  results  of  the  numerical  integration 
of  the  differential  equations  of  motion.  The  results  of  the  numerical 
Integration  are  shown  in  graphs. 

In  addition  to  the  dimensionless  values  of  the  parameters  in  Ta¬ 
bles  1-4,  their-  dimensional  values  for  acceleration  around  the  earth 


-  73  - 


I 
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» 

( 

Fig*  3*  Example  of  acceleration  trajectory  with  departure  from  initial 
circular  orbit  (in  dimensionless  variables).  Solid  line  -  trajectory  in 
the  case  of  constant  tangential  acceleration  f  =  0,01.  Dashed  line  - 
trajectory  in  the  case  of  transversal  acceleration  of  Identical  magni¬ 
tude,  Dimensionless  flight  time  indicated  along  trajectory.  Dimension¬ 
less  values  of  total  energy  indicated  in  parentheses. 


and  Mara  are  also  presented,  these  having  been  calculated  on  the  as¬ 
sumption  that  the  altitude  of  the  Initial  circular  orbit  is  equal  to 
300  and  6000  km  for  the  earth  and  300  km  for  Mars, 

Calculations  for  greater  initial  altitudes  of  the  initial  orbit 
(6000  km  in  Table  3)  are  of  some  advantage  because  these  orbits  lie  be¬ 
yond  the  first  radiation  belt.  Tne  energy  expenditures  required  for  rhe 
insertion  of  the  vehicle  at  this  altitude  may  be  offset  by  a  reduction 
in  the  weight  of  the  antiradiation  shielding.  The  denotations  in  the 
table  coincide  with  the  previous,  subscripts  1  and  2  denoting  the  pa¬ 
rameters  calculated  in  first  and  second  approximations  on  the  basis  of 
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TABLE  1 

Acceleration  from  Circular  Oroit 


1 

t 

T, 

1 

i 

r 

'  T 

1 

1 

i  ’■ 

10-1 

5.3 

5,.^ 

1 

3,16 

10-1 

69.1  1 

67,8 

75  ' 

— O.A78 

10,00 

H,m 

0.005 

5.10-* 

145 

m 

157 

:  -0.074 

I4,li 

12,72 

I2,4;i« 

0,023 

ir* 

793  , 

m 

i  856 

— o.ms 

31,62 

28.01 

27, m 

f),m 

5-10-« 

la’ll  ; 

lais 

nas 

— o.r*Gi 

44.72 

41 ,00 

1  «».039 

10-4 

8761  ! 

8717 

i  — i»,ti47 

IsHi.OO 

1*2.  lO 

87.7iri 

i  0,05S 

5-10-‘ 

17874 

17800  ! 

1  — 

1  — 

141,4 

130, !»1 

. 

1  ^ 

TABLE  1  (Cont‘d) 


/ 

V. 

V 

* . 

1  ! 

ria,v£«j..  rr-'nv'  'd 

fi 

10-1 

0,795 

n.s7S 

48 

1  • 

10-* 

0.447 

0,474 

0,473 

-i-0.002 

?5 

37.5 

4 

5.10-* 

0,375 

0,390 

0,401 

-0.011 

20 

36 

8 

10-* 

0,251 

0.263 

0.26d 

—0.019 

325 

33 

39 

5- 10-1 

0,21-.' 

0,221 

0,225 

-0.019 

249 

32,5 

79 

10-* 

0.141 

0,147 

0,151 

-0,026 

2 

'::,5 

398 

5.10-‘ 

0,119 

0,124 

— 

— 

31,0 

800* 

*  According  to  Formula  (3-l)» 

1)  Degrees o 

TABLE  2 

Acceleration  Around  the  earth,  h^  =  300  km 


1 

f  '1 

1 
1 

1 

Tp.  crtu  i  1 

2i 

1  >■. 

1 

1 

V.  V.'df'ftK 

j 

1 

10*1 

S'.t.'i 

0,054 

17  2S0 

6,79  • 

10-1 

su,5 

!  0,75 

5na30  ! 

3.6*5 

5-10-* 

44.7 

1.5 

82970 

3,10 

10*3 

8.95 

8,'> 

1S5  760 

2,07 

5-10-1 

4,5 

17.5 

2a35',5 

1.74 

10-1 

0,9 

C 

1.17 

5.10-‘  1 

0.43  i 

178 

873310 

0,955 » 

*Ac’cording  to  approximate  formulas. 

1)  in  mm/sec^;  2)  T^,  per  day. 

Formulas  (2.3)-(2.6),  with  the  parameters  without  subscripts  derived 
through  numerical  integration.  The  angle  between  the  radius  vectors  at 
the  beginning  and  conclusion  of  acceleration  is  denoted  by  cp;  n  repre¬ 
sents  the  number  of  turns  in  the  acceleration -trajectory  spiral;  6^,  6^, 
and  6^  are  the  relative  errors  in  calculation  with  the  approximate  for¬ 
mulas  (second  approximation  for  V  and  p  and  first  [approximation]  for  T) 
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TABLE  3 

Acceleration  Around  the  earth,  h*  «•  6000  km 


! 

1  j 

t  r,  MM^CeX* 

1  ‘  1 

T  f,  OTtra  ^ 
2 

i 

r,  icxi 

!  * 

2&‘i 

0.13 

62*ys 

4,‘*S 

to-*  i 

* 

^  1 

1  llOTiSO 

2,68 

5-i«r»  1 

4 

153^70 

2.275 

10-* 

A 

1 

21.5 

V*i4&3 

1,52 

5-10-* 

1  1.3 

44 

4S8730 

1.2« 

10-* 

0,2G 

232 

ias5 120 

0,86 

5.10-» 

0.13 

4iii 

1019  500 

0,70 

1)  in  mm/sec  j  2)  T^,per  day. 


TABLE  4 


Acceleration  Around  Kars,  «  300  km 


1 

T 

i  ff, 

'  1 

cynca 

2 

r,  KH 

V  xmKck 

10-1 

:  316 

0.07 

3.f»3 

IG-* 

1  31. G 

n.9i 

A3  000 

l.Gi 

5-10-* 

j  15,8 

2 

'.5020 

1.37 

io*-» 

;  3.16 

11 

102810 

0,91 

5-10-* 

i  i.6‘ 

145  S&3 

0,77 

10-* 

'  0,3 

115 

323840 

0.51 

5-10  s 

i  0,16 

223 

483323 

0,42 

p 

1)  in  mm/sec  ;  2)  per  day. 


Fig,  4.  Example  of  acceleration  trajectory  departing  from  an  initially 
circular  orbit  (in  dimensionless  variables).  Solid  line  -  trajectory  at 
constant  tangential  acceleration  f  «  O.OOO5,  Dashed  line  -  trajectory 
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for  transversal  acceleration  of  same  magnitude.  Dimensionless  fli^t 
times  and  number  n  of  turns  indicated  along  trajectory.  Turns  2-74  not 
shown.  Dimensionless  values  of  total  energy  shown  in  parentheses. 

in  comparison  with  numerical  Integration.  All  parameters  have  been  ta¬ 
ken  at  the  end  of  the  acceleration  phase,  i.e.,  at  the  instant  that  the 
parabolic  velocity  is  attained. 

As  can  be  seen  from  Table  1,  the  number  of  turns  as  a  function  of 
the  dimensionless  f  is  clearly  shown  by  the  formula 

»  =  4/100/,  (3*l) 

From  Tables  2-4  we  can  draw  the  conclusion  that  the  acceleration 
time  in  the  case  of  acceleration  of  the  order  of  1  mm/sec  from  a  circu¬ 
lar  orbit  at  an  altitude  of  300  km  above  the  surface  ci  the  planet 
amounts  to  approximately  100  days  in  the  case  of  motion  around  the 
earth  and  30  days  in  the  case  of  acceleration  about  Mars.  The  same 
times  are  required  for  deceleration  with  the  same  gravity  forces  from 
the  parabolic  velocity  to  the  circular  [velocity],  with  entry  into  a 
circular  orbit  300  km  high.  For  acceleration  with  the  same  gravity  for¬ 
ces  from  an  orbit  around  the  earth  at  an  altitude  of  6000  km  above  the 

X 

surface  of  the  earth,  approximately  40  days  will  be  required.  With  a 
reduction  in  the  magnitude  of  f  of  reactive  acceleration,  the  accelera¬ 
tion  time  increases  approximately  as  l/f. 

Table  5  compares  the  parameters  for  the  end  of  the  acceleration 
phase  from  circular  and  elliptical  orbits,  the  coordinates  and  direc¬ 
tion  of  the  velocity  vector  at  the  initial  instant  of  time  coincidingj 
the  initial  point  is  the  perigee  of  the  elliptical  orbit.  For  purposes 
of  comparing  acceleration  from  circular  and  elliptical  orbits  it  is 
convenient  to  select  the  elliptical  orbit  with  comparatively  great  ec¬ 
centricity  in  order  to  make  the  differences  between  the  two  cases  more 
pronounced. 

We  can  see  that  the  acceleration  time  (given  the  indicated  eccen- 
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TABLE  5 

Acceleration  from  Circular  and  Elliptical 
Orbits 


«-,0.U2 

/  i  V  I 

1  1 

p 

r  1  „ 

T  j  « 

0,01  1  0,1  i7 

i  ! 

7.’.  i  4 

0.457  1  O.f.  1 

4H  i  1 

0,001  1  0,::ol 

!  27,840  1  8oG  i  30  1 

0.285  1  21.05  1 

C17  1  13 

trlclty  of  the  initial  orbit)  diminishes  by  30-40^,  while  the  number  of 
turns  in  the  acceleration  spiral  diminishes  by  a  factor  of  3-4,  However, 
economies  in  acceleration  time  from  an  elliptical  orbit  and  the  corres¬ 
ponding  savings  in  consumption  can  haraly  offset  the  energy  expendi¬ 
tures  required  for  the  insertion  of  an  object  from  the  earth  into  an 

extended  elliptical  orbit  (instead  of  insertion  into  a  circular  orbit), 

0 

The  problem  of  orbital  energy  gains  in  the  case  of  orbits  exhibiting 
various  eccentricities  requires  further  investigation. 


TABLE  6 


1 

1 

/  -  0/i! 

T 

1 

!  ^ 

1 

1  ■ 

1  ” 

KacaT<2.ifcnan  1  ! 

75 

8,9 

1 

0.473 

4 

Tpancfitpcani.  2  ! 

70,15 

1  8,5  i 

0,485 

1  4 

l)  Tangential;  2)  transversal. 


Tables  6  and  7  compare  accelerations  involving  identical  Initial 
data  with  the  same  constant  acceleration,  but  directed  in  one  case 
along  the  tangent  to  the  trajectory  and  directed  along  the  transversal 
in  the  other  case  (in  Table  6  it  is  assumed  that  f  ==  0,01,  while  the 
assumption  in  Table  7  is  that  f  =  0,0005). 


TABLE  7 


/  »  0.0005 

T 

1  ^ 

V 

n 

KacatenLnaH  1 

1758 

39,3 

0,225 

79 

Tpancaapcanb  2 

1774 

38,2 

0,229 

79 

1)  Tangential;  2)  transversal, 
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We  can  see  that  the  dimensionless  parameters  of  the  end  of  the  ac¬ 
celeration  pnase  are  virtually  identical  in  both  cases.  The  accelera¬ 
tion  time  and,  consequently,  the  values  of  the  integral  J  in  the  case 
of  transversal  acceleration  are  somewhat  greater  than  in  the  case  of 
tangential  [acceleration]  (by  -  1.5^  in  Table  6  and  by  less  than  1^  in 
Table  7);  the  parabolic  velocity  is  attained  somewhat  closer  to  the 
earth.  Both  corresponding  trajectories  are  presented  in  Figs,  3  and  4. 
Vie  can  see  that  so  long  as  the  ‘’unwinding"  is  taking  place  in  the  vi¬ 
cinity  of  the  earth,  the  trajectories  are  virtually  coincident,  the 
difierence  between  the  trajectories  visible  only  in  the  last  turnr.  For 
f  =  0.01  starting  approximately  after  half  the  total  acceleration  time 
has  elapsed,  and  with  4/5  T  for  f  =  0.0005,  i.e.,  with  the  last  turn, 
the  trajectories  turn  into  branches  that  do  not  envelop  the  earth; 
prior  to  this  point  the  trajectories  retain  their  quasicircular  charac¬ 
ter.  In  this  case  the  eccentricity  increases  rapidly  and  both  trajecto¬ 
ries  deviate  significantly  fron  the  "quasicircular"  spiral.  The  trajec¬ 
tory  branch  with  transversal  thrust  exhibits  a  somewhat  greater  curva¬ 
ture  than  the  trajectory  branch  v;ith  tangential  thrust.  The  parabolic 
velocity  is  attained  somewhat  closer  to  the  earth  along  the  "transver¬ 
sal"  trajectory  than  in  the  case  of  the  "tangential"  [trajectory].  Thus 
we  can  draw  the  conclusion  that  the  difference  between  accelerations  in 
the  case  of  transversal  and  tangential  acceleration  is  found  primarily 
in  the  last  turn  of  the  trajectory. 

Figure  5  provides  some  idea  as  to  the  nature  of  the  change  in  pa¬ 
rameters,  this  figure  showing  the  dimensionless  acceleration  parameters 
for  f  =  0.01  as  a  function  of  time.  The  time  is  carried  to  values  at 
which  h  is  considerably  greater  than  zero.  We  can  see  that  the  modulus 
of  velocity  actually  changes  as  was  indicated  in  Section  2,  attaining 
its  minimum  values  close  to  h  »  0.  At  other  values  of  f  the  nature  of 
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Fig.  5*  Trajectory  parameters  for  acceleration 
from  circular  orbit  as  function  of  time  (dimen¬ 
sionless  variables);  f  =  0.01. 

the  changes  in  the  parameters  is  re¬ 
tained. 

The  calculation  of  the  accelera¬ 
tion  parameters  is  most  conveniently 
carried  out  with  curves  showing  the 
the  logarithms  of  dimensionless  pa¬ 
rameters  as  functions  of  the  loga¬ 
rithm  of  dimensionless  thrust  accel¬ 
eration.  These  curves  are  universal 
and  simple.  They  are  shown  in  Fig.  6. 

C0NCLUSI0N3 

The  analysis  carried  out  here  makes  it  possible  to  draw  the  fol¬ 
lowing  basic  conclusions. 

In  the  case  of  acceleration  to  the  local  parabolic  velocity,  the 
(approximately)  constant -magnitude  reactive  acceleration  directed  along 
the  bisectrix  of  the  angle  between  the  tangential  and  transversal  tra- 

-  80  - 


Fig.  6.  Logarithmic  dimen¬ 
sionless  trajectory  parame¬ 
ters  for  acceleration  from 
an  initially  circular  orbit. 


jectories  will  be  the  optimum  in  the  sense  of  the  minimum  of  the  inte- 

T 

g3?al  J ,  The  acceleration  [gain  in  velocity]  with  tangential 
constant  reactive  acceleration  is  close  to  the  optimum. 

Reactive  acceleration  in  the  range  from  0.5  to  5  mm/sec  ensures 
vehicle  acceleration  about  the  earth  to  the  parabolic  velocity  (or  de¬ 
celeration  from  the  parabolic  velocity  to  circular  velocity)  in  7 
months  to  2  weeks,  respectively;  the  corresponding  values  of  J  lie 
within  the  range  from  4.5  to  45  m  /sec  .  The  same  values  of  reactive 
acceleration  provide  for  deceleration  (or  acceleration)  around  Mars  in  2 
months  to  one  week,  respectively,  with  the  values  of  J  ranging  from  1.5 
to  15  rc^/sec^. 

Received  20  February  1964 
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57  p  =  r  =  razmernyy  =  dimensional 


58  K  =  k  =  konechnaya  =  terminal 

61  M  =  m  =  maksimal  ‘noye  =  maximum 


61  cp  =  sr  =  sredniy  =  average 


-  81  - 


ON  SPACE-FLIGHT  TRAJECTORIES  WITH  A  CONSTANT-REACTION 

ACCELERATION  VECTOR 
V.V.  Beletskiy 

The  equations  of  motion  of  a  space  vehicle  in  a  Newtonian  force 
field  are  investigated  for  a  constant  reaction -acceleration  vector.  Two 
dimensional  trajectories  are  classified. 

*  * 

* 

Plans  for  space  flights  using  ionic,  plasma  and  other  types  of  en¬ 
gines  [1]  that  generate  reaction  thrust  over  a  very  long  span  of  time 
have  recently  been  discussed  in  the  literature. 

In  the  present  note,  we  consider  the  possible  trajectories  of  a 
space  vehicle  in  one  of  the  simple  cases,  namely  that  in  which  it  moves 
in  a  Newtonian  field  with  one  attracting  center  in  the  presence  of  a 
constant  reactive -acceleration  vector.  We  integrate  the  equations  of 
motion  and  classify  the  tvjo -dimensional  trajectories. 

V/e  introduce  the  dimensionless  variables 


where 


Here  I  W,  {v},  {/},  t  are  the  dl.mensionless  coordinates,  the  velocity 
compone^tsi  the  reactive -acceleration  components  and  the  time,  respec¬ 
tively,  I  are  the  analogous  dimensional  quantities,  r^  is 

a  fixed  (for  example,  the  initial)  distance  from  the  center  of  attrac¬ 
tion,  £  is  the  acceleration  of  gravity  at  the  distance  rQ  from  the  at- 
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tracting  center  and  p,  =  fM  is  the  product  of  the  mass  by  the  gravita¬ 


tion  constant. 

Let  us  direct  the  x-axis  of  a  fixed  coordinate  system  xyz  along 
the  constant  vector  of  the  reactive  acceleration.  Then  the  equations 
of  motion  assume  the  form 


..  a;  y  -  Z 

and  have  the  following  first  integrals: 
the  energy  integral 


r  =  j*  -h  t/*  -f  z’ 


the  area  integral 


and  the  third  integral 


-r  z')  —  “ 


(2) 

(3) 


r 


—  2ix  =  c. 


The  presence  of  the  three  first  Integrals  (2) -(4)  makes  it  possi¬ 
ble  to  reduce  the  problem  to  quadratures.  V/e  introduce  the  new  varia¬ 
bles 


a  —  r  —  X,  V  =  r  -j-x. 


so  that 


r  =  (a4-r)/2,  flf=(u  — r)/2,  (6) 

and  define  the  third  v^^ble  cp  by  the  relationships 

COSff  =  ^,  rj  =  y T  2*-  (7) 

The  coordinate  surfaces  u  =  const  and  v  =  const  are  paraboloids  of 
rotation. 

To  replace  the  time  T,  we  introduce  the  parameter  t,  which  in¬ 
creases  monotonically  with  time,  by  the  relationship 


drc  ==  dll  r. 


Then 


(9) 


where 


V{v)  =  /i;’  2hi^  -f  2(1  -f  c)y  — 

V{a)  =  —fa>  +  2hu‘  +  2{l-e)a-k*  (10) 

Inversion  of  the  elliptical  integrals  {10}  gives  the  parametric 
equations  of  the  trajectory  in  the  rotating  plane  containing  the  radius 
vector  7  and  the  x-axis,  l.e.,  the  vector*  7.  The  rotation  angle  cp  of 
this  plane  about  the  axis  is  determined,  according  to  (3)  and  (7), by 
the  formula 


,  f  rdx 
=  «o\;tz:P» 


<p  — 


(11) 


:  r-  —  » 
0 


where,  of  course,  r  and  x  are  regarded  as  already  known  functions  of  t 
[by  virtue  of  (6)  and  the  inverse  integrals  (9)]«  We  see  that  varies 
monotonically  over  t.  From  (8)  we  obtain 

T 

t-t^  =  lrdx.  (12) 

0 

The  problem  is  reduced  completely  to  quadratures. 

Let  us  consider  the  motion  in  the  x,  y-plane.  Then  =  0  and  cp  = 
=  (pQ.  The  polynomials  (10)  can  be  presented  in  the  form 

V  =  fv{v  -  ^2)  {V  -  I’s),  U  =  -/»(«  -  U2)  (tt  -  U3),  (13 ) 
where  the  roots  of  Polynomial  (13)  have  the  values 


..  ..  ..  ^h+VW=r2nrTc)  _ 

Vi  =e  0,  Vj  =  - -j - —  ,  Vt 


1 


A  +  yA»  +  2/(l-c)  A_J/A._2/{l-c) 

ai  =  U,  1/2  =  — - - ,  Us - -j - *(14) 

The  roots  v^^  and  u^  have  different  signs  and  complexities  depend¬ 
ing  on  the  '/alues  of  h  and  c.  Hence  classification  of  the  motions  is 
conveniently  carried  out  in  the  h,  c -plane  for  a  fixed  value  of  f  ^  0. 
A  breakdown  of  the  (h,  c)  plane  into  regions  with  trajectories  of  uni¬ 
form  type  is  shown  in  Pig.  1.  \ 

For  each  of  the  regions  repr-esented.  Inversion  of  Integrals  (9) 
gives  a  particular  form  to  the  parametric  trajectory  equations.  For  a 
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Fig.  1.  a)  Line;  B)  complex. 

real  motion  V  >  0,  U  0  (since  the  parameter  t  is  a  real  quantity).  In 
all  cases,  U(0)  =  0,  V(0)  =  0,  U~^  +  ooas  u-^j^co;  v-^+ooas-^+oo; 
moreover,  we  have  u  >  0;  v  >  0  accor'ling  to  the  sense  of  the  variables 
u  and  V.  The  trajectory  classes  will  be  denoted  by  where  the  sub¬ 

script  i  corresponds  to  the  type  of  the  polynomial  U  (l.e.,  to  the  na¬ 
ture  of  the  roots  of  this  polynomial)  and  the  subscript  J  corresponds 
to  the  type  of  polynomial  V.  As  is  shown  by  analysis,  two  types  of  pol¬ 
ynomial  U  and  four  t^pes  of  polynomial  V  may  be  encountered  in  a  real 
motion;  we  write  out  the  relationships  u(t)  and  v(t)  Tor  each  of  these 
types.  V/e  shall  denote  by  and  the  periods  of  the  functions  u(t) 
and  v(t);  by  K(k)  the  complete  elliptic  integral  of  the  first  kind;  by 
F  the  incomplete  elliptic  integral  of  the  first  kind  and  by  k  its  modu¬ 
lus.  In  all  cases,  u  =  Uq  and  v  =  Vq  at  t  =  0, 

1.  FORMULAS  FOR  u(t) 

Type  1 .  Us  •<  0  ^  ^  ^^2 
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0 


*'  ^  tt\  Lt _ ^  - 

(p«— (t  — ta'*},  «"*■  Uj  — ub 


T^^-T=^=K{k),  ^0“=*^ 

y«a— u,  y 


Ki 


§®  0  <  «3  ^  **2 


yii; 


u  =  Ba cn® 9  4-  B3 sn* 9,  9  =  — —  '^o'*) 


•?„«=,  -7=  !  arcsiu 


/  .  n  /  W*  —  Mo  ;.4  _  M»~  “g  T 

I  nr.-',  cm  1/  - -  ./Cl,  U  =  - »  ■*  u 

Y  J/a-Ua  .•/  “1 

2.  FORMULAS  FOR  v(t) 

SyP,^.  .^*  ya  <  0  <  Ba  ^  y 


Vir, 


K{k), 


V  ==! 


ra 


cn*  W 


,  Y  = 


y^a—  Vs 


■x - (T  +  Tq*^),  Xq'^  =  A  ;  X 

^  V  Vi —  Vi 


.:.  ,  Ao- 


X^-jarcsmj/  fc)  . 


A:*  =  - 


2^3 


Va  —  173 


y  Vs— Vi 


K{k). 


Type  2.  i;a<i;2<0^y 


y 


V  =  p  (arcsia  j/ .  i)  .  IP  ^ - 


7’.  =  , -4=  if  (ft). 


^3 


Ms 


Type  3.  and  are  complex  and  v  >  0 


sn^  ^  »—  1 

'>=Pu .  -2',>'-i.  ^“yp(T+v).  v  =  ^x 


(l+cn^'F)*’  -  J^- 

xf(2arotgj/^.-/"-^)' 


^*  = 


=  p=K2(l  +  c),  «;  =  -*. 


2;? 


■SLR^-.ii^  0  <  yi<  Ba  < 


A 


to' 


__2 

VVi 


Ma-Mssn^y  yi;7 

—  (t-F  t,  ). 

=  p(arcsiaj/^^\i-).  T,^^K(k). 
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Fig.  2. 


For  Type  4,  the  motion  may  take  either  of  two  forms  depending  on 
the  initial  value-  of  first  case  and  0  <  in 

the  second  case).  VJe  snail  mark  trajectory  classes  in  these  cases  by  an 

/ 1 \  t 

additional  superior  number  (  ^14  "  ^14^  Figure  1  shows  the  regions 

corresponding  to  the  trajectory  classes  and  indicates  the  nature 

of  the  polynomials  U  and  V  in  these  cases.  Further,  the  heavy  lines  de¬ 
lineate  those  groups  of  regions  in  which  the  trajectories  are  qualita¬ 
tively  of  the  same  nature.  The  region  of  values  of  the  parameters  h,  c 
that  does  not  correspond  to  real  motions  is  shaded. 


In  regions  and  motions  will  be  qualitatively  dlffer- 

/ o)  ( 1 ) 

ent  in  the  case  and  qualitatively  similar  in  the  case  of 

for  this  reason,  these  regions  are  separated  b\  a  heavy  dashed  line. 


Let  us  pass  to  a  description  of  the  trajectories. 


Class  In  this  case,  the  motion  Is  unbounded:  v  -+  »  as  t 
(recession  to  «  in  a  finite  t  and  in  an  infinite  t,  since  dt  •«  rdt, 
r-^eo).  Here,  u-^u(t*)  s  i^e.,  the  motion  tends  to  some  parabola 
This  is  the  first  characteristic  peculiarity  of  all  unbounded  mo¬ 
tions  (and  not  only  those  of  class  present  case  u*  £  Ug. 

Since  it  may  be  the  case  that  then  before  receding  to  infini¬ 

ty  ,  the  rocket  may  execute  a  finite  number  of  oscillations  in  the  re¬ 
gion  0  ^  u  ^  Ug.  The  resultant  motion  is  of  the  undulating  type;  this 
represents  the  second  characteristic  peculiarity  of  all  the  unbounded 
motions.  Since  v  >  ^2^  the  trajectories  of  class  do  not  embrace  the 
attracting  center.  This  is  a  characteristic  peculiarity  of  the  present 
class  of  motions  -  A  trajectory  of  the  type  is  shown  in  Fig. 

2a. 

Class  departure  from  the  preceding  class  consists  only  in 

that  V  may  reach  zero,  i.e.,  the  trajectory  may  envelop  the  center  of 
attraction  (Fig.  2b). 

Generally  speaking,  trajectories  of  classes  S^^  and  intersect 
themselves. 

Class  S-yy  The  trajectories  are  qualitatively  the  same  as  those  in 

Class  ^22*  trajectories  lie  within  the  region  boundea  by  the 
parabolas  u  —  Ug  and  u  =  u^;  they  envelop  the  center  of  attraction 
(since  v  reaches  zero)  and  cannot  Intersect  themselves  (Fig.  2c). 

Class  S22*  The  trajectories  are  qualitatively  the  same  as  in  class 

^22* 

Class  Contains  trajectories  qualitatively  similar  to  the 

trajectories  of  ciass  but  here  the  trajectories  may  be  somewhat 

less  "smooth,**  since  extremes  of  v  may  be  reached  not  only  at  the 
points  ^  =  0,  4K,  8k,  ..., 


but  also  at  certain  intermediate  points. 


(2) 

Class  gives  bcanied  trajectories,  since  here  0  ^  u  ^  Ug, 

0  <  V  <  v-^  (Fig.  2d).  In  terms  of  the  Keplerian  osculating  elements, 

.3 

these  trajectories  are  clearly  described  as  osculating  ellipses  exhib¬ 
iting  secular  motion  of  the  line  of  apsides  and  long-period  oscilla¬ 
tions  of  the  semimajor  axis  and  eccentricity. 

Thus,  the  two-dimensional  trajectories  can  be  broken  down  into 
four  basic  qualitative  forms. 

Form  I.  Unbounded  self -intersecting  trajectories  that  do  not  en¬ 
velop  the  center  of  attraction. 

Form  II.  Unbounded  self -intersecting  trajectories  that  envelop  the 
center  of  attraction. 

Fom  III.  Unbounded  ncn-self-intersecting  trajectories. 

Form  IV.  Bounded  trajectories. 

The  three  dimensional  trajectories  are  classified  into  the  same 
basic  forms,  at  least  for  small  values  of  the  area  constant  k^  in  the 
plane  fr,  Tj  rotating  about  T. 

Suppose  that  the  space  vehicle  starts  from  a  circular  orbit  of  ra¬ 
dius  r  =  1  and  let  the  initial  radius  vector  and  the  velocity  vector 
form  angles  a  and  up  to  90^  —  ol,  respectively,  with  the  reactive  accel¬ 
eration  vector  T.  Then  if  the  conditions 

/<1,  /*-/(2-cosal  +  -|->0. 

are  simultaneously  satisfied,  the  motion  is  bounded.  With  f  >  1/2,  the 
motion  is  unbounded  for  any  a.  For  a  =  0,  the  motion  is  bounded  if 
0  <  f  <  1/2;  at  a  =  l30®,  the  motion  is  bounded  if  0  <  f  <  3/2  — 

=  0.086.  The  maximum  value  of  f  that  still  permits  bounded  motion  in¬ 
creases  monotonically  from  /i  =  ^/a  —  y2  to  f^  =  1/2  as  a  diminishes  from 
l80^  to  0,  At  a  =  l80®  and  /  =  Va  —  >'2  =  0,086  >  the  largest  attainable 
r  ~  3.4.  With  a  =  0  and  f  =  0. 5^  the  largest  attainable  r  «  1.4.  Thus 
it  is  easier  (the  f -values  are  smaller)  to  cover  long  distances  and 
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easier  to  obtain  unbounded  trajectories  when  a  is  large. 
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OPTIMUI*!  TRAJECTORIES  AlW  OPTIMUI‘l  PARAMETERS  FOR  SPACE  VEHICLES 

V;iTH  EIJGINES  OF  LBIITED  OUTPUT 
Yu.N.  Ivanov,  V*V.  Tokarev  and  Yu.V.  Shalayev 

The  subject  of  discussion  is  the  two-dimensional  problem  of  flight 
of  a  space  vehicle  from  the  earth *s  sphere  of  influence  to  the  sphere 
of  influence  of  another  planet  and  back.  The  trajectories  of  motion  and 
vehicle  parameters  corresponding  to  maximum  payload  at  the  end  of  the 
flight  are  derived  for  space  vehicles  with  engines  of  limited  power. 

*  * 

* 

The  present  paper  investigates  the  problem  of  optimizing  the  pa¬ 
rameters  of  an  engine  of  limited  output  and  the  trajectories  of  inter¬ 
planetary  flights;  it  represents  a  continuation  of  [1]. 

A  special  point  in  the  control  of  limited -output  engines  consists 
in  maximum  utilization  of  the  power  available  from  the  source.  In  the 
absence  of  other  limitations  on  control,  the  determining  functional  of 
the  problem  takes  the  form  [1,  2] 

T 

J  -  [  a'dt, 

0 

v/here  a{t)  is  the  acceleration  due  to  the  thrust  and  T  is  the  time  of 
motion. 

Here,  the  optimum  weight  components  of  the  apparatus  are  expressed 
as  follows  [1,  2]: 

.  /  ^0  =  rTcr72j)T~  (a / 2^)  7,  GmfGo--  y  {a/ 2g)  J, 

GJG,=  (1  -  y  {ai2li)n\  (2) 

where  is  the  weight  of  the  power  source,  is  the  weight  of  working 
fluid,  G^  is  the  weight  of  the  payload,  Gq  is  the  initial  weight  of  the 
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vehicle  and  a  is  the  specific  weight  of  the  power  source. 

The  variational  problem  of  achieving  maximum  pa:^load  consists  in 
determining  the  optimum  trajectories  and  optimum  control  laws  for  the 
thrust -acceleration  vector  so  as  to  minimize  the  functional  (1),  fol¬ 
lowed  by  selection  of  the  optimum  weight  ccsnponents  by  Formulas  (2). 

The  trajectory  part  of  the  problem  is  described  by  a  system  of 
differential  equations  and  boundary  conditions: 

r  =  a-fR(r,i),  r(0)  =  r^,  r(0)=ra,  r(r)^r,,  r(f)=ri.  (3) 

Here  'r  is  the  radius  vector  of  the  point  and  t)  is  the  accel¬ 

eration  vector  due  to  gravity. 

In  the  first  part^  we  consider  the  problem  of  interplanetary 
flight  from  the  earth  to  the  planet  and  back.  The  trajectory  of  such  a 
flight  has  two  qualitatively  different  segments:  a  segment  of  motion  in 
a  region  where  the  influence  of  the  planets  predominates,  with  a  per¬ 
turbing  influence  from  the  sun,  and  a  segment  of  motion  in  a  region 
where  the  influence  of  the  sun  predominates  with  the  planets  exerting 
the  perturbing  influence.  The  boundary  between  these  characteristic 
segments  of  the  trajectory  is  determined  from  examination  of  the  Jaco¬ 
bi’s  integral  for  the  bounded  three-body  problem  [3]* 

The  natural  approximation  for  the  problem  of  flight  in  the  region 
where  the  sun’s  influence  predominates  is  that  of  disregarding  the  in¬ 
fluence  of  the  planets,  i.e.,  motion  in  the  central  field  of  the  sun. 
The  corrections  required  by  the  gravitational  fields  of  the  planets  are 
found  to  be  nonessential  in  the  integral  characteristics.  To  a  certain 
degree,  this  makes  it  possible  to  consider  the  two  motion  segments  in¬ 
dependently  of  one  another. 

In  the  second  part  of  the  paper,  we  publish  the  results  of  numeri¬ 
cal  trajectory  calculations  for  interplanetary  flight. 

For  simplicity  of  analysis,  it  is  assumed  that  the  orbits  of  the 


planets  are  circular  and  coplanar. 

Ssmbpls* 

a^,  Projections  of  the  react  ion -thrust  acceleration  on  the  axes 

of  a  rectangular  coordinate  system 

Radial  and  transversal  components  of  the  acceleration  in  the 

polar  coordinate  system 

k  =  7  M*  7  Gravitational  constant 
‘r  ^  ‘r 

N  Mass  of  the  central  body 

Residence  time  in  planetary  spheres  of  influence 
T  -H  T*  Time  of  flight  from  orbit  ”0”  to  orbit  "1"  and  back; 

E  Total  energy  in  the  gravitational  field 

0}  Average  angular  velocity  of  planet’s  revolution  around  the 


sun 

pQ  Radius  of  planet’s  orbit 

Tq  Period  of  revolution  of  the  planet 

r  Current  distance  of  point  from  center 


(p  =  +  cot  Angle  in  polar  coordinate  system 

v  Absolute  magnitude  of  velocity 

6  Angle  between  velocity  vector  and  tangent  to  circle  at  the 
given  point 

7  Angle  between  velocity  vector  and  thrust  vector. 

Subscripts;  1  -  planetary  system;  2  -  heliocentric  system;  Z  - 

earth;  P  -  planet;  0  -  initial  index;  1  —  final  index;  orb  —  orbital. 
ANALYSIS  OF  THE  EQUATIONS  OF  THE  VARIATIONAL  PROBLEM 


1,  Formulation  of  the  Optimum-Trajectory  Problem  for  Interplanetary 


Let  us  consider  the  problem  of  flight  of  a  space  vehicle  from  the 
sphere  of  influence  of  the  earth  to  the  sphere  of  influence  of  a  planet 


and  back.  Tte,  trajectory  of  such  a  flight  consists  of  the  following 
characteristic  parts: 

a)  acceleration  in  the  earth *s  sphere  of  influence  from  a  certain 
satellite  orbit  around  the  earth; 

b)  flight  in  the  region  in  which  the  sun's  influence  predominates; 

c)  deceleration  in  the  region  of  the  destination  planet's  influ¬ 
ence  with  injection  into  a  certain  orbit; 

d)  subsequent  acceleration  from  this  orbit; 

e)  the  return  flight; 

f)  deceleration  in  the  neighborhood  of  the  earth  to  a  certain  or¬ 
bit  about  the  earth. 

We  shall  study  two-dimensional  motion  in  the  gravitational  field 
of  the  sun  and  nearest  planets ^  disregarding  the  influence  of  other  ce- 
lestial  bodies.  Here,  the  influence  of  the  nearest  planet  is  taken  into 


Pig.  1  Fig.  2 

account  in  the  vicinity  of  this  planet  for  the  flight  segment  in  the 
sphere  of  the  sun's  dominating  influence.  In  this  formulation,  we  can 
indicate  a  criterion  for  distinguishing  between  fields  of  influence. 

The  law  of  energy  variation  for  a  unit  mass  in  a  system  of  coordi¬ 
nates  revolving  together  with  the  planet  at  a  constant  angular  velocity 
0)  takes  the  following  form  (Fig.  1): 

T 

ri*/2  — —  = -Eo-f  5  (ai,  Vi)dt.  (l.l) 

0 

Let  us  first  investigate  the  behavior  of  a  material  point  in  the 


neighborhood  of  a  planet  without  the  influence  of  a  reaction  force 
(a^  =  0).  Suppose  that  the  velocity  is  known  at  point 
the  initial  point  in  time;  it  is  required  to  find  the  region  D  of  pos¬ 
sible  displacements  of  the  material  point  for  a  known  total  energy 

n,  =  ^-2:0 1  ^  -  /.-I  ■'  n.-.  -  /  2. 

/  '  2 

Let  us  examine  (1=1;  for  a^  ==  0.  Since  >  0,  region  D  is  boun¬ 
ded  bj  v^  =  0; 

/•i  /  i /o  /  r,  4-  r/or  /  2  -f  =  0.  (l .  2  ) 

This  determines  the  Doundary  of  region  D  for  the  given  Eq.  For 
large  negative  Eq,  region  D  consists  of  three  subregions  [3]:  about 

the  sun,  about  the  planet  and  D^,  which  encompasses  both  bodies.  As 
Eq  increases,  the  boundaries  of  the  regions  come  closer  together  until, 
at  a  certain  point  L*  (libration  point)  the  regions  and  come  into 

contact j  then  Eq  =  Eq*;  with  Eq  =  Eq**  (E**  >  E*),  regicns  and 

touch  at  point  L**.  Belov;  we  give  numerical  values  of  r^*,  r^*,  Eq*  and 
r^**  and  Eq**  for  the  earth  (the  distances  are  referred  to  the 
radius  of  the  corresponding  planetary  orbit  and  the  velocities  to  the 
corresponding  planetary  orbital  velocities): 

Eq*  =  -1,5004511,  n*  =.  0,0099665,  rs*  «  0,9900335 
Eo**  =  -1,5004490.  n**  =  0,0100333,  rz**  =  1,0100333. 

l*/e  note  that  the  points  of  libration  L*,  L**  lie  on  a  ray  connec¬ 
ting  the  sun  and  the  planet  (r^*  =  rQ  -  r^*,  r^**  =  Tq  +  r^**)  and  that 
the  function  EQ(r^)  has  a  maximum  at  these  points.  As  Eq  increases  fur¬ 
ther,  necks  connecting  regions  D. ,  Dp,  and  D  make  their  appearance 
near  the  libration  points  and,  finally,  at  a  certain  Eq  =  Eq***,  the 
region  of  possible  movements  occupies  the  entire  plane.  From  the  known 
values  of  E**  and  E*,  we  can  determine  the  D^**  -  ^3** 
boundaries.  Figure  2  shows  the  qualitative  appearance  of  these  regions. 
It  will  be  seen  that  the  boundary  of  region  Dg*  encircles  oxily  the  pla- 
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net,  unlike  the  boundary  of  region  which  enoompasees  both  the 

planet  and  the  sun. 

^us,  suppose  that  at  the  initial  time  t  «  0,  a  material  point 
with  the  coordinates  r^Q,  r^^  from  possesses  a  velocity  v^q.  If 

Ea  =  Vi^  /  2  —  Ai  /  Tio  —  /  r»  —  ^6)*  /  2  <  i?o*,  ( 1®  3  ) 

then  the  material  point  will  not  escape  region  Dg*. 

If  within  the  region  Dg*,  the  quantity  a^  ^  0,  then  the  conclusion 
remains  valid  for 

( 

J(ai,Vi)£;t<0  (1-^) 

(here  the  energy  will  diminish  and  the  point  will  “fall"  to  the  center 
1*1  =  0). 

On  completing  the  investigation,  we  can  clearly  define  the  boun¬ 
daries  of  the  flight  segment  from  the  earth *s  orbit  to  the  orbit  of  the 
other  planet:  this  is  the  trajectory  from  the  pcint  in 

n  J.Z 

©22*/  where  =  Eq2*  with  respect  to  the  earth,  to  point  Np*  (r^p, 
i^^pp)  within  Dg*,  where  E^p  =  E*Qp  with  respect  to  the  planet. 

For  the  segment  of  the  trajectory  in  the  region  of  the  sun’s  in¬ 
fluence,  extending  from  point  N*2q  (the  origin  of  the  flight  near  the 
earth)  to  point  point  of  the  return  flight  near  the 

earth),  the  essential  parameter  is  the  time  T^;  the  time  T  of  flight 
from  N*2q  to  N*pQ  plus  the  time  of  residence  in  the  region  near 
the  planet  plus  the  time  T’  for  the  return  flight  from  N*p^  to 

The  formula  obtained  for  from  comparison  of  the  angular  dis¬ 
placements  of  the  material  point  and  the  points  N*  of  the  beginning  and 
end  of  the  flight  near  the  earth  is  as  follows: 

fn==  [iy{Ol— •  CD2)][9  4-9'”"  +  f')  —  6tj)3+6\J)n±2A«],  (1.5) 

where 

fff  =  [(1 /cot  wz)]  [9  +  9' —  —  f')  —  6\j)3  +  6il)n  db  2/:k1.  (1-6) 

I 
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Here  9  and  9 ’  are  the  angular  displacements  of  the  point  during 
the  flight  (earth  to  planet  when  unprimed  and  planet  to  earth  when 
primed);  T  and  T’  are  the  corresponding  times;  and  (jd^  are  the  angu¬ 
lar  velocities  of  revolution  of  the  earth  and  planet  about  the  sun  (the 
orbits  are  assumed  circular);  and  5'^p  are  the  angular  distances  be¬ 
tween  the  points  N*  for  the  earth  and  for  the  planet;  k  =  0,  1,  2^... 

In  (1.5)  and  (1.6),  the  plus  sign  is  read  for  o)^  >  and  the  minus 
sign  for  o)^  < 

Most  interesting  from  the  standpoint  of  minimum  v/aiting  time  is 
the  case  with  k  =  0; 

[l/(r-f  r)](.^+9'-6if3-6il3n)  <(0ifor  0)I<(02.  (1.7) 

[1  /  (T’  ^  D  ]  (fp  6^'n)  >  toi  for  ^ 

For  accelerations  a2  that  are  small  as  compared  with  the  charac¬ 
teristic  accelerations  from  the  sun,  the  trajectories  of  these  flights 
leave  the  region  between  the  orbits. 

Let  us  formulate  the  variational  problem.  From  among  the  set  of 
trajectories  'r(t)  passing  successively  through  the  points 
N*p-, ,  and  ft  is  required  to  select  a  class  of  trajectories  that 

minimize  the  functional  J  and  satisfy  the  following  conditions: 

a)  the  time  of  transit  between  points  N*2q  and  fs  assigned; 

b)  the  time  of  residence  in  the  region  D^p  near  the  planet  is 
assigned. 

Further  assignment  of  the  coordinates  of  the  four  points  N*  and 
the  directions  of  the  velocity  vector  9^  at  these  points  with  respect 
to  the  corresponding  planets*  determines  the  boundary -value  problem 
formulated  if  the  quantities  9,  cpS  T,  and  T'  are  known  separately  (the 
sums  9+9'  and  T  +  T’  are  determined  by  Expressions  (1.5)  and  (1.6) 
for  assigned  and  T^). 
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7he  trajectory  obtained  as  a  result  of  solving  this  boundary -value 
jroblem  can  be  extended  continuously  or  dis continuously  in  the  sense  of 

I 

.he  projections  of  the  acceleration  and  their  derivatives  in  the  re¬ 
gions  Dgg  and  Dgp  from  the  points  N*.  (Cauchy  problem).  In  the  contin- 
ious  extension  of  the  trajectory^  there  correspond  to  each  set  of  three 
luantities  r^,  and  for  a  specified  motion  time  from  N*  within 
until  a  certain  orbit  is  reached  three  elements  that  define  an  os¬ 
culating  ellipse  (for  example,  the  orientation  of  the  ellipse  and  the 
linimura  and  maximum  distances  from  the  center), 
a.  EQUATION  OP  THE  VARIATIONAL  PROBLEM 

Tvro-dimensional  motion  in  the  gravitational  field  of  two  gravita¬ 
ting  bodies  -  the  sun  and  the  planet  -  was  analyzed  in  [1]  (we  disre- 
;ard  the  influence  of  the  second  planet  in  the  neighborhood  of  the 
first). 

Suppose  that  the  planet  revolves  about  the  sun  with  an  angular  ve¬ 
locity  cDq  in  a  circular  orbit  of  radius  r^.  In  the  region  where  the  in¬ 
fluence  of  one  of  the  bodies  predominates,  the  equations  of  motion  may 
ce  written  in  the  following  form  in  the  system  of  coordinates  attached 

:o  this  body  (Fig.  l): 

__  n  4  (o)*  =  flrj  —  4  -f  ©)  = 

(i  =  1.2),  (2*^) 

where 

Rl  —  (1*2 //^o)  COSt|)i  —  ik2jl^2)  cos  (^lJl  —  Il32), 

Rz  =  {ki  I  T^l)  cos  (\|)1  —  \|)2) 

Wi  =  (4-2  /  ^o)  sin  Vpi  {k,  /  7^2)  sin  (^1  ~  >|J2)  , 

—  (^•l  I  r^i)  sin  (\|>i  —  >1)2). 

rhe  angles  and  distances  r^  are  presented  in  Fig.  1. 

Integral  (1)  is  expressed  in  teimis  of  the  kinematic  acceleration 


projections  as  follows: 


4 

Ji  =  {%  +  “)*  +  hi  rt  —  4-  -f  (ift  +  ©)  — 

« 

T 

=  \  Oi(ri,  ru  h;  ijji,  %)  dt,  /< 


(2.2) 


The  first  variation  of  the  functional  is 

6/i  =  6ri  -  /i  j  6/-i  +  ^*  ^  ‘ )  Hi  + 

dri  \dt  br^  dri  j  a-ifi  \dt  ^■'i>V 

+ r2«,_^Pi^ 

[  dri  i/ri  £/ri  /  c/\t3i 

+  (I  £2Ji  -  "2i!i\ 1 6i ;  V  f  ^  _  4  ?«li + ?®L\  «r.  + 

d'^-i  (h[H  )  J  lo  '  dri 


(2.4) 


,  /  ri'  ^'CDi  fi  b^bi  ,  diDj  \  , ,  1  J, 

"-t  (2.3) 

Vftien  the  initial  and  final  points  are  assigned,  the  variations  of 

the  boundary  conditions  in  (2.3)  drop  out;  equating  to  aero  the  expres¬ 
sions  standing  before  the  variations  6r^  and  in  the  Integrand,  we 
obtain  the  Euler  equations  of  this  variational  problem.  On  introduction 
of  two  new  functions  Vj^(t)  and  Ij^(t),  the  system  acquires  the  form 

-  (1  /n)  {luv,.  -  2a,  ,  ,  -f-  v),  Vi  ^  a,.T'i,:,.  + 

ii  —  —  I'r.  ( a-  T'i^.  -I-  /t",  -L  ^  \ _ V-  H  n  (  2*  4  ) 

^t?i 

“  ("^i  ~  (ri  =  7',.,  I'i  (ij'i  4-  co)  =  i;p.). 

3.  VARIATIONAL  PROBLEM  FOR  PLIGHTS  BETl'ffiEN  ORBITS  IN  A  CENTRAL  FIELD 

Let  us  examine  the  problem  of  optimum  flight  in  the  sense  of  Inte¬ 
gral  (1)  in  a  central  field  from  a  plans  circular  orbit  0: 

r  =  r„,  ,v.  =0.  =  ylTT^T  (3.I) 

to  a  plane  circular  orbit  1 

'■  =  '■■■  =  0-  '•’.  =  ‘'^opon  =  (3.2) 

followed  by  return  to  orbit  0.  Suppose  that  the  total  flight  time  T  = 

=  T  +  T'  and  the  total  angular  displacement  <pj,  =  <P  +  <P '  are  given  for 
this  case. 


-  99  - 


The  solution  of  the  problem  forr*  lated  may  serve  as  a  first  ap^ 
proximation  for  the  flight  trajectory^  taking  the  influence  of  the  pla¬ 


nets  into  account.  The  assigned  values  of  the  total  flight  time  T  +  T* 
and  the  total  angle  9+9*  determine  T^  and  by  Formulas  (l#5)/  (1*6), 

where  «  69^  -  0. 

The  optimum  progrananlng  law  for  the  thrust  vector,  given  constant 


power,  is  determined  by  the  extremals  of  Functional  (l). 

r^Vrt  Vr=*<*r  + ^ 

fl,  =  (1  /  V,)  (a,v,  —  2arV^  +  v). 


(3.3) 


The  optimum  boundary  conditions  for  the  boundary -value  problem  are 
found  from  the  vai^shing  condition  for  the  terms  outside  the  integral 
sign  in  the  first  variation  of  the  functional.  The  variation  of  the 
functional *s  boundary  values  is  written  in  the  form  (see  (2.3)): 
for  the  0-1  flight: 

67  =  -2v69  -  2X67,  (3.4) 

for  the  return  flight  1-0: 

6J'^-2v'b<p'-2\'&T'.  (3,5) 

At  the  initial  and  final  points,  r,  v^  and  v^  are  assigned,  so 
that  the  variations  of  these  quantities  have  dropped  out  of  (3*^)  and 
(3.5).  The  minimum  of  the  functional 


Tj:  t  t+t' 

aV«  =  I  a'dt  +  ^  «'* 

with  respect  to  the  boundary  values  corresponds  to  vanishing  of  the  sum 

of  the  boundary -value  variations: 

6/ + 67'  =  -2  (v6(p  +  v'69'  -I-  xar  +  i'6r )  = 

==  -2[v6(<p  +  <p')  v6(p'  +  v'6q)  +  16{T  +  T')  -  167'+  i'df'].  (3* 6 ) 

Since  T  +  T*  *  Tj.  and  9  +  9^  “  assigned,  then  6(T  +  T’)  *  ll 

«  6(9  +9*)  «  0  and  the  vanishing  condition  for  Expression  (3*5)  is  | 
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satisfied  if 


v  =  v-,  A  =  >.'.  (3.7) 

Substitution  of  variables  as  follows  in  the  equation  system  (3*3) 
for  the  central  field  - 


- ff,  Ur-^—V,,  (3*B) 

does  not  affect  the  form  of  the  equations,  i.e.y  for  each  outgoing  tra¬ 
jectory  from  0  to  1  we  can  construct  a  return  trajectory  from  1  to  0 
symmetrical  to  It  according  to  the  law  (3.8).  This  property  makes  it 
possible  to  limit  ourselves  to  calculation  of  trajectories  from  orbit  0 
to  orbit  Ij  the  family  of  return  trajectories  is  obtained  by  conversion 
using  Formulas  (3*8).  The  integral  characteristics  of  the  outgoing  tra¬ 
jectory  and  the  return  trajectory  symmetrical  to  it  are  the  same: 

T  T* 

r  =  r,  <f  =  <f',  5  a'dt  =  5  (ajdt,  v  =  v',  I,  =  V.  (3.9) 

0  0 

It  should  be  noted  that  the  necessary  condition  (3*7)  for  the  op¬ 
timum  combination  of  the  outgoing  and  return  voyages  is  satisfied  when 
a  flight  (3.9)  symmetrical  to  the  outgoing  flight  is  used  as  the  return 
flight. 


It  follows  from  the  above  that  the  initial  and  final  points  of  the 
trajectory  (3*1)^  (3.2)  are  singular  points,  i.e.,  the  relationship 

=  0,  Vs ai*  —  i  —  vv^Jri  =  0. 

is  satisfied  at  these  points  (see  [l]). 

12  12 
Let  us  express  ^  a^  in  terms  of  ^  a^  and  v: 

V2  =  Vs  flo'  V  (yp,  /  To  —  y,.  /  ri). 

If  r^  >  r^  then  it  follows  from  the  condition  a^^  >  0  that 


V<*T 


ao 


2K,/ro  — y».7r,)  ’ 


(3.10) 


i.e.,  for  an  assigned  value  of  a^,  the  possible  values  of  the  parameter 
V  have  an  upper  bound. 
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Let  ua  write  the  system  of  equations  (3. 3)  in  dimensionless  form; 
for  this  purpose,  we  refer  r  to  r^,  t  to  t^  «  1/cdq  and  all  derivative 
quantities  (v  ,  v  ,  a  ,  a  ,  v,  X)  to  the  correspcxiding  combinations  of 

r  *  r  T 

o  o 

Pq  and  0)^.  If  Tq  cDq  «  k,  then  the  coefficient  k  vanishes  in  the  equa¬ 
tions.  In  the  new  system  of  equations,  we  vary  the  scale  of  the  radial 
distance  r^^  -  rl.  If  simultaneously  we  set 

(3.11) 

X*  =  V*  -  vr*\ 

then  the  form  of  the  equations  will  not  be  affected.  This  means  that 
flight  in  a  central  field  from  orbit  Pq  to  orbit  r^  may  be  converted  by 
Formulas  (3.11)  to  flight  from  orbit  r^l  to  orbit  r^^l. 

Plights  whose  trajectories  do  not  enter  the  planet's  sphere  of  in¬ 
fluence  but  pass  close  to  it  (flybys)  are  of  interest.  The  average  an¬ 
gular-displacement  velocity  of  flights  of  this  type  must  be  exactly 
equal  to  the  angular  velocity  of  the  earth's  revolution  about  the  sun: 

A(p  (HiT,  (3.12) 

The  boundary  conditions  at  the  beginning  of  the  trajectory  remain 

the  same  (3.1),  while  at  the  end  the  condition  'v.  =  v_  is  replaced 

^1  ^orb. 

by  the  condition  of  continuous  conjugation  of  the  outgoing  and  return 
trajectories  (3*8): 

a^{T)={),  (3.13) 

It  is  this  condition  that  is  optimal  in  the  sense  of  minimizing 
the  functional  of  J  with  respect  to  the  boundary  values.  Actually, 

67  =  2 <19  ov9)t=3Xj  (3.1^) 

from  which  (3*13)  follows. 

4.  FLIGHTS  IN  THE  REGION  WHERE  THE  SUN'S  INFLUENCE  PREDOMINATES,  TAKING 
THE  PLANETARY  GRAVITATIONAL  FORCES  INTO  ACCOUNT 

As  was  Indicated  earlier,  the  boundary -value  problem  of  flight  in 

the  sphere  of  predominant  Influence  of  the  sun  is  fully  defined  by  as- 


signing  the  coordinates  of  the  points  II*  and  the  directions  of  the  ve- 
locity  0^  vector  at  these  points^  together  vjith  the  angular  displace¬ 
ment  cp  and  the  time  T  of  this  displacement  between  the  points  N*.  Below, 
in  Section  8,  it  is  shown  that  taking  the  planetary  forces  into  account 

r 

has  little  effect  on  the  integral  characteristics  ^  of  the 

flight,  so  that  it  is  appropriate  to  employ  the  same  values  of  and  v 
as  correspond  to  the  assigned  9  and  T  in  the  central  field.  Leaving 
aside  selection  of  the  coordinates  for  the  N*  points,  let  us  consider 
what  mast  be  the  optimum  direction  of  the  velocity  0^  vector. 

We  v/rite  out  the  first  variation  of  the  functional  boundary  values, 
regarding  all  quantities  except  0^  as  assigned  at  the  N*  points: 

6/  =  -Uii’i  HU  Q.  1 ) 

Vie  have  the  following  relationships  between  the  quantities  in  the 

heliocentric  and  planetary  coordinate  systems: 

\ 

Oi  -f  \'i  — -.l  i  =  Oi  -i- 

>iii  {(}j  —  =  (fi .  ro.o)  .sin  —  yi) ,  2  ) 

SO  that  assigning  with  v^  and  known  defines  9^  The  con¬ 

dition  for  vanishing  of  the  variation  at  the  terminals  reduces  to  the 
condition 

sin  =  0,  i.e.,  y  —  0  or  tt 

This  means  that  the  direction  cf  the  velocity  0^  vector  at  the  N* 
points  must  coincide  with  the  direction  of  the  thrust  vector  or  be  pro¬ 
portional  to  it. 

Let  us  note  certain  limitations  imposed  on  the  coordinates  of  the 
N*  points.  For  a  given  energy  E  =  E*  with  respect  to  the  planet  corres¬ 
ponding  to  "capture"  of  the  material  point  by  the  planet,  and  given  co¬ 
ordinates  of  the  point  N*  (r^,  tj),  the  absolute  magnitude  of  the  ve¬ 
locity  v^  is  uniquely  determined.  Here,  the  closer  N*  is  to  the  bound¬ 
ary  of  region  the  smaller  will  be  the  magnitude  of  v^,  which  tends 
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to  zoro  as  a  limit.  Since  the  acceleration  vector  due  to  the  reaction 
thruat  muat  be  opposed  to  the  velocity  vector  at  point  N*,  then  for 
any  value  of  \7\  we  find  a  point  N*{r^j  with  its  own  value  of  v^ 
such  that  the  absolute  mag^nitude  of  v^^  will  first  diminish  to  zero  un¬ 
der  the  Influence  of  the  acceleration's  and  will  then  Increase;  here, 
the  direction  of  the  vector  “v^  coincides  with  that  of  the  acceleration 
vector  and  the  energy  S  with  respect  to  the  planet  will  increase  mon- 
otonically  according  to  (l.l).  Here  the  “capture"  condition  (1.3)  Is 
violated.  Consequently^  for  each  value  of  the  acceleration  IT  there  ex¬ 
ists  a  certain  limiting  value,  bounded  from  below,  for  the  velocity 
modulus  and,  accordingly,  a  limiting  position  of  the  points  N*(r^, 

The  trajectories  of  optimum  flights  in  a  two-body  field  (field  of 
the  sun  and  the  first  planet  up  to  the  point  where  the  gravitational 
forces  from  the  two  planets  are  equal,  and  from  that  point  on  that  of 
the  sun  and  the  second  planet)  are  described  by  the  differential  equa¬ 
tion  system  (2.1),  (2.4)  (where  i  »  2)  with  the  following  boundary  con¬ 
ditions,  which  are  written  in  the  heliocentric  coordinate  system: 
for  t  «  0 

J?i3Sm(0i3  —  ■'t)i3-i~S’s3)  + ^03^3  303 1^*3,  (4*4) 

=  Vis  cos  (0i3  —  %3  -}-  H’ta)  +  ^  03W3  sin  ~ 

for  t  «  Ts 

r,  =  Y ron*  +  ''in*  +  ^anrui  cos  tg  =  r,n  sin  {r^u  +  ''in  cos 

Vr,  =  Viu  sin  (6xn  —  +  '’on©n  cos  \i>,n  (4.5) 

=  ^lu  cos  (0in  ■'hn  +  ^»n)  +  '’onton  sin  <p»  =  A<p, 

where  and  are  determined  from  Conditions  (4.2)«(4.3)* 

In  numerical  Integration  of  this  system,  as  for  the  case  of  the 
central  field,  the  boundary -value  problem  was  reduced  to  the  Cauchy 
problem,  and  the  two  parameters  and  at  the  beginning  of  the 


trajectory  were  selected  to  make  the  velocity  vector 
with  respect  to  the  planet  fall  on  the  projections  specified  for  the 
end  of  the  trajectory.  The  Initial  angle  between  the  radius  vectors  of 
the  two  planets  9p  was  specified  In  such  a  way  that  when  the  assigned 
p  was  reached,  the  angle  T  would  be  equal  to  the  as¬ 

signed  angle. 

5.  Acceleration  and  Deceleratlcyi  Trajectories  In  the  Planetary  Pie Id  of 
Influence 

If  the  coordinates  of  the  point  N*  satisfy  the  condition  Indicated 
above  under  heading  4,  the  flight  trajectory  can  be  extended  Into  the 
region  D2*.  As  was  indicated  earlier,  three  elements  defining  an  oscu¬ 
lating  ellipse  for  a  specified  time  Tp  correspond  to  each  set  of  three 
quantities  r^,  and  0^,  when  the  trajectory  Is  extended  continuously. 
We  subject  the  angle  9  to  Condition  (4.3)* 

The  search  for  optimum  trajectories  In  region  Dg*  Is  the  Cauchy 
problem  for  Eqs.  (2.1)  and  (2.4),  where  (1  «  1)  we  have  from  a  point  N* 

with  the  following  initial  conditions:  • 

«  =  r,  =  r^.^..  r,. -»,siiiO„  »*-»,eosO„ 

=  a.  sin  (0.  -r  Ti),  «=.  -  "i  (“■  -r  T.).  -i-  (5.1) 

X,  =  -  -r  >. = or  -r  {V V  /'•*-«/  '•>’)  - 

where 

=  ar^  cos  (^1  —  ■'j';)  —  01* :  —  ‘‘rj)  t  ““  /  ^»)* 

cos  {i'l  —  'i-s)  —  .sill  {<^1  —  ^1*2)  flr,  ~  /  »'»)• 

Here  the  deceleration  from  point  N*  Is  characterized  by  t  >  0  and 

*  0,  and  the  acceleration  to  point  N*  by  t  <  0  and  ■  if, 

RESULTS  OP  OPTIMUM-TRAJECTORY  CALCULATIC»JS 

6,  Optimum  Flights  Between  Planetary  Orbits 

At  the  boundary  of  the  planet’s  sphere  of  Influence,  the  velocity 
of  the  apparatus  In  a  system  of  coordinates  connected  to  the  planet  Is 
small  by  comparison  with  the  orbital  velocity  of  the  planet,  and  the 
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dlMnsioM  of  the  planet  sphere  of  influence  are  small  as  compared 
with  the  radius  of  its  orbit.  In  first  approximation^  therefore j  the 
flight  between  orbits  may  be  regarded  as  taking  place  in  the  central 
field  of  the  sun*s  gravitational  forces. 

At  the  start  of  the  earth -to-planet  flight  (t  *  O),  the  rocket  is 
on  the  earth *s  orbit,  rQ  -  Rq,  and  has  a  zero  radial  velocity  component 
Vy  —  0  and  a  tangential  component  equal  to  the  orbital  velocity  of  the 
earth  v^(0)  «  v^^^  at  the  end  of  the  flight  from  the  earth  to  the 
pl.net,  t  -  T,  r(T)  -  Rj^,  Vp(T)  -  0  and  (T)  -  p  (Rj^  is  the  ra- 
dlus  of  the  planet’s  orbit  and  v^^^  p  is  the  planet’s  orbital  velocity). 

In  analyzing  Interorbltal  round-trip  flights,  it  has  been  assumed 
universally  that  the  return  trajectory  is  symmetrical  to  the  outgoing 
trajectory  (T  «  T’,  9 

The  calculations  employed  dimensionless  parameters  as  follows:  the 
radius  was  referred  to  the  orbit  radius  of  the  inner  planet;  time  to 
the  period  of  revolution  of  the  inner  planet  about  the  sun,  divided  by 
2fit}  velocity  to  the  angular  velocity  on  the  orbit  of  the  inner  planet; 
acceleration  to  the  acceleration  due  to  the  sun’s  attraction  at  this 
orbit;  angular  velocity  to  the  angular  velocity  of  the  inner  planet. 

The  distances  from  Venus,  the  earth,  and  Mars  to  the  sun,  the  ac¬ 
celerations  due  to  the  sun  on  the  orbits  of  these  planets  and  the  per¬ 
iods  of  their  revolution  about  the  sun  are  listed  in  Table  1. 

The  ratios  of  the  radii  of  the  planets ’  orbits  were  assumed  equal 
to  their  mean  values,  as  follows: 

for  earth -to -Mars -to -earth  flights: 

here, 

■■  1»  I'Topfi.  M  0,511,  (»3  —  I,  Ci>K  0,5335; 
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For  earth -to -Venus -to-earth  flights 

ri  =  1,38. 


(6.3) 


here 


r»  op6. 11  ~  1>  i^^'opc.  3  0j8.>2;  (iiu  **  M3  *  0,C17< 

TABLE  1 


t 

^  ScM-'in 

5  /i',i  Ji:.u] 

O  1  >  • 

(  To  [.nCMIt.  CyTKTl] 

j 

1  225 

i 

I40..'i+2,r>  1 

O.OimM 
:i(M  ] 

22H4-20 

1  0,(10255 

685 

1)  Quantity;  2)  Venus;  3)  earth;  4)  Mars; 

5)  Rq  [millions  of  kilometers];  6] 

[m/sec^];  7)  Tq  [terrestrial  days]. 

The  problem  v|t'th  boundary  conditions  (1.2),  (1.3)  for  the  differ¬ 
ential  system  (3-3)  of  the  variational  problem  was  reduced  to  the  Cau¬ 
chy  problem,  which  was  then  solved  on  electronic  digital  computers  us¬ 
ing  the  method  of  selected  Initial  values. 

Th  results  of  Integration  are  presented  In  Table  2  for  the  aQ,  v, 
^1  values  for  each  of  the  flight  trajectories  for  which  the 
calculation  was  carried  through.  The  trajectories  are  classified  by  In¬ 
itial  values  of  the  acceleration  absolute  magnitude  |aQ.|  and  values  of 

the  parameter  v,  which.  In  the  boundary -value  problem,  correspond  to 

f 

certain  values  of  the  polar  angle  Ziap  of  the  flight  and  the  flight  time 
T  between  the  orbits  (to  one  terminal).  We  also  present  for  each  tra¬ 
jectory  the  Initial  values  of  the  angle  between  the  thrust  vector 
and  the  velocity  vector  and  the  Initial  value  of  the  radial  accelera¬ 
tion  component  time  derivative  that  give  the  assigned  v^  and  v^ 
for  r  =  r^. 

Examples  of  the  calculated  trajectories  are  given  In  Pigs.  3-5, 

and  the  time  variation  of  the  absolute -value  acceleration  a  In  Figs. 

6-8.  Figures  9-11  present  plots  of  a  »  f(a  ).  It  Is  seen  that  for 

y  X 

large  values  of  a^,  this  relationship  approaches  the  linear,  which  cor- 
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rttponds  to  tht  case  of  motion  in  a  force -free  field  [!]• 

Hfkt  appearance  of  the  constant  v  in  Eqs.  (3«3)  makes  it  possible 
to  obtain^  for  each  value  of  the  initial  acceleration  a  act  of  tra¬ 
jectories  with  different  values  of  the  average  rate  of  angular  dis¬ 
placement  a)__  -  9(T)/T;  here,  os  diminishes  with  increasing  v  (Pig. 

BX*  BX* 

12). 

The  case  v  •  0  corresponds  to  the  minimum  of  the  functional  J  for 
the  assigned  flight  time  between  orbits  (one  way).  With  Increasing  ini¬ 
tial  acceleration,  the  time  of  flight  between  orbits  will  naturally  be 
shortened  and  the  functional  J  will  increase  accordingly  (Pig.  13),  but 
the  minimum  time  of  residence  near  the  planet  will  remain  large 
(Fig.  14): 

T fljjjjQ  *  [2T I  ((1)2  —  ^  1  (®cp  O  3  "t  7lkm]n  /  f )  1  (6.4) 

where  Is  an  integer  corresponding  to  the  minimum  positive  value  of 


With  V  ■»  0,  therefore,  an  Increase  in  the  Initial  acceleration 
(and  the  functional  J)  will  reduce  insignificantly  the  round-trip 
flight  time  from  the  earth  to  the  planet  and  back. 

Let  us  consider  the  influence  of  the  parameter  v  on  the  total 
flight  time  from  che  orbit  of  the  earth  to  the  planet  and  back. 
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=  1.52,  CD^.  =  1,  a>p  =  0.5335  and  the  total  flight  time  will  be  given 
by  the  relationship 

5r„  =  2r  -h  r»„,„  -  2r  (2r/o,46B5)  ((D,p  - 1  +  .  (6.5) 

With  <  1^  it  follows  from  the  condition  T  >0  that  k  ,  >  1. 

sr  o  min  “ 

Since  an  increase  in  v  reduces  co  (see  Fig.  12),  it  is  necessary  to 

S  X 

increase  the  value  of  v  in  this  region  of  cd  in  order  to  shorten  the 

round-trip  flight  time  T„.  When  v  is  reduced,  the  values  of  m  and  T 

n  '  sr  n 

increase.  But  at  ~  1^  the  value  of  changes  abruptly  from  unity 

to  zero.  Accordingly,  the  total  flight  time  also  changes  Jumpwise  to  a 

value  «  2T(T^  =  O)  for  =  1  which  corresponds  to  the  "fast" 

flight  to  '{-he  planet  and  back.  As  v  is  reduced  further,  the  value 

sx* 

>  1  and  the  residence  time  near  the  planet  increases  accordingly. 

The  analysis  made  is  illustrated  in  Fig.  15  by  the  law  of  varia- 

T 

tion  of  the  functional  (over  two  symmetrical  flights:  earth 
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to  Mars  and  Mars  to  earth).  The  data  of  Pig. 

15  permit  indicating  an  optimum  value  of  the 

parameter  v,  one  that  provides  for  a  minii^ 

of  i.e. ,  maximum  payload,  for  specified 

total  flight  time  T^  and  time  of  residence  T^ 

n  cr 

near  the  planet. 

Similarly,  nonsymmetrical  flights  (in 
which  the  trajectories  of  the  flights  to  the 
planet  and  back  to  the  earth  do  not  coincide) 
can  also  be  analyzed  on  the  basis  of  the  data 
in  Table  2. 

Flight  to  an  inner  planet  (Venus).  In 
this  example,  =  1.38;  =  O.617, 

(Dp  =  1.  The  minimum  total  flight  time  will  be 
determined  by  the  relationship 


Fig.  10 


T 

V  ^ 

•2  y 

■ip  / 

\ 

/ 

.  ,  0.S 

•ip  -op 

1  T^v 

Pig.  12* 


U^2TJrTo^2T-\-  {27  /  0.383)  (0.617  a)cp  -  IT).  {S.  6) 

In  conseq;uence  of  the  difference  between 
Formulas  (6.5)  and  (6.6),  the  effect  will  be 
the  reverse  of  that  examined  above  in  the 
case  of  a  flight  to  an  outer  planet. 

For  >  0.617  and  =  -  1,  an  in¬ 
crease  in  V  reduces  and  T.  With  m  ^  = 

sr  sr 

0.617,  the  value  of  changes  stepwise 
from  -  1  to  zero;  accordingly,  the  total 
jp^ght  time  also  diminishes  stepwise  to  a 

V 

value  T^  =  2T  (T^  =  O). 

As  V  is  further  increased,  we  have  co  < 

'  sr  ^ 

<  0.6j||^,  and  the  time  of  residence  near  the 
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TABLE  3 


Sn.Tu'nHfi  1 

i 

a.= 

1 

i,«  1 

o»  =  Ji.'l 

1 

r;  = 

O 

11 

cc 

cz 

V 

j  —  l/.t'iO 

-1,900 

—2,000 

-3,000 

0,o9i 

0,505 

0,575 

To 

T 

; 

0,101 

0,192 

0,200 

,  1 .U75  j 

1,300 

1,270 

1,140 

T 

1,270 

1,297 

1 ,28-4 

1,216 

JaVI 

0 

1,247 

1,289 

1,330 

1 

2,086 

1 

l)  Value  of. 


planet  increases  accordingly. 

Figure  l6  presents  an  example  of  the  variation  of  as 
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function 


of  for  an  earth -to-Venua-to-earth  flight, 
in  dimensionless  quantities. 

For  flybys,  the  average  velocity  of  an¬ 
gular  displacement  on  flights  of  this  type 
must  be  exactly  equal  to  the  angular  velocity 
of  the  earth’s  revolution  about  the  sun.  As 
before,  the  flight  "out”  is  regarded  as  sym¬ 
metrical  to  the  flight  "back, "  and  for  this 
reason  we  compute  only  the  first  half  of  the 
voyage.  y' 

The  boundary  conditions  at  the  origin  of  the  trajectory  remain  the 
same  (6.2),  (6.3),  and  at  the  end  the  condition  v^(t)  =  p  re¬ 

placed  by  the  optimum  condition  a^(T)  =  0  (3.14),  and  the  condition  of 
equal  angular  displacements  of  the  vehicle  and  the  earth  is  written  in 
the  form  (3«12). 

Table  3  shows  examples  of  this  type  of  trajectory  for  r^  =  1.38 
and  =1,  which  corresponds  to  flight  to  an  outer  planet  (for  exam¬ 
ple,  to  Mars  at  a  major  opposition),  ^ 

7.  Optimum  Segments  for  Acceleration  and  Deceleration  Near  Planets 

For  the  accelerating  and  decelerating  segments  near  the  planet, 
the  solution  of*  the  vaiTiational  problem  in  its  exact  formulation  (2.1), 
(2.4)  and  (5.1)  was  replaced  by  a  calculation  of  the  vehicle’s  motion 
from  a  certain  initial  circular  orbit  about  the  planet  to  a  point  E  = 

»  E**  without  "merging"  of  the  resulting  trajectory  with  the  trajectory 
of  the  inter orbital  flight. 

The  radius  of  the  initial  circular  orbit  and  the  acceleration  of 
the  planet’s  gravity  on  this  orbit  were  taken  as  characteristic  quanti¬ 
ties  Tq  and  gQ  (see  (6.1)). 

The  calculations  were  made  taking  the  influence  of  the  sun  into 


account  for  a  specific  initial  orbit  about  the  earth,  but  the  influence 
of  the  sun  on  the  value  of  the  functional  J  was  found  to  be  small,  so 
that  the  gravitational  field  near  the  planet  may  be  regarded  as  central 
v;ithin  the  framev/ork  of  the  approximation  adopted,  and  we  may  use  the 
results  cited  for  computing  acceleration  trajectories  at  other  planets, 
using  other  values  of  rQ  and  g^,  in  accordance  with  the  similarity  cri¬ 
teria  for  trajectories  in  a  central  field  Due  to  the  "reversi¬ 

bility"  property  of  trajectories  in  a  central  field  (3*8),  these  re¬ 
sults  can  also  be  used  for  the  case  of  deceleration  near  planets. 

In  the  case  of  optimum  acceleration  to  the  "breakaway"  point  In  a 

specified  time  T  ,  the  initial  value  of  the  parametf,r  v  Is  zero.  The 

P 

results  of  the  calculation  are  shown  in  Fig.  I7.  The  data  obtained  in¬ 
dicate  that  for  optimum  acceleration  (deceleration)  near  the  planet, 
the  react  ion -thrust  acceleration  a*”  has  practically  the  same  direction 
as  the  velocity,  varies  only  slightly  along  the  trajectory,  and 
creases  somewhat  toward  the  breakaway  point  (by  10-20^). 

8.  Influence  of  Planetary  Gravitational  Forces  on  Section  of  Flight  Be- 
tween  Planet  Orbits 

Let  us  consider  flights  in  the  region  where  the  sun’s  influence 
predominates,  taking  the  gravitational  forces  from  the  planets  into  ac¬ 
count  with  the  object  of  studying  the  differences  from  the  central 
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TABLE  4 


•T 


♦iK 

j 

T 

I"' 

A* 

Q,0Qm 

3,1418 

1,6905 

0,542i 

1,3060 

0;002'K) 

3,1416 

1,6930 

0,5414 

1,3070 

0,00200 

3,0500 

1,8940 

0,5426 

1,3080 

o;oo2oa 

3,0000 

1,6920 

0,5404 

1,3070 

0,00290 

2.0000 

1,6925 

0,5408 

1,3070 

0,00290 

2,8500 

1,6930 

0,5410 

V  1,3970 

0,00050 

3,1416 

1,8870 

0,5380 

1,3040 

0,00050 

3,1300 

1  ,(}8o0  1 

0,5359 

1,3030 

0,00050 

3,1000 

i,&s5o  : 

0,5359 

1,3030 

0,09059 

3,0500 

1,6855  ! 

0,5361 

1,3040 

0,00050 

2,G500 

1,6800  1 

0,5365 

1,3040 

0,00050 

2,9000 

1,6880 

0,5388 

1,3036 

0,00050 

2,8800 

1,6880 

0,5369 

1,3037 

0,00050 

2,8500 

1,8860 

0,5372 

1,3038 

.  0,00025 

3,1418 

1,6860 

0,5390 

1,3030 

A  ItfiKt-psinhuoQ  none 

— 

1,7420 

0,5390 

1,3120 

A)  Central  field* 


TABLE  5 


r|3 

♦l3 

T 

0,0090 

0 

1,7487 

0,4780 

1,4528 

'  0,0030 

1,00 

1,7551 

0,4663 

1,4815 

0,0030 

0,50 

1,7506 

0,4665 

1,4736 

0,0030 

0,10 

1,7466 

0,4653 

1,4682 

0,0030 

0,02 

1,7449 

0,4645 

1,4665 

0,0030 

-0,50 

1,7405 

0,4617 

1,4625 

0,0010 

0 

1,7210 

0,4481 

1,4465 

\  t  0,0005 

0 

1,7210 

0,4485 

1,4496 

I^eirrpanJiHoe  nojie 

— 

1,7400 

0,4623 

1,4574 

A)  Central  field* 


field;  we  shall  limit  ourselves  to  consideration  of  one-vjay  flights.  As 
our  starting  variant,  we  select  a  flight  from  the  orbit  of  the  earth  to 
the  orbit  of  Mars  in  a  central  field  with  a^  =  1,  v  =  0  (see  Table  2) 
and  calculate  a  series  of  trajectories  beginning  near  the  libration 
point  N*2  ^he  vicinity  of  the  earth  (r^*  =  0.009  and  =  0)  for  var¬ 
ious  positions  of  N*j^.  The  dependence  of  the  integral  characteristics 
r 

on  the  positions  of  the  point  is  illustrated  in  Table  4. 

'  T 

This  table  also  gives  the  values  of  ^  for  the  central  field. 

0  ' 

Table  5  presents  a  list  of  the  final  parameter  values  for  the  return 
oaiculatlon  from  point  N*j^(rj^jj  =  0.0005,  =  3.14139)  to  various 
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points  N*2  corresponding  in  the  central  field  to  trajectories  of  flight 
with  aQ  =  0.766,  and  v  =  —  0. 55^« 

As  we  see  from  Tables  4  and  5^  taking  the  influence  of  planetary 
attraction  into  account  for  the  flight  segment  between  their  orbits  has 
little  effect  on  the  integral  characteristics  T,  <p,  and  J.  The  results 
obtained  testify  to  the  possibility  of  evaluating  the  flight  character¬ 
istics  from  the  results  of  calculations  in  the  central  field. 
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METHOB  OP  QUICKEST  DESCE^JT  AS  APPLIED  TO  COMPUTATION  OF 
INTERORBITAL  TRAJECTORIES  WITH  ENGINES  OP  LBIITED 

POWER 

Yu.N,  JLvancv  and  Yu.V.  Shalayev 

In  the  variational  problem  of  space -vehicle  flights  using  an  en¬ 
gine  of  limited  povjer  between  coplanar  circular  orbits  in  a  central 
gravitational  fields  two  solution  methods  are  coisidered:  the  Ritz 
method  with  the  coefficients  determined  by  the  quickest -descent  method 
and  the  method  of  functional  quickest  descent.  The  results  of  calcula¬ 
tions  are  presented  and  the  efficiencies  of  solving  the  problem  by  the 
two  irethods  are  compared, 

*  * 

* 

Selection  of  optimum  trajectories  and  optimum  operating  modes  for 
the  ideal  liraited-povjer  engine  reduces  to  finding  the  minimum  extremals 
of  the  functional  [1,  2] 

T 

J  ~  \  a‘dt, 

V 

t) 

v/here  a  is  the  reaction-thrust  acceleration  and  T  is  the  time  of  motion. 
For  the  two-dimensional  flights  between  circular  orbits  in  a  central 
field,  as  considered  in  the  present  paper,  the  functional  J  and  the 
boundary  conditions  are  expressed  in  terms  of  Cartesian  coordinates  and 
their  derivatives,  as  follows  (Fig,  l); 

/=  5  {U -  y I + ’/i'f  +  iy  +  yKx^  +  y’f'V^dt,  M 

u 

X  (0)  -  I ,  y  (0)  =  0,  X  (0)  ~  0,  ir  (0)  «sl » 

^(r)  =  rico^tf,,  j/(r)  —  rifiincpi,  a;  (T)  —  j^smqsj, 

I 

y(r)- 

Vn 
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Here  9^  is  the  angle  of  the  flight,  r^^  is  the  radius  of  the  final 
orbit,  with  the  radius  of  the  initial  orbit  taken  as  the  unit  of  dis¬ 
tance  and  the  period  of  revolution  on  the  initial  orbit  divided  by  27r 
taken  as  the  unit  of  time.  All  calculations  are  made  for  r^  as  1,52,  and 
the  quantities  9^  and  T  are  parameters  of  the  problem. 

The  problem  of  minimizing  Functional  (l)  was  solved  by  two  methods; 
the  Ritz  method  with  the  coefficients  determined  by  quickest  descent 
and  the  method  of  functional  quickest  descent. 

1.  THE  RITZ  METHOD  WITH  THE  COEFFICIENTS  DETERI’IINED  BY  QUICKEST  DESCENT 
The  algorithm  of  the  classical  Ritz  method  as  applied  to  find  the 
minimum  extremals  of  Integral  (l)  consists  in  the  following  [3].  A  com¬ 
plete  system  of  N  linearly  independent  basis  functions  {(piCoT  is  selec¬ 
ted  such  that 

9i(0)  »=*9i(0)  =9i(^)  ==9i(^)  =0  (1.1) 

together  with  functions  x^^^(t),  y^^^(t)  that  satisfy  the  boundary  con¬ 
ditions  (1).  The  solution  is  sought  in  the  form  of  a  linear  combination 

(0  =  ^  (0  +  2  (0  +  2  ^  •  2 ) 

i  i 


Pig.  1 


After  substituting  x^(t),  yjj(t)  in  (l)  in 
place  of  X,  the  latter  is  found  to  be  a 

function  of  the  coefficients  a.  and  b. ; 

1  1 

7  =  7  (oi,  bi).  (1.3) 

The  problem  of  finding  the  minimum  extre¬ 
mals  of  Functional  (l)  has  thus  been  reduced  to 
minimization  of  the  function  ^(a^,  b^, )  with 
respect  to  a  finite  number  of  variables. 

The  function  J(a^,  b^)  can  be  minimized  by 
the  quickest -descent  method,  whose  algorithm 
consists  in  the  following  [3]. 
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Suppose  that  an  initial  approximation  is  known  for  the  coeffi-^ 
cients  the  next  approximation  is  presented  in  the  form 

fl,«)  =  «,'«)  -  X  (pj I  hi"  =  i.“”  -X(0JI  ab>f 

{ojioa^r^^^^iar'.brh  {.sjishp=^^{.ar,bh.  •  ’ 

The  descent  parameter  X  is  determined  from  the  minimum  condition 
for  the  function  /(?,)=  (5// — 

Thus^  the  minimization  procedure  proposed  here  consists  of  the 
following  three  iteration  processes,  which  enclose  one  another  sequen¬ 
tially: 

1)  the  Ritz  iteration  process,  which  consists  in  increasing  the 
number  N  of  coefficients  a^,  from  step  to  step  in  Expansion  (i.2)j 

2)  the  iteration  process  of  quickest  descent,  which  consists  in 
finding  the  minimum  of  Function  (1*3)  on  each  step  of  the  Ritz  itera¬ 
tion  process! 

3)  the  iterative  process  of  finding  the  descent  parameter  X  on 
each  step  of  the  qulckest-descent  iteration  process. 

Basis  functions  cp^(t)  of  power-series  form 

^,(1)  =  (trry*m-UTY  (/  =  o,i . .v),  (1^5) 

v/ere  selected  for  the  solution  of  Problem  (l),  while  the  zeroth -approx¬ 
imation  functions  selected  were  solutions  of  Problem  (l)  for  a  field  of 
zero  force  [l]: 


3(rj_cosVi--l) 


+ 


siuffi  ]  ,2 


r2{riCoscpi-l)  ,  sincpi*!  3 

-[ - p - (1,6) 

/  3rihmcfi-27’  cos9i\,,v 
=  <  +  - j7^j‘  + 

4.  /_  2'-,sin(p,-r_  c^£.  y 

+  ^  "T  YrJ^} 

The  law  of  convergence  of  the  functional  J  by  iteration  numbers  K 
of  the  Ritz  process  (T  «  2,  9^^  «  2)  is  presented  in  Fig,  2,  where  the 


Fig,  2 


solid  line  connects  discrete  points 

(K  =  0  corresponds  to  the  ze¬ 
ro-force  field).  Five  coefficients  a^, 

(N  S3  5)  each  are  considered  on  the  first  it¬ 
eration;  on  passage  to  each  subsequent  itera¬ 
tion,  the  number  of  coefficients  is  increased 
by  10  (M  =  5),  with  the  initial  values  of 
the  ten  new  coefficients  zero,  while  the  ini¬ 
tial  values  taken  for  the  old  coefficients 
are  their  values  from  the  preceding  iteration. 
The  quantities  a^,  b^^  are  indicated  arbitrar¬ 
ily  by  the  unbroken  line  in  Figs.  3  and  4  as 
functions  of  the  number  i  for  K  =  8. 

2.  I4ETH0D  OF  FUNCTIONAL  QUICKEST  DESCENT 


The  iterative  process  of  functional 
quickest  descent  as  applied  to  Problem  (l) 
consists  in  the  following  [4-7]. 

From  the  knovin  zeroth  approximation 
x^^^(t),  y^^^(t),  which  satisfies  the  bound¬ 
ary  conditions  (l),  we  determine  functions 

Tj  (t),  T|,.(t),  which  vanish  together  with 
y 

their  first  derivatives  at  the  ends  of  the 
interval;  for  example  ^  the  expression  for  t]  takes  the  form 


where 


(Ml  ..  T  M 

r 


Till 


uoD  ooon 


0  U  0 


0  0  0 


(2.1) 
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’^‘"’W-  i'‘'"W)- 

<i)  -  {.t  -i’j'j  {.L~  -f-  7/-^  *]"  -}-  (y  -i-  y/(x“  -r  ?/") 


Vte  may  replace  x  with  ^  to  obtain  the  expression  for  t|  . 

V 

The  sought  function  on  the  next  step  of  the  iteration  process  is 

presented  in  the  form 

=  xHi)  +  /.vTi..(0.  +  My(0-  (2. 2) 

The  descent  parameters  X  and  X  are  found  from  the  minimum  condi- 

X  y 

tion  of  the  function  \)  on  the  step  in  question: 

uJlo}.^  =  {},  d7ld/,y  =  0.  (2.3) 

The  approximation  to  the  sought  solution  takes  place  together  with 

a  step-to-step  diminution  of  the  two  quantities  {oj ! (r/Z/r)/..,) 
concerning  which  we  know  that  they  are  nonpositive.  The  moment  at  which 
the  sought  minimum  is  reached  can  be  determined  with  a  specified  accu¬ 
racy  from  these  two  integral  characteristics. 

To  avoid  numerical  differentiation  in  determining  the  functions  r\ 
and  T|  (2*1)^  let  us  present  the  double  integral  as  follows; 

y 


{ t 


u  u 


a,., 

Ox 


("i 
t/X 


0  M 


dx 


(0) 


and  proceed  analogously  for  the  variable  This  makes  it  possible  to 
get  by  with  values  of  the  functions  x^^^(t),  y^^^(t)  and  their  second 
derivatives  y^^^(t)  in  calculating  the  functions  q  and  n 

Jr 

without  resorting  to  calculation  of  third  and  fourth  derivatives,  Con- 

sec4uently,  it  is  necessary  to  ’’store”  for  the  computation  process  only 

tables  of  the  functions  x(t),  y(t)  and  the  second  derivatives  k(t), 

y(t).  Correspondingly,  the  second  derivatives  1i„(t)  are  stored 

*y 

together  with  the  functions  ^y(^)*  Taking  this  renvark  into  ac¬ 

count,  we  shall  present  the  functions  ,  r\  and  their  second  derive - 

•—  j 

tlves  ,  t|  in  the  form 

A  ^ 
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where 


t  ( 

tjg  tjx  ®»  A/je  —  <?^  *— Cjxr  (2*4) 

»  « 


ijMxdtf 


Cgx  — 


(2t~r)Mxdt. 


3,7 60\  (0=/,m 
\T^,0U7 


3,7 55\ 


J 


?  2  j/r 


Fig.  5 


Use  of  the  method  of  functional  quickesi 
descent  was  found  to  be  highly  effective  for 
Problem  (l).  While  the  computer  time  for  one 
variant  on  an  ETsVM  [Electronic  Digital  Com¬ 
puter]  using  the  Rltz  method  In  canblnatlon 


with  the  quickest -descent  method  Is  approxi¬ 
mately  100  minutes,  this  variant  can  be  fig¬ 
ured  in  1-2  minutes  by  the  method  of  func¬ 
tional  quickest  descent,  and  with  the  same 
accuracy  (4-5  places). 

The  nature  of  the  method’s  convergence 


Is  shown  In  Figs.  5  and  6,  where  the  itera¬ 
tion  numbers  are  laid  off  on  the  axis  of  abscissas  and  the  correspond¬ 
ing  values  of  the  functional  are  plotted  against  the  axis  of  ordinates; 
the  discrete  points  are  connected  by  a  curve.  For  both  examples,  the 
Initial  approximation  selected  was  an  optimum  trajectory  satisfying  the 
boundary  conditions  in  a  zero-force  field.  Comparison  of  the  numbers  of 
iterations  in  the  two  cases  makes  It  possible  to  Judge^  of  the  applica¬ 
bility  of  the  zero-force -field  optimum  trajectory  the  zeroth  approx¬ 
imation;  the  shorter  the  trajectory  and  the  shorter  the  time  of  motion 
along  it,  the  better  will  the  zero-force  field  approximate  the  central 


field. 

A  network  of  optimum  flights  was  computed  by  the  described  method 


for  parameter  values  0  <  (p«  <  <Pi* 


31. 


0t^7'<  7’*-'??,  r,  =^i,52 


.  An  at 


Seccujiodos  no/ie  1 
Uen/npa/Uftae 


Fig.  7.  1)  Zero-force  field; 
2)  central  field. 


tempt  to  use  the  optimum  trajectory  in  a 
zero-force  field  for  angles  9^  >  93^*  as 
the  zeroth  approximation  came  up  against 
the  following  difficulty.  It  was  found 
that  for  these  flight  angles,  the  func¬ 
tional  being  investigated  does  not  pos¬ 
sess  a  unique  minimum  and  that  use  of 
the  solution  in  the  zero -force  field  as 
the  zeroth  element  gives  values  of  the 
minimum  that  exceed  those  expected.  This 
signifies  impossibility  of  using  the  ze¬ 


roth  element  alone  for  the  entire  range  of  parameter  variation. 


7  1,5  2,0  2,5  T 

Fig.  8 


The  above  is  Illustrated  in  Pig.  7,  which  gives  optimum  trajecto¬ 
ries  for  the  zero-force  and  central  fields  for  9^  ss  2,  T  =  2  and  the 
optimum  trajectory  of  the  zero-force  field  for  9^  «  5.23  and  T  4.93* 


©le  latter  does  not  envelop  the  gravitation  center#  This  can  apparently 
serve  as  a  superficial  criterion  for  the  unsuitability  of  this  trajec¬ 
tory  as  the  zeroth  element  of  the  iterative  process. 

The  following  procedure  can  be  reccxmnend  for  finding  the  initial 
element  in  constructing  a  network  vjith  one  or  several  parameters. 

Let  the  optimum  trajectory  be  known  for  certain  values  of  the  pa¬ 
rameters  and  let  it  be  required  to  construct  a  new  optimum  trajectory 
for  parameter  values  clos*^  to  the  former;  the  boundary  conditions  im¬ 
posed  on  the  new  trajectory  differ  from  the  old  boundary  -conditions. 

We  transform  the  old  trajectory,  for  example,  by  multiplying  by  a 
certain  arbitrary  function  differing  little  from  unity,  a  function  that 
provides  for  satisfaction  of  the  assigned  boundary  conditions  on  the 
new  trajectory.  The  latter  can  be  used  as,  the  zeroth  element. 

3.  RESULTS  OP  CALCULATIONS 

Figure  8  shows  a  plot  of  the  functional  J  as  a  function  of  T  for 
various  9^. 

An  important  problem  related  to  that  of  one-way  interorbital 
flight  is  the  problem  of  finding  optimum  flights  with  return  to  the  in¬ 
itial  orbit.  The  problem  of  the  optimum  combination  of  outgoing  and  re¬ 
turn  trajectories  in  a  central  field  is  formulated  as  fol?ows  [8]:  find 
the  optimum  angular  displacements  9^,  9j^  and  times  T,  T*  for  the  out¬ 
going  and  return  flights  (the  prime  denotes  that  the  quantity  belongs 
to  the  return  flight)  that  produce  a  minimum  of  the  resultant  function¬ 
al  =  J  +  J*  for  the  assigned  91=  =9i  +  9i',  2^2:  =2’  +  2’V 

It  is  shown  in  Reference  [8]  that  any  outgoing  flight  from  to 
r^‘  can  be  transformed  into  a  return  flight  from  r^^  to  Tq  that  is  "sym¬ 
metrical"  to  the  outgoing  flight.  Thus,  it  is  sufficient  to  have  a  net¬ 
work  of  one-way  flights  to  construct  round-trip  flights  between  circu¬ 
lar  orbits. 
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to  iSfi  in  the  functional 

®ie  parameters  of  the  nonsyminetrical  flight  are:  9«»*4,29, 

:r  «  2,41,  r  « 1,35, 91  =  3.14, 9/  =  145;  /=  «  3,20. 

f 

l*he  parameters  of  the  corresponding  symmetrical  flight  are:  [IQ 

7*5  «  3,7G,9is=^  4,20,  T  =  1,88,  T  =  1,88,  91  =  2,14,  9/  =  2,14,  =  3,80.  Typical  advan¬ 

tages  gained  by  nonsymmetrical  flight  are  given  in  [9-11]* 
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RADIAO^IVE  HEATING  IN  HYPERSONIC  PLOW 
L.M,  Bibenoan,  V*S.  Vorob*yev,  G#E,  Noiroan,  I»T*  Yakubov 

This  article  deals  with  the  heating  of  a  blunted  body  by  the  emis 
Sion  of  a  shock  wave  generated  by  ohat  body  in  hypersonic  flow.  Genera 
expressions  are  presented  for  the  calculation  of  the  radiant  flux.  Par 
ticular  attention  is  devoted  to  heating  in  the  case  of  streamlining  un 
der  conditions  in  which  the  gas  behind  the  compression  shock  is  virtu¬ 
ally  completely  dissociated.  An  analysis  has  been  carried  out  of  the 
elementary  radiation  processesj  the  basic  and  decisive  optical  proper¬ 
ties  of  the  plasma  formed  behind  the  shock  under  these  conditions  are 
indicated.  There  is  a  discussion  of  the  methods  employed  to  calculate 
the  contribution  of  individual  radiation  processes  to  the  emissive  pow 
er  of  hot  air.  Emission  in  the  continuous  spectrum  and  over  the  entire 
range  of  spectral  lines  is  considered.  Values  have  b^jen  calculated  to 
cover  a  wide  range  of  temperatures,  pressures,  and  layer  thicknesses 
for  spectral  and  integral  radiant  fluxes,  incident  on  the  Streamlined 
body.  Regions  of  streamlining -parameter  values  have  been  found  for 
which  the  radiation  heat  flow  may  exceed  the  convection  heat  flow  and 
thus  define  the  aerodynamic  heating.  The  problems  associated  with  the 
determination  of  the  state  of  the  gas  behind  the  front  of  the  shock 
wave  are  discussed.  The  analysis  of  the  factors  responsible  for  devia¬ 
tions  from  equilibrium^ made ^ it  possible  to  reveal  relaxation  and  quasi 
steady  nonequilibrium  regions.  The  basic  proces'ses  determining  the 
structure  of  the  nonequilibrium  zone  at  great  streamlining  flow  veloc 
itles  are  clarified.  Th^  decisive  role  of  radiant  processes  is  shown. 

*  * 

* 

In  the  early  works  devoted  to  aerodynamic  heating,  only  the  Imraed 
late  interaction  between  the  streamlined  surface  and  the  boundary  laye 
(convective  heating)  was  considered. 

L.M.  Blberraan  indicated  the  v^xlstence  of  a  second  heating  method. 


—  130  ■■ 


i.e.,  the  radiation  of  a  shock  wave  generated  by  the  gas  flow  in  front 
of  a  streamlined  surface  (radiative  heating),  and  in  work  performed  in 
1955-1957  he  demonstrated  that  this  mechanism  offers  a  significant  con¬ 
tribution  to  the  aerodynamic  heating. 

A  method  has  been  worked  out  for  the  calculation  of  radiant  flux 
as  a  function  of  free -stream  parameters,  the  chemical  composition  of 
the  gas,  and  the  shape  of  the  streamlined  body.  It  is  assumed  that  in 
the  plasma  formed  behind  the  compression  shock  the  distribution  of  par¬ 
ticles  by  states,  as  well  as  the  degree  of  dissociation  and  ionization 
correspond  to  a  state  of  theiincdynamic  equilibrium.  The  basic  elemen¬ 
tary  processes  governing  the  optical  properties  of  the  plasma  have  boon 
ascertained,  and  approximate  methods  of  accounting  for  these  processes 
have  been  proposed.  In  the  case  of  air  in  a  region  of  low  temperatures 

s 

corresponding  to  velocities  below  8  km/sec  the  vibrational  transitions 
of  NO  and  the  .electron  transitions  in  the  molecules  proved  to  be  the 
most  significant:  the  0^  Cchumann -Range  bands,  the  first  and  second 
positive  Ng  systems,  the  p-,  y-,  6-,  and  the  e-systems  of  NO,  and  the 

4- 

first  negatlv:e  Ng  system.  The  photoionization  of  atoms  was  evaluated, 
as  were  the  photoseparation  of  an  electron  from  the  O”  ion  and  the  free 
transitions  in  the  ion  and  neutral -particle  field. 

The  calculations  that  were  carried  out  showed  that  radiative  heat¬ 
ing  may  be  comparable  to  convective  heating. 

« 

Analogous  calculations  have  subsequently  been  carried  out  in  the 
USA  [1-6].  Let  us  take  note  of  the  fact  that  the  calculation  method  and 
the  selection  of  elementary  processes  determining  emissive  power  coin¬ 
cide.  The  results  of  these  calculations  also  confirmed  the  significance 
of  radiative  heating. 

The  present  work  is  devoted  to  radiative  heating  for  flows  moving 
at  velocities  in  excess  of  8  km/sec,  i.e.,  and  analysis  has  been  car- 
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Pled  0^  and  a  theory  of  elementary  radiation  procesaea  determining  the 
<^tical  properties  of  the  plasma  formed  hehind  the  wave  front  under 
these  conditions  has  been  evolved;  the  values  of  the  spectral  and  inte¬ 
gral  radiant  fluxes  incident  on  the  streamlined  body  have  been  calcula¬ 
ted  for  a  wide  interval  of  parameters;  the  theoretical  and  experimental 
data  available  in  the  literature  have  been  compared;  a  comparison  of 
radiative  and  convective  heat  flows  shows  that  there  exist  extensive 
regions  of  streamlining  parameters  at  which  radiative  heating  consider¬ 
ably  exceeds  convective  [heating];  the  trends  in  the  farther  develop¬ 
ment  of  the  theory  of  radiative  heating  are  discussed,  the  primary 
problems  are  formulated,  and  ways  are  indicated  for  the  solution  of 
these  problems, 

GENERAL  EXPRESSICWS  FOR  a?HE  CALCULATION  OF  RADIANT  FLUXES 


The  radiant -energy  flow  I  incident  on  a  unit  area  of  the  stream¬ 


lined  surface  is  equal  to 


ir-t'l 


0  W  ^  ^  ® 

where  r  and  1?  characterize  the  position  and  orientation  of  the  unit 
area;  determines  the  position  of  the  volume  element  cW  of  the  radi¬ 
ating  gas;  Sy  (70  is  the  spectral  emissive  power  at  the  point  deter¬ 
mined  by  7*;  (7")  is  the  coefficient  of  absorption  calculated  with 

consideration  of  induced  emission,  with  the  points  given  by  7‘  takei  on 
the  straight  line  (7  -7*);  v  is  the  frequency. 

Expression  (1)  is  extremely  general.  This  expression  takes  into 
consideration  the.  nonuniformity  of  the  radiating  gas,  the  geometry  of 
the  streamlined  body,  and,  what  is  extremely  Important,  the  absorption 
of  radiation  inside  the  radiating  gas.  The  state  of  the  radiating  gas 
is  close  to  the  equilibrium  state  over  a  wide  range  of  streamlining  pa¬ 
rameters,  It  is  also  significant  that  1  -  the  magnitude  of  shock  de- 
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tachment  —  is  small  in  comparison  with  the  characteristic  dimension  of 
the  streamlined  body.  With  consideration  of  these  circumstances  (l)  is 
considerably  simplified 

CO  r.-i  (a 

I  =  \  JK  (I  -  dvilji'  (v)  I  ^  ^ ,  ( a  ) 

0  UJ  I 

7/  (v)  ==  (1  —  ^  h  (v),  ^  2  j 

where  is  the  Planck  function;  k^{v)  is  the  coefficient  of  absorption 
governed  by  the  ith  elementary  process.  The  factor  [1  —  exp  (  —  hv/ 
/kT)],  as  is  usual,  permits  consideration  of  the  forced  emission. 

Expression  (2)  defines  the  emissive  power  of  the  uniform  gas  layer 
bounded  by  two  parallel  planes  separated  from  one  another  by  a 
distance  1.  The  first  term  (let  us  denote  it^15y^I^)  is  the  energy  emit¬ 
ted  by  the  hemispherical  volume  inscribed  in  the  flat  layer  through  the 
unit  area  in  the  center  of  the  base  of  the  hemisphere.  The  second  term 
reflects  the  role  of  the  remaining  part  of  the  flat  layer.  The  actual 
geometry  of  the  radiating  layer  behind  the  compression  shock  lies  some¬ 
where  between  a  flat  layer  and  a  hemispheric'  volume.  As  a  result  of 
the  relative  smallness  of  the  shock  detachment,  the  configuration  of 
the  radiating  volume  is  close  to  that  of  a  flat  layer.  Further  refine¬ 
ment  of  this  problem  seems  premature  to  us,  since -it  [the  refinement] 
does  not  correspond  to  the  level  of  accuracy  at  which  the  optical  prop¬ 
erties  of  the  plasma  are  known.  Let  us  take  note  of  the  fact  that  the 
quantity  I  may  be  greater  than  by  a  factor  of  no  more  than  two  (for 
an  optically  thin  layer);  the  contributions  of  heavily  reabsorbed  spec¬ 
tral  segments  to  I  and  prove  to  be  identical.  For  lines  exhibiting 
dispersion  contours,  reaching  the  ’’square  root"  section  of  the  growth 
curves,  the  contribution  to  I  amounts  to  1.33  of  the  contribution  to 
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In  practical  terms,  it  is  convenient  to  introduce  the  eraissivity 
of  a  flat  layer  and  a  hemispherical  volume,  these  terras  being  defined 
by  the  expressions 

E  =  j/ars  e,  =  7i/aJS  (4) 


where  a  is  the  Stefan -Boltzmann  constant. 

According  to  (2)  and  (3),  the  calculation  of  the  radiant  fluxes 
reduces  to  a  consideration  of  the  individual  elementary  processes  and 
the  summing  of  the  found  k^(v),  with  subsequent  integration  in  accord¬ 
ance  with  Expression  (2).  Occasionally,  the  coefficient  of  absorption 
changes  sharply  with  frequency  (the  atomic  and  ionic  lines,  the  rota¬ 
tional-vibrational  molecule  bands).  In  this  case,  it  is  convenient  to 
present  k(v)  in  the  form  of  the  sum  k(v)  =  k^(v)  +  k^Cv),  where  k^(v) 
slowly  changes  with  frequency  (the  continuous  spectrum)  and 
changes  papidly  with  frequency  (the  spectral  line).  In  this  case,  for 
example,. for  I^  we  obtain 


/,  =  J  B.,  (1  -  C-*-''”' )  </v  +  2  '‘  5  (1  -  ) 


where  is  the  frequency*  corresponding  to  the  center  of  the  ith  spec¬ 
tral  line.  Thus  it  becomes  possible  to  take  into  consideration  the  su¬ 
perposition  of  the  lines  on  the  reabsorbed  sections  of  the  background, 
while  at  the  same  time  separating  the  calculations  pertaining  to  the 
continuous  spectrum  and  the  spectral  lines. 


ELEMENTARY  RADIATION  PROCESSES 


With  increasing  temperature  the  role  of  individual  elementary  pro¬ 
cesses  changes.  A  preliminary  analysis  has  shown  that  given  sufficient¬ 
ly  high  temperatures,  photoionization  and  absorption  by  electrons  in 
ion  fields  become  decisive.  Moreover,  in  addition  to  the  continuous 
spectrum,  it  became  necessary  also  to  take  into  consideration  the  spec¬ 
tral  lines  of  atoms  and  ions.  In  connection  with  the  virtually  total 
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absence  of  literature  data,  we  evolved  theoretical  methods  of  account¬ 
ing  for  a  number  of  elementary  processes,  and  it  seems  to  us  that  this 
is  of  some  independent  interest. 

Below  there  follows  a  brief  discussion  of  the  methods  employed  to 
take  into  consideration  the  primary  elementary  processes.  Particular 
attention  is  devoted  to  the  air  plasma. 

1.  The  continuous  absorption  spectrum  in  the  visible  and  near-ul¬ 
traviolet  region  is  defined  by  the  phot oionizat ion  of  excited  atoms.  It 
is  the  general  practice  in  the  literature  to  determine  the  resulting 
coefficient  of  absorption  on  the  basts  of  the  Unsoeld  formula  [7,  8] 
based  on  tte  utilization  of  hydrogen  characteristics  for  complex  atoms. 
The  Unsoeld  formula  has  no  theoretical  or  experimental  foundation. 

This  problem  was  again  considered  in  References  [9-11],  This  [reconsid¬ 
eration]  was  based  on  the  quant urn -defect  method  [12,  13]  rigorously 
validated  in  [14],  This  method  makes  it  possible  to  take  into  consider¬ 
ation  the  features  of  the  internal  structure  of  complex  atoms.  The  com¬ 
parison  carried  out  in  [9^  H]  showed  that  the  derived  results  proved 
to  be  in  good  agreement  with  existing  experimental  data  for  various  el¬ 
ements.  The  measurements  carried  out  subsequently  for  argon  [15]  and 
nitrogen  [l6]  also  confirmed  our  theoretical  calculations.  Let  us  take 
note  that  in  the  case  of  nitrogen  and  oxygen  the  Unsoeld  formula  yields 
values  exaggerated  by  an  order  of  magnitude. 

2.  In  the  infrared  and  visible  regions,  particularly  in  the  case 
of  high  temperatures,  the  free -free  transitions  in  ion  fields  play  an 
Important  role.  It  has  been  the  practice  in  the  literature  either  to 
include  these  in  the  Unsoeld  formula  or  to  take  them  into  consideration 
in  purely  Coulomb  approximation.  The  reasoning  presented  in  [11,  17] 
made  it  possible  to  take  into  consideration  the  structural  features  of 
complex  ions.  The  resulting  refinements  were  also  quite  significant 
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here, 

3.  The  continuous  spectrum  in  the  ultraviolet  region  (~  1000  A)  is 
defined  by  the  photoionization  of  atoms  from  the  ground  and  lo;ver  ex¬ 
citation  levels.  It  turned  out  that  the  energy  emitted  in  these  spec¬ 
tral  segments  is  very  substantial  at  high  temperatures.  The  sections 

for  the  ground  levels  of  0  and  N  atoms  were  taken  from  [l8].  The  photo- 

2  0  2  0 

ionization  sections  from  the  2  D  and  2  P  levels  of  the  nitrogen  atom 
were  calculated  in  [19]* 

4.  At  pressures  of  the  order  of  atmospheric  pressure  and  higher 
and  in  the  case  of  noticeable  ionization,  the  effects  of  interaction  be¬ 
gin  to  make  themselves  felt.  This  leads  to  a  shift  in  the  photoloniza- 
tion  threshold  toward  the  long  waves.*  There  is  a  lack  of  reliable 
methods  of  accounting  for  these  phenomena  in  the  literature.  V/e  assumed 
that  the  effect  of  the  interaction  on  the  spectra  reduces  only  to  the 
fact  that  the  upper  terms  of  the  spectral  series  convert  to  a  continu¬ 
ous  spectrum  in  accordance  with  the  unperturbed  density  of  their  oscil¬ 
lator  forces,  and  thus  the  photoionization  section  is  found  to  be  ex¬ 
tended  toward  the  long  waves.**  The  shifted  photoionization  threshold 
v/as  determined  on  the  basis  of  the  last  bound  state  achieveable  in  the 
plasma.  Corresponding  changes  v;ere  introduced  into  both  the  individual 
sections  and  into  the  integral  formulas. 

5.  In  certain  cases,  when  calculating  the  continuous  spectrum,  we 
should  take  into  consideration  the  electron  transitions  In  the  mole¬ 
cules,  the  photoseparation  of  electrons  from  negative  ions,  and  the 
free -free  transitions  in  the  neutral -systems  field. 

Molecular  bands  were  taken  into  consideration  by  means  of  the 
method  which  we  evolved  earlier,  according  to  which  the  absorption  co¬ 
efficient  averaged  with  respect  to  the  rotational  structure  is  defined 
by  the  probability  of  electron  transition  and  the  Franck-Condon  fac- 
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tors**  In  [21]  an  approximate  method  is  proposed  for  the  calculation  of 
the  Franck-Condon  factors,  this  method  being  suitable  for  large  vibra¬ 
tional  quantum  numbers.  The  result  obtained  by  means  of  this  method  for 
the  Schumann -Runge  bands  [22]  were  subsequently  confirmed  by  extremely 
cumbersome  machine  [computer]  calculations  [23]. 

The  photoionization  section  of  the  NO  molecule  from  the  ground 
state  was  taken  from  [24],  the  0“  photoseparation  section  having  been 
taken  from  [25].  V/e  turned  our  attention  to  the  role  of  photoseparation 
from  the  negative  N“  nitrogen  ion.  The  contribution  of  this  process  was 
calculated  in  accordance  with  evaluations  carried  out  in  [26].  The  con¬ 
tribution  of  the  free -free  transitions  in  the  neutral -systems  field  was 
calculated  according  to  semiempirical  formulas  standardized  on  the  ba¬ 
sis  of  existing  experimental  data. 

6.  We  devoted  our  attention  to  the  role  played  by  emission  in  the 
spectral  lines.  It  turned  out  that  this  process  makes  a  decisive  con¬ 
tribution  at  low  pressures  and  at  intermediate  and  high  temperatures. 
The  number  of  emitted  lines  may  be  quite  large.  In  this  connection,  an 
approximate  method  has  been  developed  to  make  possible  the  calculation 
of  the  energy  emitted  by  the  plasma  over  the  entire  range  of  spectral 
lines  [27,  28].  Some  of  the  strongest  lines  of  tx ®  basic  series  are 
considered  individually,  all  of  the  remaining  lines  being  separated  in¬ 
to  groups  of  adjacent  lines;  in  order  to  compute  their  contribution, 
integral  formulas  have  been  derived.  V/hen  taking  reabsorption  into  con¬ 
sideration,  the  nature  of  the  expansion  of  the  various  atomic  and  ionic 
lines  was  taken  into  consideration,  as  were  multiplet  splitting,  the 
overlapping  of  equivalent  line  widths,  etc. 

The  results  of  the  calculations  show  that:  a)  there  exists  a  suf¬ 
ficiently  wide  interval  of  temperatures,  pressures,  and  radiating -lay  t-r 
thicknesses  in  which  the  lines  provide  the  basic  contribution  to  the 
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energy  emitted  by  the  plasma;  b)  the  total  energy  of  a  large  number  of 
weak  lines,  considered  integrally,  may  markedly  exceed  the  contribution 
of  the  individually  considered  strong  lines  with  increasing  optical 
density;  c)  in  addition  to  the  visible  lines,  the  lines  situated  in  the 
ultraviolet  and  corresponding  to  the  transitions  to  the  ground  configur¬ 
ation  may  play  an  important  role.  The  oscillator  forces  of  the  0  and  N 
lines  lacking  in  the  literature  were  calculated  by  us  [I9]* 

Let  us  take  note  of  the  fact  that  in  recent  experiments  [16]  with 
a  nitrogen  plasma  produced  in  shock  tubes  it  was  found  that  the  emis¬ 
sion  in  the  lines  plays  a  significant  role.  Thus  direct  experimentation 
has  confirmed  the  validity  of  the  problem  posed  by  us  with  regard  to 
the  role  of  the  lines  in  the  emission  of  a  low -temperature  plasma. 

THE  COEFFICIENT  OF  ABSORPTION  AND  THE  EMISSIVITY  OF  AIR 

We  calculated  the  absorption  coefficients  and  emissivities  of  air 
for  the  interval  of  pressures  p  =  0,001-100  atm  and  for  temperatures 
below  20,000^  K.  The  data  pertaining  to  the  composition  of  the  air  were 
taken  from  [20], 

Figure  1  shows  some  of  the  derived  resulting  continuous  absorption 
spectra  (T  =  14,000^  K).  At  frequencies  below  -  80,000  cm”^,  the  photo- 
ionization  of  the  upper  excited  states  of  nitrogen  and  oxygen  atoms 
plays  a  basic  role;  at  low  frequencies,  the  free -free  transitions  in 
the  ion  field  are  significant.  The  combined  contribution  of  these  two 
processes  was  calculated  on  the  basis  of  the  formulas  presented  in  [11] 
with  a  correction  for  the  shift  in  the  photoionization  threshold.  Be¬ 
cause  of  the  integral  nature  of  these  formulas,  smooth  jumps  corres¬ 
ponding  to  the  ionization  threshold  from,  individually  excited  states 
appear  on  the  curves. 

At  higher  pressures  the  free -free  transitions  in  the  atom  field 
begin  to  play  a  certain  role,  as  does  photoseparation  from  negative 


ions,  and  the  NO  6-  and  e-systems. 

2  0 

The  threshold  frequency  of  the  photoeffect  from  the  2  P  state  of 
the  nitrogen  atom  lies  at  about  88,000  cm“^.  At  this  frequency  the  ab¬ 
sorption  coefficient  for  air  increases  abruptly  oy  a  considerable  mag¬ 
nitude.  V/ith  a  further  increase  in  the  frequency,  the  absorption  coef¬ 
ficient  again  increases  abruptly  several  times  at  frequency  values 
equal  tp  the  threshold  values  for  nitrogen  and  oxygen  atoms.  At  greater 
pressures  these  jumps  die  to  the  interaction  shift  to  the  left.  Let  us 
note  that  in  the  absence  of  saturation,  the  energy  emitted  in  the  con¬ 
tinuous  spectrum  is  defined  by  the  spectral  segment  v  >  80,000  cm"^. 


Fig.  1.'  Absorption  coefficients  k*(v)  for  air  at  a  temperature  T  = 

=  14,000^K  and  for  various  pressures  (p,  in  atm):  l)  100;  2)  10;  3)  1; 
4)  0.1;  5)  0.01;  6)  0.001  atm.  For  the  sake  of  keeping  the  figure  com¬ 
pact,  the  graph  has  been  plotted  with  the  coefficients  divided  by 
pressure.  Thus,  for  example,  the  absorption  coefficient  at  a  pressure 
of  100  atm  is  reduced  by  a  factor  of  100,  while  the  absorption  coeffi¬ 
cient  at, a  pressure  of  0.001  atm  is  increased  by  a  factor  of  1000.  l) 
k  (v)*p’  ,  Lcni’’-^*atm“^]. 

If  we  know  the  absorption  coefficients  for  air,  we  can  use  Formu¬ 


las  (2)  and  (4)  to  determine  the  emissivity  governed  by  the  continuous 
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Fig.  2.  Balance  of  en¬ 
ergy  emitted  by  air 
plasma,  with  p  =  1  atm 
and  1  10  cm.  The  rel¬ 

ative  contribution  of 
the  continuous  spec¬ 
trum:  1)  Regions  of 
frequencies  v  =  0- 
80,000  cm*"^5  2)  regions 
of  frequencies  v  > 

>  80^000  cm**^.  Rela¬ 
tive  contribution  of 
spectral  lines;  3)  Sets 
of  weak  lines  considered 
integrally;  4)  contri¬ 
bution  of  several  strong 
lines  considered  indiv¬ 
idually. 


Fig.  3*  Radiation  and  convection 
heat  flows  as  functions  of  the 
parameter  a  for  various  pressures 
p^  in  front  of  the  compression 

shock.  Radiant  flux;  1)  10;  2) 

1;  3)  0.1;  4)  0,01  mm  Hg;  convec¬ 
tive  flow;  5)  for  all  p^;  A)  Q, 

w/cm^;  B)  a,  km^*  sec"^*  (mm  Hg)^'^^. 
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spectrum.  The  contribution  of  the  spectral  lines  is  determined  sepa¬ 
rately,  in  accordance  “with  the  method  evolved  in  [27,  28].  To  illus¬ 
trate  the  relative  role  of  the  Individual  processes.  Fig.  2  shows  the 
balance  of  energy  emitted  by  the  air  plasma  at  p  =  1  atm  and  1  =  10  cm. 
Under  these  conditions  all  of  the  basic  processes  make  a  significant 
contribution.  This  problem  is  considered  in  greater  detail  in  [27]  for 

fa/* 

hydrogen  plasma,  and  in  [28j  for  nitrogen  plasma.  The  basic  qualitative 
results  considered  in  [27,  28]  prove  to  be  valid  for  an  air  plasma  as 
well. 

The  table  shows  air  emissivity  values  for  shock  detachments  1.  = 

=  1-100  cm  (e  =  A*10  ).  The  range  of  temperatures  and  pressures  has 

been  chosen  so  as  to  encompass  the  entire  region  in  which  the  atoms  and 
ions  dominate.  Let  us  note  that  at  low  pressures  the  emissivity  does 
not  vary  in  proportion  to  1,  as  is  customarily  held,  but  rather  it  var¬ 
ies  more  slov;ly,  despite  the  fact  that  e  «  1.  This  is  a  result  of  the 
reabsorption  of  the  lines  which  under  these  conditions  represent  the 
primary  contribution  to  e.  In  the  case  of  comparatively  large  e,  when 
the  basic  contribution  is  provided  by  the  continuous  spectrum,  the  re¬ 
lationship  between  e  and  1  pertaining  to  the  visible  and  near -ultravio¬ 
let  region,  exhibiting  no  pronounced  fluctuations  with  respect  to  fre¬ 
quency,  comes  closer  to  being  a  linear  function,  subsequently  attaining 
saturation.  At  the  same  time,  it  should  be  pointed  out  that  it  is  im¬ 
possible  to  compute  the  contribution  of  the  continuous  spectrum  on  the 
basts  of  formulas  for  an  optically  thin  layer,  since  in  the  region  of 
low  and  high  frequencies  the  absorption  coefficient  of  the  continuous 
spectrum  assumes  greater  values  and  reabsorption  at  this  point  begins 
to  make  itself  felt  even  though  the  resulting  e  is  still  considerably 
smaller  than  unity. 
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DISCUSSION  OF  RESULTS 

There  are  absolutely  no  reliable  measurements  of  the  Integral  val¬ 
ues  of  emisslvity  available  at  the  present  time.  However,  as  was  point¬ 
ed  out  earlier,  our  theoretical  data  satisfactorily  coincide  with  the 
experiments  for  all  existing  elementary  processes  as  well  as  for  indiv¬ 
idual  and  large  spectral  intervals.  This  indicates  that  the  results  of 
our  calculations  of  the  integral  emissivity  are  reliable.  On  the  whole, 
the  emisslvity  values  cited  in  the  present  report  are  apparently  reli¬ 
able  and  accurate  to  several  tens  of  percent. 

The  derived  results  make  it  possible  to  compare  radiative  and  con¬ 
vective  heat  flows.  We  have  q,:oun [20j,  at  the  stagnation  [criti¬ 
cal]  point  for  a  convective  heat  flow  in  the  case  of  a  laminar  boundary 
layer  [29],  where  y  is  the  velocity  of  the  free  [approaching]  stream, 

and  p^  is  the  pressure  in  front  of  the  compression  shock.  The  radiative 

4 

heat  flow  ""  eT  is  a  considerably  stronger  function  of  y  (an  in¬ 
crease  in  velocity  leads  to  a  rise  in  temperature,  and  this  directly 
affects  the  magnitude  of  moreover,  with  increasing  y  the  pressure 

behind  the  shock  rises;  a  rise  in  temperature  and  pressure,  in  turn, 
leads  to  a  pronounced  increase  in  e).  It  is  natural  to  expect  that  if 
at  low  velocities  the  convection  flow  exceeds  the  radiation  [flow], 
given  sufficiently  great  velocities  the  situation  will  reverse  (Fig.  3)» 
Figure  3  shows  both  flows  plotted  as  a  function  of  the  parameter 

(the  radius  of  the  streamlined  [swept]  body  was  assumed  to  be 
1  meter,  while  the  length  of  the  shock  detachment  distance  was  taken  as 
1  =5  10  cm).  As  we  can  see,  there  is  an  extensive  region  in  which  radia¬ 
tive  heating  considerably  exceeds  convective  [heating]. 

Let  us  compare  our  values  for  emisslvity  with  data  available  in 
the  literature.  References  [30-32]  summarize  the  results  of  investiga¬ 
tions  carried  out  independently  in  three  laboratories  in  the  USA.  For 
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the  conditions  under  which  molecular  bands  prevail,  these  references 
are  basically  in  agreement  with  our  data  both  with  respect  to  the  meth¬ 
od  of  calculation  and  in  terms  of  the  results.*  From  the  standpoint  of 
radiative  heating,  the  most  important  are  the  regions  of  values  for  ^ 
and  T  at  which  the  radiation  of  atoms  and  ions  is  basic.  The  values  of 
the  shock-wave  parameters  at  which  radiative  heating  exbeeds  convective 
heating  correspond  to  precisely  these  conditions.  For  these  conditions 
substantial  errors  have  been  tolerated  in  [30-32]. 

The  basic  processes  considered  by  Kivel  [30]  are  the  photoioniza¬ 
tion  of  nitrogen  atoms  from  the  upper  excited  levels  and -the  free-free 

transitions  in  the  field.  For  these  Kivel  uses  the  Unsoeld  formula, 

*2-  * 

selecting  the  value  of  the  effective  charge  Z  =  3>  relying  on  the 
measurements  of  argon  luminescence  in  a  shock  tube  [33],  although  the 
structure  and  the  properties  of  N  and  Ar  at^s  are  completely  different 
(see  [11]).  V/ith  respect  to  these  processes  Kivel  assumed  an  exaggera- 

V 

tion  in  excess  of  an  order  of  jagnitude,  and  this  is  apparently  ex¬ 
plained  by  the  fact  that  Kivel  made  use  not  only  of  an  excessively 

*2 

larger  value  of  Z  ,  but  of  an  exaggerated  value  for  the  boundary  fre¬ 
quency  V  (for  the  definition  of  v  see  [11]).  At  the  same  time,  Kivel  • 
S  S  ■  . 

failed  to  take  into  consideration  the  recombination  that  occurs  with 
the  formation  of  the  0  and  N  atoms  in  the  ground  and  lower  excited 

t 

states.  A  particularly  significant  error  on  Kivel *s  part  is  the  fact 

* 

that  he  neglected  the  emission  in  the  spectral  lines. 

At  a  pressure  of  -1  atm  we  find  accidental  compensation  of  all  errors 
permitted  in  Reference  in  [30],  as  a  result  of  which  the  results  of 
[30]  coincide  with  ours.  At  lower  pressures  right -line  emission  and 
recombination  to  lower  levels  predominate;  therefore  the  data  contained 

in  [30]  prove  to  be  considerably  on  the  low  side.  Let  us  also  take  note 

t 

of  the  fact  that  in  [30]  the  'calculation  is  carried  out  for  an  optical-^ 
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lx  thin  layer.  In  this  connection^  for  the  actual  valuei  of  shock  de- 
tach»ent  the  emissivlty  curves  presented  in  [30]  attain  values  equal  to 
unity  considerably  earlier  than  is  the  cast  in  actual  fact. 

The  authors  of  [31]  also  consider  an  optically  thin  layer  and  for 


i^combination  emission  make  use  of ^formulas  that  are  valid  for  hydrogen, 
exaggerating  the  role  of  this  process  thereby  virtually  by  an  order  of 
magnitude.  Unlike  [30],  the  photoionization  from  each  level  is  consid¬ 
ered  separately,  thus  markedly  increasing  the  volume  of  computations 
without  raising  the  level  of  computational  accuracy  in  any  manner  what¬ 
ever. 


Reference  [31]  poses  the  problem  of  the  necessity  of  considering 
bright-line  emission.  Having  noted  the  difficulties  involved  in  such  a 
computation,  the  authors  of  [31]  as  their  first  step  evaluated,  for  a 
number  of  specific  conditions,  the  radiation  energy  of  an  optically 
thin  layer  of  nitrogen  plasma,  for  which  purpose  they  examined  individ¬ 
ually  more  than  7OO  multiplets,  supermult iplets,  and  individual  transi¬ 
tions.  For  the  spectral  lines  in  the  case  of  pressures  of  practical  in¬ 
terest,  reabsorption  appears  at  thicknesses  of  the  order  of  tenths  of  a 
millimeter.  Therefore,  the  evaluation  carried  out  in  [31]  is  of  no 
practical  interest. 

In  Reference  [32]  air  is  _y3nsidered  at  temperatures  below  9000^  K. 
The  spectral  lines  and  photoionization  are  not  taken  into  consideration, 
although  at  low  optical  densities  these  processes  become  decisive,  even 
at  these  comparatively  low  temperatures. 

TRENDS  IN  THE  FUTURE  DEVELOPMENT  OP  THE  THEORY  OF  RADIATIVE  HEATING 
The  further  evolution  of  the  theory  of  radiative  heating  is,  of 
course,  associated  with  the  refinement  of  the  probability  values  and 
the  sections  of  individual  radiation  transitions  for  atoms,  molecules, 
and  ionsj  in  addition,  it  is  associated  with  bremsstrahlung  radiation 
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in  the  field  of  neutral  systems^  and  with  the  consideration  of  the  in¬ 
fluence  exerted  by  the  interaction  of  particles  in  the  plasma.  The  so¬ 
lution  of  this  group  of  problems  will  make  it  possible  considerably  to 
reduce  the  error  in  the  calculated  radiant  fluxes. 

However^  the  basic  trend  in  the  evolution  of  the  theory  of  radia¬ 
tive  heating  are  associated  with  more  thorough  investigation  of  the 
state  of  the  gas  behind  the  wave  front.  The  examination  presented  above 
is  based  on  the  assumption  that  equilibrium  prevails  for  the  distribu¬ 
tion  of  particles  with  respect  to  the  energy  state  as  well  as  for  the 
degrees  of  dissociation  and  ionization.  In  actuality  there  are  two  fac¬ 
tors  which  may  result  in  significant  deviations  from  equilibrium. 

Relaxation  nonequilibrium.  V/ith  the  passage  of  the  compression 
shock  the  state  of  the  gas  is  subjected  to  pronounced  change.  The  ener¬ 
gy  of  the  directed  translational  motion  transforms  into  the  energy  of 
random  translational  motion,  and  this  results  in  a  sharp  rise  in  the 
kinetic  temperature.  Then  there  follows  the  development  of  excitation 
processes  in  the  rotational  and  vibrational  states,  dissociation,  chem¬ 
ical  reactions,  the  excitation  of  the  electron  states  in  atoms  and  mol¬ 
ecules,  and  ionization.  As  a  result  of  the  finite  rates  of  these  pro¬ 
cesses,  a  region  forms  behind  the  compression  shock  in  which  the  chemi¬ 
cal  composition  of  the  gas,  the  distribution  of  molecules,  atoms,  and 
ions  over  the  energy  states,  and  the  degrees  of  dissociation  and  ioni¬ 
zation  sharply  differ  from  values  corresponding  to  the  local  kinetic 
temperature.  Then  during  the  course  of  the  process  of  gradual  relaxa¬ 
tion  the  gas  approaches  a  state  of  equilibrium. 

Quasisteady  nonequilibrium.  Strictly  speaking,  equilbrium  can  pre¬ 
vail  only  in  closed  systems.  The  gas  behind  the  front  of  the  wave  is 
not  in  this  state.  The  emission,  as  well  as  the  diffusion  of  particles 
in  the  direction  of  the  streamlined  [swept]  surface,  lead  to  uncompen- 
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sated  loss  in  excited  and  ionized  particles.  The  emission  is  apparently 
the  more  significant  factor,  since  it  encompasses  the  entire  lumines¬ 
cent  volume,  whereas  diffusion  acts  primarily  in  the  vicinity  of  the 
swept  surface. 

Relaxation  nonequilibrium  is  a  decisive  factor  which  defines  the 
state  immediately  behind  the  wave  front  where  the  kinetic  temperature 
noticeably  exceeds  the  equilibrium  temperature  and  it  is  a  strong  func¬ 
tion  of  the  coordinates.  Quasisteady  nonequilibrium  determines  the 
state  of  the  gas  in  the  deeper  regions  behind  the  compression  shock.  In 
this  region  the  kinetic  temperature  is  a  weak  function  of  the  coordi¬ 
nates,  This  provides  a  basis  for  the  individual  consideration  of  each 
of  the  factors  responsible  for  nonequilibrlum. 

The  result  of  a  theoretical  examination  of  relaxation  nonequilib¬ 
rium  must  be  the  determination  of  the  concentrations  of  molecules, 
atoms  and  ions  as  functions  of  the  coordinates,  including  the  distribu¬ 
tion  of  these  systems  over  the  energy  state.  This  can  be  achieved  by 
solving  the  ccrresponding  systems  of  kinetic  equations  simultaneously 
with  the  gasdynamic  equations  of  conservation.  The  kinetic  equations 
must  take  into  consideration  not  only  the  results  of  the  various  gas- 
particle  collisions,  but  the  transfer  of  these  gas  particles  in  the 
flow.  These  equations  must  also  contain  provision  for  consideration  of 
the  transfer  of  shock-wave  radiation  from  one  region  of  the  streamlin¬ 
ing  gas  to  another. 

The  main  difficulty  encountered  in  studying  relaxation  nonequ3,llb- 
rium  in  air  is  the  virtually  total  absence  of  reliable  data  as  to  the 
effectiveness  of  atomic  and  molecular  cQllisions,  Therefore  the  quanti¬ 
tative  results  of  a  number  of  works  devoted  to  the  study  of  weak  shock 
waves  In  air  (for  example,  [34,  35])  are  of  doubtful  value. 

Let  us  now  consider  the  problem  of  relaxation  in  strong  shock 
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waves,  there  being  no  consideration  of  this  problem  in  the  literature. 
We  assume  that  this  case  exhibits  extremely  Interesting  features. 

Having  passed  through  the  front  of  a  strong  shock  wave,  molecules 
rapidly  dissociate  as  a  result  of  direct  collisions  between  one  another 
and  with  atoms.*  Our  estimates  have  shown  that  only  after  this  phenom¬ 
enon  do  significant  concentrations  of  electrons  appear.  For  this  rea¬ 
son  it  is  possible  to  speak  of  a  di\rision  of  the  zone  of  relaxation  in¬ 
to  an  extremely  short  zone  of  dissociation  relaxation  and  into  a  con¬ 
siderably  more  extended  zone  of  ionization  relaxation. 

The  proposed  mechanism  for  the  progress  of  nonequilibrium  proces¬ 
ses  is  considerably  different  from  the  nature  of  relaxation  in  weak 

shock  waves.  In  the  latter  case  the  nitrogen  molecules  dissociate 

* 

through  the  formation  of  NO  molecules  (the  Zel’dovich  mechanism),  while 
the  processes  of  dissociation  and  ionization  proceed  simultaneously. 

The  situation  here  is  that  at  low  temperatures  the  relationship 
between  the  rates  of  the  various  processes  is  determined  primarily  by 
the  difference  in  the  energies  of  their  activationo  With  a  rise  in  the 
streamlining  velocity  there  is  a  pronounced  increase  in  the  kinetic 
temperature  in  the  zone  of  relaxation  nonequilibrium.  Large  temperature 

values  significantly  weaken  the  influence  of  the  magnitude  of  the  acti- 

♦ 

vat ion  energy  on  the  rate  of  the  process.  The  relationship  between  the 
velocities  of  the  various  collisions  is  now  determined  primarily  by  the 
relationships  of  the  effective  sections.  Thus,  for  example,  it  is  ex¬ 
tremely  significant  that  the  sections  for  dissociation  are  considerably 
larger  than  the  ionization  sections. 

Thus,  the  investigation  of  the  complex  problem  of  relaxation  non- 
equilibrium  in  the  case  of  a  streamlining  molecular  gas  at  great  veloc¬ 
ities  of  streamlining  becomes  very  much  simpler.  In  practical  terms, 
the  matter  reduces  to  the  study  of  relaxation  in  an  atomic  gas.  In  this 
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collection,  we  will  consider  relaxation  nonequillbriura  In  atomic  gases. 

The  study  of  relaxation  in  an  atomic  gas  [36-3®]  has  shown  the 
need  for  taking  into  consideration  the  processes  resulting  in  the  form¬ 
ation  of  excited  atoms.  The  rate  of  their  appearance  determines  the 
rate  at  which  the  concentration  of  tom  and  electrons  increases.  In 
this  case,  it  was  significant  that  the  excited  atoms  are  formed  not  on¬ 
ly  as  a  result  of  collisions,  but  during  the  absorption  of  radiation  as 

well. 

The  transfer  of  radiation  energy  exerts  a  certain  effect  on  the 
entire  nature  of  the  relaxation.  In  [39^  ^O]  it  was  shown  that  the  ra¬ 
diation  of  a  hot  gas  propagating  before  the  front  (advance  radiation) 
is  partially  absorbed  there.  Noticeable  concentrations  of  excited  atoms 
and  electrons  are  formed  in  a  cold  gas  before  the  front.  These  are  then 
carried  to  the  compx':2ssion  shock  and,  consequently,  determine  the  ini¬ 
tial  conditions  for  the  relaxation  processes  behind  the  front.  Their 
presence  may  accelerate  the  process  of  relaxation. 

Moreover  it  was  demonstrated  In  [37]  that  the  radiation  of  the 
deep-lying  regions  of  the  shock  wave,  having  been  absorbed  in  the  zone 
of  relaxation,  may  lead  to  a  reduction  in  the  extent  of  this  zone,  In 
the  case  of  a  wave  in  argon,  consideration  of  this  phenomenon  reduced 
the  time  of  relaxation  by  an  order  of  magnitude. 

During  the  last  stage  of  relaxation,  excitation  and  ionization  are 
achieved  primarily  through  collisions  with  electrons  [36].  It  is  sig¬ 
nificant  that  the  magnitudes  of  the  sections  and  potentials  of  excita¬ 
tion  and  ionization  exert  extremely  limited  effect  on  the  efficiency  of 
the  electron  Impact.  The  rate  of  excitation  and  ionization  through 
electrons  is  very  rigidly  limited  by  the  rate  of  heating  for  the  elec¬ 
tron  gas  in  elastic  collisions  with  ions  and  atoms  [37].  Inadequate  at¬ 
tention  is  generally  devoted  to  the  need  for  knowledge  of  reliable 
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elastic-collision  sections. 

The  most  complete  experimental  data  in  the  literature  pertain  to 
argon.  The  analysis  discussed  above  made  it  possible  to  derive  theoret 
ical  values  for  the  times  of  relaxation,  these  values  in  sensible 


agreement  with  experiment. 

Apparently  the  fundamental  qualitative  relationships  derived  in 
the  analysis  of  relaxation  in  atomic  gases  retain  their  validity  for 
air  in  the  case  of  high  velocities  of  streamlining.  As  a  matter  of  fact 
the  examination  may  easily  be  extended  to  a  vjave  in  a  mixture  of  atomic 
gases.  In  this  case  it  should  be  borne  in  mind  that  the  processes  of 
generating  excited  atoms  are  determined  by  specific  streamlining  condi¬ 
tions.  For  example,  in  argon  with  an  admixture  of  cesium  vapor  there 
are  extremely  collisions  of  argon  and  cesium  atoms  in  the  ground  states 
this  leading  to  the  excitation  of  the  cesium  [38]. 

The  quasisteady  nonequilibrium  caused  by  the  yield  or  radiation 
ims  examined  in  [4l]  on  the  basis  of  the  earlier  evolved  theory  of  ra¬ 
diation  transfer  in  spectral  lines  [42].  It  was  shovm  that  the  popula¬ 
tion  of  the  excited  state  may  be  considerably  belov;  equilibrium  if  3  ~ 


=  this  criterion  is  the  probability  of  deactivation 

of  the  excited  state  through  collisions;  where  t  is  the 

natural  duration  of  the  excited  state  and  0  is  the  probability  of  a 


photon  passing  beyond  the  limits  of  the  radiating  volume  without  ab¬ 
sorption  [43].  In  the  literature  (for  example,  [44])  frequent  use  is 


made  of  another  criterion,  i.e,,  ^  <  1,  which  fails  to  take  into 

consideration  the  reabsorpt ion  of  radiation  and  is  valid  only  for  an 


optically  thin  layer.  Under  actual  conditions  such  a  simplified  ap¬ 


proach  may  lead  to  errors  in  terms  of  order  of  magnitude. 


Note  should  be  taken  of  the  fact  that  in  [4l]  it  was  assumed  that 
there  are  two  energy  states  that  correspond  to  the  atom  (or  molecule). 


In  actual  atoms  and  molecules  the  population  of  any  of  the  multiplicity 
of  states  is  a  significant  function  of  the  population  in  all  of  the  re¬ 
maining  states.  In  particular,  since  the  ionization  occurs  primarily  in 
stepwise  fashion  [45],  the  concentration  of  electrons  depends  signifi¬ 
cantly  on  the  concentration  of  excited  atoms.  In  turn,  the  concentra¬ 
tion  of  excited  atoms  in  great  measure  is  defined  by  the  collisions 
with  electrons.  The  corresponding  system  of  nonlinear  equations  was  de¬ 
rived  and  solved  in  approximate  terms  in  [46]  for  a  hydrogen  plasma.  It 
was  shown  that  for  conditions  close  to  gasdynamic,  the  concentrations 
of  electrons  and  excited  atoms  may  be  smaller  than  the  equilibrium 
[concentrations]  by  an  order  of  magnitude. 

The  low  pressures  and  temperatures  at  which  the  processes  of  shock 
excitation  and  ionization  fail  to  compensate  the  nonequilibrium  of  cor¬ 
responding  radiation  processes  promote  the  withdrawal  from  equilibrium. 
This  result  is  valid  for  any  gas.  It  should  be  noted  that  the  yield  of 
radiation  may  markedly  reduce  the  concentration  of  excited  atoms,  even 
if  the  energy  losses  associated  with  this  process  are  insignificant. 

The  derived  numerical  result  for  actual  conditions  of  air  stream¬ 
lining  are  also  complicated  by  the  inadequacy  of  information  regarding 
sections  of  inelastic  processes. 

It  should  be  noted  tljat  both  factors  responsible  for  nonequllib- 
rium  differ  in  their  effect  on  the  radiant  fluxes.  The  radiation  ap¬ 
pears  as  a  result  of  transitions  from  higher  energy  states  to  lower 
[energy  states].  In  the  relaxation  region  the  kinetic  temperature  is 
considerably  greater  than  the  equilibrium  [temperature].  There  is 
therefore  no  basis  for  the  contention  that  the  concentrations  of  excit¬ 
ed,  dissociated,  and  ionized  systems  will  approach  the  equilibrium  val¬ 
ues  monotonlcally.  Consequently,  it  is  possible  that  the  emissive  power 
of  a  unit  volume  of  the  relaxation  region  will  exceed  the  corresponding 


magnitude  calculated  in  the  assumption  that  equilibrium  had  already 
been  attained.  This  was  found  to  be  the  case  in  the  experiments  des¬ 
cribed  in  [44].  On  the  other  hand,  in  the  region  in  which  the  quasi¬ 
steady  nonequilibrium  was  significant,  the  concentrations  of  excited 
and  ionized  states  were  lover  than  those  calculated  in  the  assumption 
of  equilibrium.  This  leads  to  a  reduction  in  the  radiant  fluxes. 

Another  phenomenon  arises  in  the  case  of  strong  shock  waves  v;hen 
the  temperature,  pressure,  and  the  emissivity  are  great.  Under  these 
conditions  the  quasisteady  nonequilibrium  may  be  small.  Hov;ever,  the 
radiation  energy  losses  may  become  significant.  As  a  result  the  temper¬ 
ature  behind  the  relaxation  region  will  be  smaller  than  that  calculated 
without  consideration  of  radiation  losses,  gradually  diminishing  vjith 
increasing  distance  from  the  froi  t  of  the  v;ave. 

Reference  [47]  is  devoted  to  the  radiation  cooling  of  an  atomic 
gas,  and  the  relationship  associating  the  temperature  of  the  gas  v;ith 
the  distance  from  the  front  vjas  derived  in  this  work.  The  utilization 
of  this  relationship  requires  knovjledge  of  the  radiation  losses  of  en¬ 
ergy  per  unit  volume  of  gas.  For  the  case  of  a  wave  in  argon,  the  theo¬ 
retical  rate  of  cooling  is  in  satisfactory  agreement  with  the  measure¬ 
ments  carried  out  in  [33]»  The  results  of  the  examination  may  be  ex¬ 
tended  to  air  which,  at  high  temperatures,  represents  a  mixture  of  tv/o 
atomic  gases.  It  turned  out  that  radiation  cooling,  reducing  the  tem¬ 
perature  of  the  gas,  may  noticeably  reduce  radiative  heating.  Note 
should  be  taken  of  the  fact  that  even  a  comparatively  small  reduction 

in  temperature  is  significant,  since  the  radiant  flux  is  proportional 

4 

to  eT  ,  where  e  also  diminishes  with  temperature. 

The  shock  wave  will  also  be  subjected  to  additional  cooling,  this 
being  associated  with  the  removal  of  heat  to  the  swept  surface. 

It  is  possible  that  conditions  may  arise  under  which  relaxation 


and  quasisteady  nonequilibrium,  as  well  as  radiation  cooling^  will  make 
themselves  felt  in  concert. 

In  conclusion  let  us  note  that  the  further  development  of  the  the¬ 
ory  of  radiative  heating  is  associated  with  consideration  of  the  ex¬ 
tremely  complex  process  of  the  streamlining  of  a  blunted  body  by  a  non- 
equilibrium  flow  of  gas  exhibiting  a  high  kinetic  temperature  at  which 
the  radiation  processes  affect  both  the  kinetics  and  the  parameters  of 
the  shock  wave.  The  shock -wave  radiation  may  also  alter  the  boundary - 
layer  parameters,  this  naturally  affecting  convection  heat  transfer 
(Academician  G.I.  Petrov  indicated  this  circumstance  in  1957). 

Thus  the  radiation  processes  play  an  extremely  important  role  in 
hypersonic  streamlining.  In  this  connection,  the  processes  of  radiation 
transfer  in  many  cases  become  decisive.  It  should  be  noted  that  even 
the  continuous  emission  spectrum  under  actual  conditions  is  extremely 
far  removed  from  the  grey.  Moreover,  the  spectral  lines  of  atoms  and 
ions  play  an  important  role,  and  at  lower  temperatures  the  molecular 
bands  play  an  Important  part.  Radiation  transfer  in  a  discrete  spectrum 
differs  qualitatively  from  the  transfer  in  the  continuous  spectrum  [42]. 
Therefore  the  utilization  of  mean  absorption  coefficients  independent 
of  frequency,  as  is  frequently  encountered  in  works  devoted  to  hyper¬ 
sonic  streamlining,  can  produce  no  satisfactory  results.  Even  under 
limiting  conditions  when  the  diffusion  approximation  is  applicable  to 
radiation  transfer,  the  consideration  of  the  lines  may  alter  the  Rosse- 
land  mean  by  an  order  of  magnitude  [48]. 
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OPTICAL  PROPERTIES  OP  CLOUDS 
Ye .  M.  Fey gel  *  son 

A  brief  survey  of  the  present  state  of  research  in  cloud  optics  is 
presented.  Most  attention  is  devoted  to  theoretical  studies  on  radia¬ 
tion  transfer  in  clouds  and  the  qualitative  laws  governing  reflection 
and  iransmission  of  radiation  by  clouds  without  'taking  the  influence  of 
the  atmosphere  outside  the  cloud  into  account. 

* 

One  of  the  most  important  tasks  of  weather  satellites  is  to  col¬ 
lect  data  pertaining  to  cloud  cover.  These  data  get  to  the  satellite 
only  in  the  form  of  radiation  sensed  by  instruments  at  various  wave^ 
lengths.  Processing  of  the  signals  in  the  instruments  into  information 
on  the  state  of  the  cloud  cover  presupposes  knowledge  of  the  optical 
properties  of  clouds  and  the  influence  of  the  atmosphere  above  the 
cloud  on  the  radiation  that  the  clouds  emanate  upward. 

The  present  paper  represents  a  brief  survey  of  studies  made  at  the 
Institute  of  Atmospheric  Physics  of  the  Academy  of  Sciences  USSR  into 
the  optics  of  the  clouds  themselves.  The  second  aspect  of  the  problem 
under  cons iderat ton ^  t.e.^  the  influence  of  the  atmosphere  above  the 
clouds,  is  not  treated  here. 

The  peculiarities  of  radiant -energy  propagation  in  clouds  are  de¬ 
termined  by  three  factors: 

a)  the  scattering  on  water  droplets  is  great  at  all  wavelengths  in 

the  range  0. 3  li  <  ^  40  ji, 

b)  the  absorption  at  X  >  I.5  |x  is  an  order  greater  than  the  ab¬ 
sorption  by  water  vapor. 
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o)  the  drop -scattering  indicatrix  is  distinguished  by  sharp  for¬ 
ward  distension. 

For  comparison  of  the  optical  properties  of  a  cloud  and  the  cloud¬ 
less  atmosphere j  we  note,  for  example,  that  the  optical  thickness  of 
the  cloud  in  the  visible  region  of  the  spectrum  is  two  orders  greater 
than  that  of  the  cloudless  atmosphere.  The  latter's  scattering  indica¬ 
trix  may  be  presented  as  a  ten -term  expansion  in  Legendre  polynomials 
[1].  To  form  a  sufficiently  accurate  conception  of  the  cloud  Indicatrix, 
it  is  necessary  to  take  into  account  about  one  hundred  terms  of  this 
series  [2].  The  severe  distension  of  the  scattering  indicatrix  and  the 
high  optical  thickness  render  the  problem  of  radiation  transfer  in 
clouds  exceedingly  difficult,  and  it  requires  the  design  of  special  so¬ 
lution  methods.  The  development  of  such  methods  at  the  Institute  has 
taken  three  trends. 

L.M.  Romanova  [3-5]  elaborated  numerical  methods  for  solving  the 
exact  transfer  equations  that  are  adapted  to  high-speed  computers  and 
deliver  high  accuracy  in  the  results  obtained. 

Ye.M.  Feygel^son  [2],  using  Romanova's  data  and  known  exact  solu¬ 
tions  as  controls,  derived  analytical  expressions  for  an  approximate 
solution  to  the  exact  transfer  equations.  The  comparative  simplicity  of 
the  formulas  made  it  possible  to  give  the  study  a  geophysical  tendency 
and  to  examine  real  cloud  types. 

G.V.  Rozenberg  [6,  7]  derived  an  approximate  solution  to  the 
transfer  equation  for  arbitrary  indicatrix  shape,  taking  polarization 
effects  into  account  in  analytical  form  for  cases  in  which  absorption 
is  large  or  small  by  comparison  with  scattering.  These  studies  have  a 
spectroscopic  orientation.  The  formulas  obtained  make  it  possible  to 
Judge  of  the  absorption  properties  of  a  substance  from  measurements  of 
the  brightness  of  radiation  reflected  from  a  layer  of  it.  Since  the 
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studies  of  G.V.  Rozenberg  are  more  or  less  in  a  group  by  themselves,  we 
shall  dwell  on  them  first. 


The  fundamental  relationships  in  the  case  of  weak  absorption  take 


the  forai: 


*  {n  '•«)  exp  [—  (1 ) 


“>“o.  ^ 

w  'Ho'  (2) 

«(r.  =  for  <0<s. 

CD*  \  Po  / 


f  sli  y  1 

R  {r,  r„)  =  I '•  ('■>  i-o)  e*P  ( -  s  (f.  ’’o)  i'l  “  S  W  B  (P)  sh  (*  +  ?)']  '  (3  ) 

Here  r^  is  the  propagation  direction  of  the  light  from  the  source, 
Qq  is  the  polar  angle  of  the  ray  r^,  =  cos  0^,  R^(r,  r^)  is  the 

brightness  coefficient  of  a  semiinfinite  lay- 

^0  _ 

transparency  of  a  layer 
finite  optical  thickness,  R(r,  r^)  is  the 
Y  brightness  coefficient  of  such  a  layer,  r  is 
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the  line -of -sight  direction,  |x  =  cos  0,  0  is 

Pig.  1.  Albedo  of  the  polar  angle  of  the  ray  r,  r^  is  the  di- 

clouds  in  the  visible 

region  of  the  spec-  rection  of  a  parallel  pencil  of  incident  ra- 

trum. 

diation,  p  =  a/a,  a  and  a  are  the  absorption 


/0  JO  JO  70  Vg 

Pig.  1.  Albedo  of 
clouds  in  the  visible 
region  of  the  spec¬ 
trum. 


and  scattering  coefficients  of  the  medium  being  studied,  6  is  the 

r,rQ 

Kronecker  symbol,  =  nyp,  x  =  4to / iiYP,  is  the  optical  thickness  of  the 

cloud,  cdq  is  the  angular  divergence  of  the  illuminating  pencil  and  o)  is 
the  angular  divergence  of  the  receiver. 

The  functions  h(r,  rQ),  s(r,  r^),  g(|x)  and  the  parameter  r\  depend 
on  the  scattering  function  and  are  not  determined  from  the  theory  of  G. 
V.  Rozenberg. 

If  they  are  determined  from  experiment  or  from  some  other  theory, 
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then  Formulas  {l)-(3)  enable  us  to  calculate  i.e.,  to  determine  the 
relationship  between  absorption  and  scattering  in  the  medium. 

It  follows  from  this  that  effective  utilization  of  the  relation¬ 
ships  derived  by  G.V.  Rozenberg  is  possible  only  for  sufficiently  weak 
dependence  of  the  quantities  h(r,  r^),  s(r,  r^),  g(\i)  and  tj  on  the  op¬ 
tical  properties  of  the  medium.  Attempts  at  experimental  verification 
of  these  quantities  have  given  encouraging  results. 

L.M.  Romanova  calculated  the  functions  h(r^  r^),  s(r,  r^)  and  g(p.) 
for  the  cases  of  spherical  and  severely  distended  scattering  indica- 
trices.  The  calculations  indicated  that  we  may  speak  of  general  applic¬ 
ability  for  these  quantities  In  the  sense  of  their  weak  dependence  on 
the  shape  of  the  indicatrix  with  0^p<0. 1,  i.e.,  over  the  entire  in¬ 
terval  of  variation  of  the  parameter  p  for  which  the  theory  is  valid. 

We  note  that  according  to  data  presented  in  [2],  the  resultant  water- 
vapor  and  water-droplet  absorption  spectrum  in  the  near  infrared  region 
(X  ^  2\i)  corresponds  to  values  of  p  <  0.1  everywhere  except  in  the  cen¬ 
tral  regions  of  the  strongest  1  and  Q.  absorption  bands,  and  outside  in¬ 
dividual  high -intensity  lines. 


Fig.  2.  Albedo  of  clouds  in  the 
near  infrared  region.  1)  Microns. 


luO  — 


Fig.  3»  Albedo  of 
clouds  in  the  long¬ 
wave  region.  = 

=  0. 2  g/m3;  t  ^  0°. 


Pig.  4.  Albedo  in 
the  interval  (4^ 

8[i)  as  a  function  of 
cloud  temperature. 


Fig.  5»  Albedo  in  the 
interval  (4,  8|jl)  as  a 
function  of  cloud  wet 
ness,  l)  p  ,  g/m3. 


We  now  present  a  summary  of  the  basic 
results  that  we  obtained  with  L.M.  Romanova. 
Let  us  note  first  of  all  that  all  calcula¬ 
tions  were  carried  out  for  an  infinite,  hor- 
•  izontally  stratified  cloud  layer  with  flat 
boundaries.  It  was  assumed  that  k  =  a/(a  + 

+  a)  =  const  and  the  scattering  indicatrices 
used  were  those  for  an  individual  drop  calcu¬ 
lated  without  taking  absorption  into  account. 
The  calculations  were  made  for  p  «  10,  20, 
and  30 i  where  p  =  27Ta/s  and  a  is  the  drop  ra¬ 
dius. 

The  spectral  albedo  of  the  clouds  was 
calculated  as  a  function  of  the  optical 
thickness  Tq  of  the  cloud  and  the  zenith  dis¬ 
tance  ?  of  the  sun. 

Figure  1  shows  the  albedo  in  the  visible 
part  of  the  spectrum  as  a  function  of  Tq  for 
various  values  of  C*  The  albedo  is  not  a 
function  of  wavelength  here  because  X  «  a. 

Figure  2  shows  the  spectral  albedo  in 
the  region  0.7  micron  ^  X  ^  2.5  microns  for 
thin  (tq  =  6)  and  thick  (tq  «  30)  clouds  for 
high  =  30°)  and  low  (C  *■  60°)  solar  alti¬ 
tudes.  The  positions  of  the  basic  water-vapor 


absorption  bands  are  indicated. 


Figure  3  shows  the  spectral  albedo  in  the  long -wave  region  of  the 


spectrum.  The  curve  is  stepped,  since  values  of  and  ^hat  had  been 
averaged  over  4-micron  spectral  Intervals  were  used  in  calculating  the 
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Fig.  6.  Variation  of  brightness  of  light  reflected  from  a  cloud  (solid 
curve)  and  from  snow  (dashed  curves)  as  a  function  of  the  incidence  di¬ 
rection  of  a  parallel  pencil  of  light:  a)  with  f  =  20  ;  b)  with  ^  = 

=  60^;  c)  with  t  =  80°;  =  l80°. 


A>.  The  albedo  in  this  region  of  the  spectrum  depends  the  more  heavily 

Ai 

on  the  temperature  t°  and  wetness  of  the  cloud  the  greater  the  ab¬ 
sorption.  Figures  4  and  5  present  examples  of  this  relationship  in  the 

interval  4  microns  <  ^  ^  microns. 

An  attempt  was  made  to  determine  average  parameters  for  various 
types  of  stratified  clouds  on  the  basis  of  observational  data:  their 
thickness  H,  the  altitude  of  the  upper  boundary  the  average  radius 
a,  and  the  optical  thickness  Tq.  Then  these  figures  were  used  to  deter¬ 
mine  average  values  for  the  cloud  albedos  in  the  visible  region  of  the 
spectrum  as  a  function  of  the  sun’s  zenith  distance.  The  results  are 
presented  in  the  table. 

Intensity  calculations  for  the  light  reflected  from  the  cloud  per¬ 
mitted  establishing  a  number  of  interesting  qualitative  i.aws  for  the 

-  162  - 


optical  situation  in  clouds  observed  from  above.  First  of  all^  it  was 
noted  that  the  intensity  of  the  reflected  light  is  distributed  quite 
uniformly  among  the  directions,  v;ith  the  exception  of  the  region  of  the 


antisolar  vertical,.  Here,  with  the  sun  at  low  altitudes,  we  obsvsrve  the 


so-called  indicatrix  effect  (see  [2])  — 
a  rapid  increase  in  brightness  in  the 
direction  toward  the  horizon  that  be¬ 
comes  more  rapid  as  the  sun  descends. 
This  effect  is  represented  in  Fig.  6. 
Here  0  is  the  polar  angle  of  the  sight¬ 
ing  direction,  is  the  azimuth  angle 
reckoned  from  the  sun’s  vertical,  and 
^  =  l80®  corresponds  to  the  antisolar 


Fig.  7.  Change  in  bright¬ 
ness  of  reflected  light  as 
a  function  of  cloud -layer 
thickness,  shape  of  scat¬ 
tering  indicatrix,  and  ab¬ 
sorption.  ^  =  0,  p  =  20j 
dot-dash  line;  Tq  =  »  (up¬ 
per  curve  for  spherical  in¬ 
dicatrix,  middle  curve  for 
Rayleigh  indicatrix,  lower 
curve  for  p  ?=  20;  solid 
curve :  Tq  20;  dashed  curve 

=  12;  short  dashes;  t  = 
="^2.5. 


vertical.  The  unbroken  lines  on  the  fig¬ 
ures  represent  the  brightness  of  the 
light  reflected  from  the  cloud;  the 
dashed  lines  represent  reflection  from 
a  snow  mantle  in  various  cases.  The  fig¬ 
ures  show  a  rotation  of  the  brightness 
curves  with  increasing  with  the  same 
qualitative  effect  taking  place  for  snow. 


Figure  7  shows  the  reflected  radiation  as  a  function  of  the  cloud- 


layer  thickness  (tq  =  oo;  20;  12;  2.5)  and  of  the  relationship  between 
absorption  and  scattering  (k  =  1,  0. 98,  O.95  and  0.8;  the  values  of  k 
are  keyed  on  the  curves).  V/e  see  that  the  great  difference  between  the 


brightness  of  clouds  having  different  thickness  in  the  absence  of  ab¬ 
sorption  (k  =  1)  are  largely  reconciled  when  absorption  is  introduced 
(k  =  0.98).  The  role  of  absorption  consists  in  reducing  the  free  path 
of  the  radiation  in  the  cloud;  an  effective  reflecting  layer  with  a 
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thickness  that  becomes  smaller  the 
greater  the  absorption  forms  in  the  vi¬ 
cinity  of  the  upper  boundary.  It  is  seen 
from  the  figure  that  at  k  =  0,98,  the 
thickness  of  this  layer  is  definitely 
greater  than  2.5,  since  the  curve  (tq  = 
=2.5,  k  =  0. 98)  is  far  removed  from  the 
group  composed  by  the  remaining  curves 
corresponding  to  k  =  0. 98,  At  k  =  0,8, 
the  effective -layer  thickness  obviously 
does  not  exceed  2.5*  The  presence  of  the 
effective  reflecting  layer  is  clearly  seen  in  Fig,  8  as  well.  Beginning 
at  a  certain  value  of  Tq,  which  is  the  smaller  the  larger  k,  the  albedo 
of  the  cloud  ceases  to  change. 

Returning  to  Fig,  7,  we  draw  attention  to  an  essential  difference 
oetween  the  curves  corresponding  to  different  scattering  indicatrices 
(the  case  Tq’  =  k  =  l). 

It  should  be  noted,  however,  that  the  Rayleigh  and  isotropic  scat¬ 
tering  are  by  no  means  observed  in  clouds.  If  we  remain  within  the  lim¬ 
its  of  the  scattering  laws  peculiar  to  clouds,  the  difference  between 
orightness  curves  is  found  to  be  insignificant.  Figure  9  compares  the 
brightness  of  the  reflected  light  for  p  =  10  and  20. 

The  relative  influence  of  indicatrix  shape  becomes  stronger  with 
increasing  absorption,  since  then  the  effective  reflecting  layer  be¬ 
comes  thinner  and  the  number  of  scatterings,  which  smooth  the  indica- 

t 

trix  effect,  diminishes. 

On  the  whole,  the  figures  presented  here  indicate  a  decisive  in- 
riuence  of  absorption  on  the  nature  of  light  reflection  from  a  cloud, 
^’igure  10  enables  us  to  establish  further  that  the  region  of  weak  ab- 
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Fig.  8.  Albedo  as  a  func¬ 
tion  of  optical  thickness 
and  the  parameter  k,  ^  =  0, 

p  =  20. 


m 


sorption,  where  a  small  change  in  the 
absorptivity  results  in  a  large  change 
in  the  reflected  radiation,  is  particu- 


0  (^s  /  CM  f 


larly  critical. 

The  information  obtained  would  ap 
pear  useful  for  solving  problems  of 
cloud  identification  from  satellite  ob 
servations. 


Fig.  9«  Brightness  of  reflec¬ 
ted  light  as  a  function  of 
indicatrix  shape.  ^  =  0,  Tq  = 

=  12j  solid  line  p  =  20; 
dashed  line  p  =  10. 


As  we  noted  at  the  beginning  of  the 
paper,  the  transformation  of  radiation 
emanating  from  the  clouds  into  the  at¬ 
mosphere  above  the  clouds  must  be  taken 


into  account  simultaneously. 


The  propagation  of  radiation  in  the  atmosphere  with  cloud  cover 
taken  into  account  has  not  yet  been  studied  thoroughly  enough.  Vie  made 


Ik 


a  preliminary  attempt  to  use  the  cloud-optics 
data  enumerated  above  to  ascertain  the  possi¬ 
bility  of  cloud  differentiation.  The  distort¬ 
ing  effect  of  the  haze  above  the  cloud  was 
taken  into  account. 

We  arrived  at  the  following  conclusions, 
which  are,  unfortunately,  of  a  negative  na¬ 
ture.  These  conclusions  do  not  by  any  means 
pretend  to  be  definitive. 


Fig.  10.  Change  in  al¬ 
bedo  with  increasing 
absorptivity  of  the  me¬ 
dium.  ^  =  0,  p  =  20;  the 
curve  marked  sf  corres¬ 
ponds  to  the  case  of  the 
spherical  indicatriXi  1) 
sf . 


1.  In  the  visible  region  of  the  spectrum, 
the  scattered  light  of  the  haze  significantly 
distorts  the  light  arriving  at  the  upper 
bounda'ry  of  the  atmosphere  from  the  cloud. 


2.  The  haze  luminosity  above  clouds  does 
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depend  on  wavelength  any  more  than  it  does  on  cloud  albedo.  Thus  it 
Is  impossible  to  count  on  differentiation  of  clouds  situated  at  differ¬ 
ent  levels  on  the  basis  of  their  spectral  brightness  curves. 

3.  Low-lying  clouds  may  be  brighter  than  clouds  at  high  altitude 

✓ 

by  virtue  of  the  greater  thickness  and  scattering  ability  of  the  former. 
Hence  the  possibility  of  distinguishing  cloud  levels  on  the  basis  of 
differences  in  their  brightness  would  also  seem  rather  doubtful. 

4.  The  angular  distribution  of  the  light  reflected  from  a  cloud  is 
relatively  uniform,  except  for  the  regions  of  the  azimuth  angles  135*^  < 

<  *^  <  180^.  Here,  with  the  sun  at  low  altitudes,  we  observe  a  rapid  in¬ 
crease  in  brightness  in  the  direction  toward  the  horizon.  It  will  hard¬ 
ly  be  possible  to  exploit  this  peculiarity  of  the  angular  distribution 
for  interpretation  purposes,  since  it  is  also  a  property  of  snow  and 
atmospheric  haze. 

5*  The  difference  between  the  albedos  at  the  center  (A.  =  O.76  mi¬ 
crons)  and  on  the  skirt  of  the  oxygen  absorption  band  may  introduce  an 
error  of  the  order  of  10-20^  in  the  determination  of  the  atmosphere’s 
optical  thickness  above  the  cloud. 

6.  Clouds  that  are  not  trans illuminated  may  be  regarded  as  black 
bodies  with  an  error  of  5-10^  in  the  spectral  intervals  (4  microns  < 

<  A.  <  7  microns)  and  (12  microns  <  ^  <  40  microns).  In  the  atmospheric 
transparency  window  (8  microns  <  ^  <  12  microns),  this  error  amounts  to 

15-25^. 

In  conclusion,  let  us  indicate  a  number  of  cloud-optics  problems 
that  are,  from  our  standpoint,  of  the  first  importance. 

It  is  necessary  to  expand  experimental  research  in  clouds  -  study 
of  the  micro-  and  macrooptical  conditions  in  clouds  with  simultaneous 
following  of  their  physical  properties. 

It  is  necessary  to  supplement  the  tables  of  absorption  and  scat- 
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tering  coefficients  of  water  droplets  in  the  absorption  region,  calcu¬ 
late  the  scattering  indicatrix  with  absorption  arid  determine  the  opti¬ 
cal  properties  of  ice  crystals. 

An  important  task  is  the  calculation  of  tl^  optical  characteris¬ 
tics  of  real  clouds  —  a  project  that  must  be  preceded  by  cloud  classi¬ 
fication  and  the  elaboration  of  average  representative  parameters  for 
the  various  groups:  average  droplet  radius,  wetness,  altitude  level, 
thickness,  etc. 

In  the  field  of  radiation  transfer,  we  may  regard  as  basically 
complete  the  work  to  determine  the  fluxes  of  radiation  reflected  and 
transmitted  by  a  two-dimensional  cloud  layer  and  the  qualitative  laws 
governing  its  behavior  as  a  function  of  wavelength,  the  sun’s  position 
and  the  optical  thickness  of  the  cloud. 

The  principal  problems  here  are  to  correct  for  the  irregular 
shapes  of  the  cloud  surface  and  determine  the  optical  conditions  set  up 
by  clouds  of  limited  extent  distributed  statistically  in  space.  The  in¬ 
teraction  of  the  luminous  fields  inside  and  outside  the  clouds  must  al¬ 
so  be  studied,  i.e.,  we  must  trace  the  path  of  a  sunbeam  through  the 
atmosphere  and  the  cloud,  its  reflection  from  the  earth’s  surface  and 
its  return  to  the  upper  boundary  of  the  atmosphere. 
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EQUATION  FOR  REIiEVANCE  OP  INFORMATION  PROM  WEATHER  SATELLITES 

AND  FORMULATION  OP  BrVERSE  PROBLEMS 

G. I.  Marchuk 

Problems  of  atmospheric  optics  and  long-wave  radiation  transfer 
are  considered.  Functionals  of  the  basic  problems  are  introduced  into 
the  discussion  as  the  readings  of  insti*uments  of  the  weather  satellite. 
Adjoint  equations  related  to  the  corresponding  functionals  of  the  prob¬ 
lem  are  constructed;  these  are  referred  to  as  equations  for  re ve lance 
of  information  with  respect  to  the  specified  functionals.  Using  the 
basic  and  adjoint  equations,  the  paper  develops  a  theory  of  perturba¬ 
tions.  The  perturbation- theory  formula  makes  it  possible  to  formulate 

the  corresponding  inverse  problems  of  meteorology. 

* 

*  * 

The  present  paper  will  formulate  an  equation  for  relevance  of  in¬ 
formation  obtained  from  weather  satellites.  It  is  assumed  that  the  sat¬ 
ellite  has  a  set  of  instruments  that  register  certain  charactei^lstlcs 
of  the  radiation  field.  The  instrument  readings  are  functionals  of  the 
corresponding  problems.  We  shall  consider  the  process  of  radiation 
transfer  at  assigned  frequencies  in  the  range  from  the  ultraviolet  to 
long- wave  radiation. 

Let  us  Introduce  into  the  discussion  a  standard  atmosphere  that  is 
characterized  by  an  assigned  distribution  of  the  meteorological  ele¬ 
ments:  temperature,  humidity,  density,  aerosols,  etc.  Using  the  trans¬ 
fer  equation  for  the  standard  atmosphere,  we  can  formulate  the  problem 

-  169  - 


of  radiation  transfer.  This  problem  will  be  referred  to  as  the  unper¬ 
turbed  problem. 

Instrimients  aboard  the  weather  satellite  will  register  the  true 
functionals  of  problems,  which  differ  from  the  functionals  of  unper¬ 
turbed  problems  by  a  certain  increment,  which  we  shall  call  the  varia¬ 
tion  of  the  functional.  The  basic  problem  consists  in  determining  the 
variations  of  the  atmospheric  characteristics  frcra  given  variations  of 
the  functionals. 

Below  we  shall  set  forth  a  general  standpoint  as  to  the  inverse 
problems  related  to  interpretation  of  weather- satellite  data  and  pre¬ 
sent  algorithms  for  solving  certain  inverse  problems. 

1.  FORMULATION  OF  INVERSE  PROBLEMS 

Let  cp  be  the  intensity  of  the  radiation  and  f  be  the  radiation 
sources.  Then  the  problem  of  radiation  transfer  assumes  the  following 


operational  form: 

£?  =  /, 

where  L  is  the  integrodifferential  radiation- transfer  operator.  The 
functions  cp  and  f  belong  to  the  classes  of  functions  for  which  Eq.  (l) 
has  sense.  Moreover,  all  functions  from  among  which  the  solution  9  is 
selected  satisfy  boundary  conditions. 

Let  us  introduce  into  the  discussion  the  scalar  product  (g,  h)  as 
the  integral,  taken  over  the  entire  range  of  problem  variables,  of  the 
product  of  the  functions  £  and  h  and  define  the  adjoint  operator  L*  in 
the  Lagrangian  sense; 

{h,Lg)  =  (2) 

Let  us  consider  a  certain  linear  functional  of  the  radiation  field, 

a  functional  that  can  always  be  presented  in  the  form  of  the  following 
product : 


=  (p,  <p)» 
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(3) 


and  introduce  into  the  discussion  the  adjoint  equation  with  respect  to 
this  functional: 

L'ifp  =  p.  (4) 

where  9^*  belongs  to  the  class  of  functions  satisfying  the  boundary 
conditions  and  certain  differentiability  properties. 

We  perform  scalar  multiplication  of  Eq.  (l)  by  9  *  and  Eq.  (4) 

Sr 

by  (p  and  take  the  difference  between  the  expressions  obtained: 

(ipp', Of)  -  (<p, L'<fp‘)  =  (/, <f,')  (5) 

Taking  Relationship  (2)  into  account,  the  left  member  of  Equality 
(5)  is  zero,  so  that  we  have  the  formula 

^  U,<(p')-  (6) 

Thus,  the  functional  under  consideration  may  be  calculated 

either  from  Formula  (3)  or  Formula  (6). 

This  means  that  the  functional  can  be  calculated  by  either 

tr 

of  two  completely  different  methods:  either  by  means  of  the  solution 
to  the  basic  problem  (l),  or  by  means  of  the  adjoint  problem  (4). 

This  approach  to  determination  of  linear  functionals  has  been  de¬ 
veloped  particularly  Intensively  in  nuclear  physics  [1-6],  The  general 
formulation  of  the  problem  was  set  up  in  [3],  which  gives  a  derivation 
of  perturbation- theory  formulas  for  the  function  J 

We  shall  regard  Problems  (l)  and  (4)  as  unperturbed;  their  solu¬ 
tions  are  found  for  standard  characteristics  of  the  radiation  field. 

Since  we  have  at  our  disposal  a  set  of  functional  variations,  let 
us  use  them  to  find  perturbations  in  the  basic  characteristics  of  the 
atmosphere.  For  this  purpose,  we  construct  the  corresponding  formulas 
of  the  perturbation  theory  for  the  functionals. 

Let  us  introduce  the  perturbed  problem 

£V  =  /'.  (7) 
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¥h«re 


4 


/'-/  +  «/. 


We  perform  scalar  multiplication  of  Eq.  (7)  by  the  function  9^* 
and  of  (4)  by  the  function  9*  and  subtract  one  result  from  the  other. 
Then  we  shall  have 

(<pAZ,V)  -  =  (f.Tj.*)  -  M),  (9) 
taking  Relationships  (5)  and  (8)  Into  account,  we  rewrite  Equality  (9) 


in  the  foim 


(9p*,  =  (9p%  bf)  ~  6/p, 


(10) 


where 


6/p  *  /ji(90 

Pinilly,  we  rewrite  Relationship  (10 )  in  the  fom 
I  (9p*,  6L9'  —  6/)  =  6/p. 


(11) 


Fonnula  (ll)  may  be  written  for  any  linear  functional  from  among 
the  set  (n  =  1,  2,  . . . ,  N) ; 

(<p„;  ,  6/V  -  6/)  =  — 6/p„.  ( 12  ) 

The  functions  9  *  are  statistical  weights  in  Formulas  (12)  and 

characterize  the  region  of  influence  of  the  perturbation  6L9’  ~  6f  ov¬ 
er  the  entire  phase  space.  Taking  this  circumstance  into  account,  we 
may  refer  to  the  functions  9  *  as  information- value  functions  with  re- 

spect  to  the  functional  J  . 

^n 

Let  us  further  consider  the  difference  between  the  variations  of 


the  functionals  for  various  parameters  n.  Then  we  obtain 


(‘PPn  — —  ®/)  “  ®^Pm  *  (^3) 

Obviously,  the  information  in  the  various  functionals  must  be  in¬ 


dependent,  l.e., 
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Let  us  fix  upon  a  certain  functional 


'n 


To  this  functional  there  corresponds  an  adjoint  function  9  *  that 


n 


is  a  solution  of  Eq.  (4).  To  evaluate  the  independent  information  con¬ 
tent  in  9  *  it  is  convenient  to  examine  the  functions 
% 


Thus,  we  arrive  at  the  following  set  of  problems: 


2.  INVERSE  PRDBIEMS  OP  ATMOSPHERIC  OPTICS 


(14) 


In  interpreting  the  results  of  observations  frcan  weather  satel¬ 
lites  of  the  radiation  field  in  the  visible  region  of  the  spectrum,  it 
is  possible  to  foimulate  various  inverse  problems  in  the  determination 
of  certain  important  atmospheric  characteristics.  For  the  sake  of  sim¬ 
plicity,  we  shall  assume  that  the  unknown  atmospheric  characteristic 
is  the  deviation  from  normal  distribution  of  the  density  at  a  certain 
substation  absorbing  and  scattering  radiation.  We  shall  regard  the  at¬ 
mosphere  as  a  flat  layer;  the  external  radiation  source  is  the  sun  [7- 
9],  Then  we  arrive  at  the  following  equation: 


/=  — 5v6(|t  — H0)6(z  — 


which  can  be  written  in  the  operational  form 

L(p~f.  (1^) 

Here  we  have  assumed  that  the  problem’s  solution  is  independent  of 
azimuth  and  have  introduced  the  following  ssnnbols :  9  is  the  intensity 
of  the  radiation  at  a  frequency  v,  is  the  scatter¬ 

ing  cross  section,  is  the  absorption  cross  section,  is  the  solar 
radiation  spectrum,  av  =  a,v  +  ckv,  a.v  is  the  altitude  of  the  sun,  z  is  a 
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vertical  coordinate  with  its  origin  at  the  earth *s  surface,  h  is  the 
upper  limit  of  the  atmosphere,  p,  =  cos  ■»>,  is  the  elevation  and  y., 
(jx,  ti*)  is  the  scattering  indicatrix; 


T,  (1*.  (l')  =  S  TA  (I*)  Pn  (!»')•  ( ^7  ) 

n 

¥e  select  the  following  boundary  conditions  for  the  function  (p. 

At  the  upper  boundary  of  the  atmosphere,  the  condition  is  that  no  radi¬ 
ation  be  arriving  from  without.  Since  the  sunlight  is  taken  into  ac¬ 
count  in  the  transfer  equation  itself,  we  shall  have 

^)  =G  for  n<0.  (18) 


For  the  surface  of  the  earth,  we  shall  ass’Jime  that  the  arriving 
radiation  is  reflected  diffusely  from  the  earth *s  surface  V7ith  an  as¬ 
signed  albedo  a^.  Then  v/e  arrive  at  the  condition 

=  ^  for  l‘>0-  (19) 

—1 

Further,  we  introduce  into  consideration  the  functional  J_(q>), 

hr 

which  is  related  to  the  reading  of  the  instrument  registering,  onboard 
the  weather  satellite,  the  iiiflux  of  radiation  from  the  atmosphere, 
with  its  spectral  characteristic  |(v).  The  follov/ing  equality  v/ill  ob¬ 
viously  obtain: 


where 


h  00  1 

0  0—1 


(20) 


p  =  ng(ji)S(v)6(2  — A), 

[1.  V’>^ 

H<0. 


(21) 


Taking  the  form  of  the  function  £  into  account,  the  expression  for 


the  functional  Jp(^)  will  be  to  some  extent  simplified: 


00  1 

Jp ((p)  =  \  dv  ^ 5  (v) (p|i£?n,  Z^h. 


(22) 


It  is  obvious  that  in  the  phase  space  under  consideration,  the 
scalar  product  will  be  defined  as  follows: 
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(23) 


h  00  1 


(q),  (p*)  =  ^  dv  ^ 


0  0—1 


Let  us  introduce  into  consideration  the  adjoint  equation 


L\p*  ==  p, 


(24) 


where  2  is  defined  by  Pomula  (21)  and  L*  is  a  Lagrangian  adjoint  op¬ 
erator  that  satisfies  Condition  (2).  We  can  satisfy  ourselves  by  a  di¬ 
rect  check  that  the  fom  of  the  operator  L*  is  given  by  the  foiroula 


%-  +  “■'Pp'  -  T  S  Vt.  «*•  P*')- 

—1 


(25) 


Thus,  the  adjoint  radiation- transfer  equation  will  take  the  form 

—  II — 2-._L/vm* \  f.. 


•*  ~ar + “^p*  ~  \  (M*') = p- 


(26) 


We  note,  hov/ever,  that  Condition  (2)  will  be  identically  satisfied 


only  provided  that,  in  addition  to  this,  v;e  bind  the  function  9  *  with 
additional  conditions,  v;hich  perform  the  functions  of  boundary  condit- 
tions  for  Eq.  (26): 


at  the  upper  boundary  of  the  atmosphere 

(Pp*{h,  p)  =  0  for  p  >  0,  (27 ) 

at  the  earth's  surface 

4  1 

•YTp'CO.  =  (28) 

0 

In  accordance  v/ith  the  general  theory,  the  problem  functional  may 
also  be  defined  by  means  of  the  solution  to  the  adjoint  equation 

h  00  1 

/p  (<p)  =  5  5  ) 

00—1 

or,  taking  into  account  the  form  of  the  function  f, 

00 

Jp  (9)  -  ^  rfv5v(Pp*  (^,  P©)*  ( 30  ) 

0 

V/e  note  that  9  and  9  *  are  functions  of  v,  although  this  fact  is 

Jk^ 

not  pointed  out  specifically. 

Let  us  now  assume  that  the  meteorological  instrument  fixes  a  devia- 
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tion  of  the  functional  J  from  the  value  corresponding  to  the  standard 
atmosphere,  i.e.,  it  senses  a  quantity 

=  (31) 

This  deviation  Is  due  to  a  change  in  the  density  of  the  substa¬ 
tion  being  studied  in  the  atmosphere.  The  problem  now  consists  in  con¬ 
necting  changes  in  the  atmospheric  characteristic  with  the  variation 
of  the  functional  and  finding  the  variation  of  the  substation  density. 

For  this  purpose,  let  us  consider  the  perturbed  equation  (15) i 

—1 

It  is  assumed  that  the  solution  9’  satisfies  the  boundary  condi¬ 
tions  (18)  and  (19) • 

Let  us  further  multiply  Eq.  (32)  by  and  Eq.  (26)  by  cp‘;  we 
subtract  one  expression  from  the  other  and  integrate  the  result  over 
the  entire  region  in  which  the  solution  is  defined. 

men,  setting 

V  «  L.+  6A. 


where 


<Xv  — 


1  f 

6L  =  fiov  -  -y  J  1^'). 

•^1 

J 

and  applying  Relationship  (2),  we  arrive  at  the  perturbation- theory  for¬ 
mula  for  the  functional  Jp(9)* 

(q)p*,  =  ■— fi/p.  (33) 

On  expansion.  Formula  (33)  becomes 


The  functions  and  are  related  to  the  density  p  of  the  absor- 

y  S  V 

bing  and  scattering  substation  point: 


0(v  ~  —  P3,vf 
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where  a  is  the  cross  section  referred  to  the  unit  of  substation  mass. 
Then  we  shall  have 

6av  =  6p  (2)  flv.  6a„  =  6p  (2)  (35 ) 

We  substitute  Relationships  (35)  in  Formula  (34)  and  obtaj.n 

h 

^6p(z)Fp(2)dz  =  —  6/p,  (36) 

0 

where 

00  1  r  1  ^ 

Fp  (2)  =  (  /v  (  Gv(p'  -  "2  J  V’')  •  (37 ) 

In  the  event  that  the  solution  perturbation  is  small,  i.e.,  if  we 
can  in  approximation  set  <p’  =  9,  the  function  F  (z)  will  be  fully  de- 

kr 

fined  by 

^  r  1  ^  *1 

Fp(z)  =  5  ^  “  "2"  5  (^»  1^')  J  (37a) 

0  — 1  —1 

and  can  be  tabulated  in  advance. 

If  there  is  a  set  of  functionals  ,  then  we  arrive,  in  much  the 
same  way  as  above,  at  the  equation  system 

h 

J4p(z) Ppj2)dz  =  -  (n  =  1,  2 . N),  (38) 

0 

where 

V  ^  (ip9’p„  <3v(p' — ^  ^  l*)j*  (39) 

The  system  of  equations  (38)  may  be  used  to  find  functions  6p(z). 
There  are  at  least  two  approaches  to  solution  of  this  problem. 

The  first  approach  consists  in  the  following.  Let  us  assume  that 
the  standard  distribution  of  substation  density  can  be  described  by  an 
interpolation  formula  of  the  type 

p(2)  =  2ViM*  (^^0 

i 

where  /c^  and  are  parameters  and  g^(x)  are  the  assigned  interpolation 


functions. 


On  the  assumption  that  the  perturbed  density  p*(z)  can  be  describ¬ 
ed  by  Formula  (4o)  with  changed  parameters  3^,,  we  may  write  in 

approximation  that 


6p(z) 


i  L  ■* 


(41) 


Strictly  speaking,  the  representation  (41)  is  valid  only  for  small 
variations  6/c^  and  63^^.  Later,  however,  we  shall  introduce  into  consi¬ 
deration  a  method  of  successive  approximations  that  will  expand  the  re¬ 
gion  of  applicability  of  (4l). 

Formula (4l)  is  conveniently  written  in  the  form 

«p(2)=23«,'l>,fe).  (42) 

•  i 

where  {Se*}  is  the  sequence  of  parameters  {6xi}  and  {6^,}  ,  and  is 
the  sequence  of  functions  {g<)  and  {Hidgi/d^i}. 

Let  us  substitute  Expression  (42)  into  system  (38).  Then  we  obtain 


2  (tf  ^  —  1 »  2,  ,  ,  ,  , 


(43) 


where 


=  6n  =  6/!,„. 


(44) 


0 


If  the  matrix  A  =  !l  a„f  II  is  conditioned  well,  the  system  of  linear 
equations  is  solved  effectively  and  the  solution  is  found  in  the  form 

6e  =  A-‘6.  (^5) 

If  the  perturbations  are  not  small,  we  can  formulate  a  method  of 
successive  approximations  as  follows: 

§g(m+l)  c=  Am“*b^’”^  (^8) 

where 

br’ = -  WpL"” = (f)  -  (9'"”). 

') 


Prlr'=  W''  5  <^J'9’»„  [  o»9‘”’  “  X  5  ’"’“•'T'v  (t*'  >*’) 

0  — I  *-  —I 


(47) 
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Here  is  the  solution  of  equation  (15)  for 

p  =  pv«)(3),  pt")). 

The  second  approach  involves  the  construction  of  a  suitable  quad¬ 
rature  formula  for  the  integral  in  the  left-hand  member  of  Formula  (38). 
We  set 

h 

^  6p  (2)  Fp^  {z)dz  =  ^  Cin(>p^,  ( 48  ) 

0  i 

where  6pi  =  6p(2<),  and  c^^  are  the  coefficients  of  the  quadrature  formula 
taking  the  multiplier  F  (z)  into  account.  Obviously,  such  a  formula- 
tion  of  the  inverse  problem  does  not  differ  fundamentally  from  that 
considered  previously.  The  successive-approximation  method  is  defined 
similarly  here. 

One  important  remark:  ii  the  instrument  were  to  sense  monochroma¬ 
tic  radiation,  it  would  be  possible  to  drop  the  integration  over  v.  In 
this  case,  it  is  not  difficult  to  satisfy  ourselves  that  the  adjoint 
function  would  also  differ  from  zero  only  for  v  =  v^.  As  a  rule,  how- 
ever,  the  resolution  of  the  instruments  does  not  enable  us  to  make 
this  assumption,  since  the  function  may  vary  quite  substantially  in 
the  instruments ’ s  resolution  Interval,  and  this  circumstance  must  be 
taken  into  account  very  carefully,  since  the  value  of  Information  with 
respect  to  the  functional  J  may  var^-^qr^derably  in  this  case  from 

ir 

the  monochromatic  approximation. 

The  algorithm  that  we  have  formulated  in  setting  up  the  inverse 
problems  is  generalized  trivially  for  various  cases.  Thus,  for  example, 
it  might  be  assumed  that  the  atmosphere  consists  of  a  mixture  of  sub¬ 
stances  and  that  the  densities  of  many  substations  are  perturbed  simul¬ 
taneously.  Further,  It  has  been  assumed  in  the  calculations  that  the 
scattering  indicatrix  and  albedo  do  not  vary.  If  these  quantities  do 
vary,  similar  perturbation  theory  formulas  may  be  v/ritten  for  them. 


-  179  - 


other  generalizations  also  possible. 

In  conclusion,  we  draw  attention  to  certain  simplifications  of 
the  problem’s  mathematical  formulation.  Specifically,  in  the  analysis 
given  above  the  right-hand  members  of  Eqs.  (15)  and  (26)  incorporated 
sources  different  from  zero  only  at  the  upper  boundary  of  the  atmos¬ 
phere,  at  z  =  h.  It  is  possible  to  give  equivalent  formulations  of  the 
problems  in  which  the  sources  are  taken  into  account  in  the  boundary 
conditions.  In  this  case,  the  problem  for  the  basic  and  adjoint  func¬ 
tions  is  formulated  as  follows: 

|1  ^  +  av<p  -  y  ^  =  0. 

(p(;i,  |i)  =  iSv6([i  — }i0)  for  ii<0.  (49) 

y  9(0,  H)  =  flv ^  9(0.  ^^>0 

—1 

for  the  radiation  intensity  and 

-  ^  ^ ^  \  dv.'<f:r.  (|i,  li')  =  0. 

VA  '  ii  ^ 

for  .l*>0  (50) 

4"  <P/  I*)  =  ~  ^  I*’)  ° 

0 

for  the  adjoint  functions. 

Under  the  next  heading,  we  show  the  equivalence  of  these  two  ap¬ 
proaches  to  formulation  of  the  system  of  basic  and  adjoint  radit ion- 
transfer  equations  on  the  example  provided  by  long- wave  radiation. 

3.  INVEi^E  PROBLEaVIS  OF  LONG-WAl’E  RADIATION 

Under  the  present  heading,  we  shall  formulate  the  problem  of  temp¬ 
erature  recovery  in  the  atmosphere  over  the  field  of  receding  long-wave 
radiation  being  registered  by  the  instruments  aboard  the  weather  satel- 
ite. 

As  before,  we  shall  take  the  reading  of  the  instrument  registering 
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the  total  long- wave  radiant  flux  in  the  range  of  frequencies  with  the 
instrument  characteristic  4(v)  as  the  radiatiour- field  functional.  !rhen 
we  shall  have 

»  1 

(2  =  /j).  (51) 

0  0 

The  transfer  equation  for  the  long-wave  radiation  in  the  atmos¬ 
phere  will  be  written  as  follows: 

^  if”  “  T  5  =  /»  ( 52 ) 

—1 

where  f  is  the  atmosphere’s  intrinsic  radiation,  definable  in  the  form 


/  —  “^CCcvT]^  \T)t 

where  t)^(t)  is  determined  by  Planck’s  formula: 


ijv(7’)  =  2ji 


2k^  1 


V7ith  the  following  normalization: 


00 

\  ti.(r)<iv  =  2ito7’*, 

6 

where  a  is  Boltzmann’s  constant,  h  is  Planck’s  constant,  £  is  the  vel¬ 
ocity  of  light  in  a  vacuum  and  kl'  is  the  internal  energy  of  the  med- 
iimi. 


For  the  conditions  at  the  upper  limit  of  the  atmosphere  we  take 

(p(A,  fi)  =  0  for  n<0  (54) 

and  at  the  surface  of  the  earth 

-^9(0,  ii)  =  av  J  rfji'nXO,  n')  +  for  |A>0,  (55) 

—1 

where  Tq  is  the  temperature  of  the  earth’s  surface  layer.  The  essential 
difference  between  this  problem  and  the  case  of  short-wave  transfer  is 
the  fact  that  the  boundary  condition  at  the  earth’s  surface  (55)  has 
now  been  found  nonhomogene ous  due  to  the  fact  that  the  earth’s  own  ra¬ 
diation  has  been  taken  into  account.  If  Tq  is  assigned,  then  the  direct 
problem  (52),  (5^)>  (55)  is  completely  formulated  and  its  solution  may 
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be  efrected  by  highly  developed  methods. 

Let  us  proceed  further  to  foimulation  of  the  adjoint  problem  with 
respect  to  the  functional  J  .  For  this  purpose,  we  consider  the  basic 

It 

adjunction 


((p*,Zr9)  = 


(56) 


where  (p  and  <p*  are  functions  from  the  corresponding  spaces  recorded. 


Let  (p*  =  9p*^  and  let  9  be  a  solution  to  the  problem  (52),  (5^)^ 


(55). 


Let  us  examine  the  expression 

ooi/ip^  Ir  1 

(9p*»  \  ^  I  T"  5  9*»''Tv (ji.  P- )  j  •  (57 ) 

0—10^ 


We  recast  the  first  term  in  the  form 


00  1  h 


00  1 


CO  1  h  5(p  * 

(58) 


0-10 


Changing  the  orders  of  integrativ!)n  in  the  remaining  terms  of  (57)  ^ 


we  obtain 


00  1  h 


(9;,  L9)  =  5  +  OMp; 


0  -1  0 


J  00  1 


2  J 
-1 


0  -> 


(59) 


Then  we  adopt  the  notation 


—  1*“^  +  ®"9p*  — T,  (P-*  p9- 


»'p  2  j 

-I 


Then  ReMtlonship  (59)  is  written  in  the  fom 


(60) 


00  1 


(9',  Lf)  =  (9,  L\’)  +  5  *  ^  [19/9 


0  -1 


(61) 


Now  we  require  satisfaction  of  the  equality 

£*9,*  =  0. 


(62) 


Then,  applying  Equation  (52),  we  rewrite  Relationship  (6l)  in  the 
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fOITO 


CO  1 


{9pff)=\dv 


0  -1 


i“>A. 


x**0. 


We  present  Expression  (63)  in  the  form 


where 


i)=a—h, 

CO  1 

a  =  ^  ^  IKPp*  {K  Ji)  q>  {K  Ia), 

0  -1 

00  1 

6  =  ^  ^  #  nq)/  (0,  n)  (p  (0,  ji). 

0  -1 


(63) 

(64) 


Let  us  examine  the  expression  for  the  quantity  b  in  the  following 


fom 

CO  0  00  1 

6  =  ^  J  rfn  jwp;  (0,  n)  9  (0,  Ji)  +  ^  dv  ^  119;  (0,  jt)  9  (0,  |1).  (65 ) 

0-1  00 

Now  let  us  recall  that  the  solution  <p(0,ji,)  satisfies  the  boundary 

condition  (^5)^  which  we  present  in  the  form 

1 

9(0,  li)  -  2a,,  ^  I*')  +  ’lyC^o)  for  |x>0.  (66) 

-1 

We  substitute  Expression  (66)  in  the  second  integral  of  Eormula 
(65).  Then  we  obtain 


b 


(67) 


We  require  satisfaction  of  the  condition 


Y  |a)  =  ~  a,  jj  d\i'  (0,  fi). 


(68) 


Then  we  obtain 


CO  1 


^»  ==  5  J  d|i  H9p*  (0,  fi)  T|^  {T 0). 


0  0 


(69) 


Let  us  examine  the  expression  for  the  quantity 

00  0  00  1 

a  =  jj  dv  J  H9p*  (A,  \L)  9  (A,  |i)  +  J  d\  j  rf|A>9^*  {h,  ^i)  9  {h,  |i).  ^  (70 ) 


0  -1 


0  u 
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I 


From  Condition  (54),  we  may  conclude  that  the  first  Integral  Is 
zero.  Inasmuch  as  9(h,  p.)  =  0.  We  require  that  the  second  Integral  In 


Formula  (70)  he  equal  to  the  functional  J^,  l.e.. 


00  1 


/,  =  5  n)ip{A,  |1). 


(71) 


a  • 


To  make  Expression  (71)  agree  with  (51) ^  It  is  necessary  to  set 

<p/(4u)  =^(|i)S(v). 

Taking  the  above  Into  account,  we  may  give  Expression  (64)  the 


form 


'M  I 


(f,*.  /)  =  /p  -  5  <fv  5  cjji  H'p'  (0.  |i)  t),  {T,), 


«  • 


from  which  it  follows  directly  that 


CO  1 

Jp  =  /)  +  5  J  {0,l\k)  T]v  {T o) 

0  0 


or,  in  expanded  form. 


CO  1 


•  0  A  CO 

Thus,  the  adjoint  problem  with  respect  to  the  functional  will  take 


the  fom 


+  -- 2- 


\  1^')  =  0, 


fp'  (A.  rt  =  S  M  !(■')  for  I*  >  O' 

1 

y  V  (0.  H)  =  -  «»  V  (O'  I*')  for  I*  <  0. 


(73) 


Here  the  functional  J  is  calculated  by  one  of  the  two  following 

Jr 


formulas : 


•fp  =  5  <iv5S(v)<p(A, 


t  0 


h  00  1 


00  1 


j  **  A,  * 

+  5  <*'’5‘*i‘(“Pp'(0'  l‘)>i,(fo)'  (74) 


•  «  -I 


0  (P 
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Let  us  now  assume  that  the  functionals  (74)  correspond  to  the 
standard  characteristics  of  the  atmospheric  temperature  field.  Let  us 
consider  the  disturbed  state  of  the  atmosphere,  which  is  characterized 
by  a  deviation  of  the  temperature  from  the  standard  state.  In  the  form¬ 
ulas  for  the  functionals,  this  is  reflected  in  the  fact  that  they  un- 

% 

dergo  sane  change  in  magnitude: 


00  1 

A/p  =  jj  I  (v)  q)'  {h,  n)  /ft, 

0  0 

.  h  CO  1 

+  =  dv  5d^9/a„ti,(7’  +  5r)  + 


(75) 


•  •  -1 


OO  1 


+  ^  /v  J  /fi  fiq>*  (0/ft)  (f 0  +  of o). 


0  0 


Let  US  use  the  second  formula  of  (75) •  Using  the  second  formula 


(74)  to  exclude  J  ,  we  obtain 

tr 

h  00  1 


.  n  00  1  00  1 

-i-jdij  d»5d|i9;a„8n,(r)  +  5  dv5diiii9;(0.  =  (76) 


0  0-1 


where 


(77) 


Since  the  deviations  o^the  temperature  from  the  standard  distri¬ 
bution  do  not,  as  a  rulo,l^ceed  10-20^  of  the  absolute  temperature, 
we  may  use  the  Taylor-series  expansion  of  the  function  T)y(T  +  6T)  and 
drop  all  but  the  first  two  terms.  Then  we  shall  have  in  approximation 

t]»(T  +  6f)  =  {di\v  /  dXy^T, 

From  this , 

«ti,(2’)-(at)-/9J')«r.  (78) 

Substituting  Expression  (78)  into  Poimula  (76),  we  get 


i-  ( *  f  dv  (  dn9  •«„  5  ^  dji  9,"  (0.  ^  “  *4-  (79  ) 

Thus,  Formula  (79)  enables  us  to  connect  the  variations  of  the 
functional  6J  with  the  temperature  variations.  Formula  (79)  Is  convenr- 
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00  1 


iently  recast  as  follows: 

h 

{z)‘^{z)dz (S^) 

9 

where 


'l>W  =  yfdv|it.9;«c,^. 

“  “  (81) 

0  0 


Let  us  assume  that  the  satellite  has  N  instruments  that  register 
various  characteristics  of  the  long-v/ave  radiation.  Then  we  have  N  func¬ 
tionals 

00  0 

=  I  {h,y)Y.d^,  (82) 

0  -1 

Then  we  obtain  N  equations  of  the  form  (8o) : 

h 

\iT{z)%  (z)dz  +T„6r.  =  d/p„.  (83 ) 

6 

Here  and  are  determined  by  means  of  Formulas  (8l),  where  the 
function  ,pp*  should  be  replaced  by  (p|„. 

Thus,  we  arrive  at  a  system  of  equations  for  determining  the  devi¬ 
ations  6T.  Since  the  equation  systems  (83)  and  (38)  are  formally  equiv¬ 
alent  to  one  another,  the  methods  already  elaborated  for  application  to 
System  {38)  are  also  usable  for  solution  of  System  (83).  As  a  result, 
we  arrive  at  a  solution  for  the  inverse  temperature- field  problem. 

Attention  should  be  dravm  to  certain  details  of  the  calculation. 

To  wit;  to  the  extent  that  the  function  and  the  quantities  are 

expressed  only  in  terms  of  the  solutions  to  the  unperturbed  adjoint 

equations,  the  problem  for  cp  *  is  solved  once  for  assigned  functions 

tn(v)*  Here  it  is  not  necessary  to  resort  to  successive  approximations, 
which  were  necessary  in  solving  the  Inverse  problems  of  atmospheric  op¬ 
tics.  Even  the  quantity  dr]JdT  may  be  tabulated  for  fixed  values  of 
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BLANK  PAGE 


the  standard  temperatures.  In  cases  where 

U(v)  =€n5(v  — Vn), 

the  problem  becomes  monochromatic  and  all  integrations  over  v  are  ex¬ 
cluded. 

In  conclusion,  we  note  that,  simultaneously  with  the  temperature 
variations,  it  may  become  necessary  to  account  for  the  variations  of 
other  atmospheric  characteristics,  such  as  water- vapor  density,  etc. 

In  this  case,  we  can  first  solve  the  inverse  problem  analogous  to 
that  considered  above  for  atmospheric  optics  and  find  the  substation 
density  variations  and,  consequently,  the  form  of  the  unperturbed  equa¬ 
tion  for  the  standard  temperature  distribution.  The  problem  of  finding 

the  (p  *  is  solved  for  the  operators  thus  found,  and  then  Formulas  (83) 
^n 

are  used  to  set  up  and  solve  the  inverse  problem. 

4.  EQUATION  FOR  RELEVANCE  OF  INFORMATION  FOR  WEATHER  SATELLITES 


Under  earlier  headings,  we  derived  adjoint  functions >  which  we 
have  used  extensively  in  setting  up  inverse  problems.  In  view  of  the 
special  importance  of  these  functions,  let  us  dwell  in  greater  detail 
on  their  qualitative  analysis.  The  importance  of  the  adjoint  functions 
comes  particularly  clearly  to  the  fore  in  studies  of  perturbation- 
theory  formulas.  For  this  purpose,  let  us  consider  Formula  (38)  with 
certain  simplifying  assumptions.  Specifically,  we  shall  assume  that  the 
problem  is  monochromatic,  that  there  is  no  scattering  of  the  radiation 
and  that  the  function  <p*  =  <p  does  not  depend  on  |x.  Then  Formulas  (36), 
(37)  are  presented  in  the  form 


where 


¥e  note  that  it  is  no  longer  the  radiation  intensity,  but  the 


radiant  flux  that  appears  in  Foraiula  (84)  o 
Let  us  analyze  Formula  (84). 

Obviously,  the  quantity  oaq)  describes  the  number  of  radiation  ab¬ 
sorption  events  per  unit  of  atmospheric  height; 

We  normalize  the  quantity  <pp**z)  as  follovjs: 

h 

(86) 

0 

'This  can  always  be  done  by  suitable  normalization  of  J  ,  i.e.,  we 

can  consider  cJ  instead  cf  J  ,  where  c  is  a  constant  that  can  be  selec- 

P  P  - 

ted  arbitarily.  Obviously,  such  a  substitution  will  effect  only  the 
scale  of  the  functional. 

Foimula  (84)  indicates  the  following  fact;  the  greater  the  number 
of  radiation  absorption  events  taking  place,  the  smaller  will  be  the 
functional  since  a  smaller  quantity  of  radiation  will  be  registered 
by  the  instrument.  Using  the  normalization  (86),  we  may  regard  the  func¬ 
tion  9  *(2)  as  the  probability  density.  Indeed,  let 

ir 

609  =  6  (z  —  zo) , 

i«e.,  suppose  that  total  absorption  of  the  radiation  has  taken  place  at 
z  =  Zq,  and  that  no  additional  absorptions  take  place  outside.  Then 
Foimula  (84)  leads  to  the  expression 

<PiJ*(Zo)  =  — 6/p. 

Formula  (87)  indicates  the  fact  that 

!  6/p  I  =  (pp*  (zo) , 

i.e.,  the  absolute  value  of  the  functional’s  variation  is  equal  to  the 
adjoint  function.  Applying  the  normalization  (86),  Formula  (88)  is  in- 

I 

terpreted  as  follows :  the  function  is  the  'probability  that  the 

functional  will  change  by  an  amount  <Pp*W  in  effecting  absorption  of 
radiation  at  the  point  z  =  z^..  This  means  that  the  variation  of  the 


(87) 

(88) 


functional  will  depend  on  the  magnitude  of  9  *  at  this  point. 

P 

If  9p*  is  vanishingly  small  at  point  Zq,  then  no  matter  how  many 
absorption  events  occur  in  the  neighborhood  of  this  point,  they  will 
not  produce  essential  variations  6Jp  and,  conversely,  even  not  particu¬ 
larly  intense  radition-absoi»ption  events  v/ill  produce  significant  devi¬ 
ations  6J  at  the  points  where  the  function  9  has  maxima.  This  means 

if  xf 

that  the  function  9^*  can  be  interpreted  as  the  relevance  of  the  infor¬ 
mation  in  the  region  0  <  z  <  h  with  respect  to  the  indication  of  the 
instrument  or,  what  is  the  same  thing,  with  respect  to  the  functional 
J  .  In  those  regions  where  the  function  9  *  is  small,  the  relevance  of 
the  information  with  respect  to  the  insti*ument  indication  is  also  small 
and  vice  versa. 

Needless  to  say,  all  of  the  considerations  formulated  above  remain 
in  force  in  the  general  case  as  well,  when  no  simplifying  assumptioiiS 
are  made. 

It  must  be  remembered,  however,  that  although  the  relevance  of  in¬ 
formation  is  of  exceptional  Importance  in  the  design  of  experiments  a^^d 
interpretation  of  data,  it  is  also  necessary  to  take  the  absolute  nurar- 
bers  of  Interaction  events  between  the  radiation  and  the  medium  into 
account,  i.e.,  the  quantities  609,  which  may  be  large  precisely  in  the 
region  of  small  values  of  the  information  relevance  function.  In  this 
case,  it  is  necessary  to  consider  the  nature  and  magnitude  of  the  coef- 
ficients  of  the  matrix  A"“  in  the  solution  (45),,  observing  the  require¬ 
ment  that  the  coefficient  matrix  A  must  be  well  conditioned. 

A  similar  analysis  can  also  be  carried  through  using  Eq.  (80),  the 
only  difference  being  that  this  case  is  simpler,  since  the  solution  to 
the  basic  equations  does  not  appear  in  the  formula  and  the  functions 
i/(z)  and  the  quantities  ^  are  related  to  the  temperature  variations  and 
are  information  relevances  with  respect  to  their  own  functionals.  In 
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the  problem  under  consideration,  the  infoimation  relevance  function  is 
the  only  essential  characteristic  of  the  problem. 

The  inf onnationr- relevance  functions  with  respect  to  the  correspon¬ 
ding  functionals  acquire  special  importance  in  designing  research  pro¬ 
grams  to  be  carried  out  with  the  aid  of  weather  satellites. 

In  this  case,  it  is  necessary  to  solve  a  series  of  the  equations 
for  infoimation  relevance  and  give  an  analysis  of  the  independent  Inr- 
formation  received  from  the  various  instruments. 

If  the  functions  (p  *  differ  little  from  one  another  in  a  given 

pair  of  problems,  this  means  that  the  information  relevance  in  the  tvio 
problems  is  the  same  and,  consequently,  there  is  no  point  in  studying 
two  instruments;  we  may  limit  ourselves  to  only  one.  If,  on  the  other 
hand,  the  difference  between  the  functions  9  *  is  significant,  even  if 

only  on. part  of  the  Interval  0  <  z  ^  h,  then  the  second  instrument  will 
give  us  information  that  is  new  with  respect  to  the  first  instrument. 
Such  infoimation  will  be  useful  independent  infoimation.  The  inr- 
formation  relevances  should  be  written  for  the  normalized  functions 
ip  i.e., 

^n  h  00  1 

0  0  -1  ' 

and,  instead  of  the  functions  (pp„*  themselves,  the  differences 

should  be  examined,  selecting  from  among  them  only 
those  that  are  linearly  independent.  If  the  functions  9*pn?m  have  paiv 
tlcular  regions  of  maximum  infoimation  relevance  that  cover  the  entire 
region  more  or  less  uniformly,  then  the  set  of  functionals 

JpnPm  corresponding  to  these  functions  will  be  effective  for  solving 
Inverse  problems.  If,  on  the  other  hand,  certain  regions  are  not  pre¬ 
sented  for  analysis  in  the  appropriate  manner  because  the  information 
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relevance  in  them  is  low^  then  the  inverse  problem  for  such  regions 
cannot  be  solved  with  sufficient  effectiveness  using  fixed  instruments. 
Hence  it  is  necessary  to  seek  other  functionals  that  make  it  possible 
to  ”ill.miinate’‘ such  particular  regions  as  well. 

The  methods  examined  in  the  present  paper  may  be  used  in  foimula- 
ting  various  direct  and  inverse  problems  in  meteorology. 

Received  28  Februaiy  1964 
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ANALYTICAL  REPRESENTATION  OP  THE  BARTHES  MAGNETIC  PIELL 

IN  THE  ORBITAL  COORDINATE  SYSTEM 


A.D.  Shevnin 

Working  formulas  are  derived  for  the  magnetizing-force  components 
of  the  earth *s  constant  magnetic  field  as  functions  of  time  and  the 
elements  of  an  elliptical  orbit  in  the  orbital  system  of  coordinates. 

*  *  * 

For  research  conducted  with  artificial  earth  satellites  (ISZ),  it 
is  important  to  know  the  magnetic  field  at  that  point  on  the  orbit  at 
which  the  satellite  is  situated  at  the  given  point  in  time.  For  this 
purpose,  it  is  found  useful  to  select  a  coordinate  system  fixed  to  the 
satellite  and  derive  analytical  expressions  for  the  magnetizing-force 
components  of  the  earth* s  magnetic  field  as  functions  of  the  orbit  ele¬ 
ments  . 

If  we  take  the  positive  direction  of  the  X-axis  to  be  geographical 
North,  that  of  the  Y-axis  to  be  East  and  that  of  the  Z-axis  to  be  ver¬ 
tically  downward,  then  the  rectangular  field  components  for  a  iCixed 
point  in  space  P{r,  6,  X)  will  be  [1,  2]: 


CO  n  r  /JO  \ 

^  =  S  S  I  (4’”  eos  mX  +  in’"  sin  mX)  (  ^  j  + 


nnlmnO 


+ 


^  r  /  7? 

y  =  2  S  I  sm  wX  —  in’”  cos  mX)  + 

4-  {ErT  sin  m%  —  Cn"*  cos  mX)  j  . 
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2  =  -  S  ^  [(4"*  cos  ml  +  J,"  sin  ml)  (^)”**  (n  + 1) 
.  —  {£,"’  cosmltf  e„'»sir.ml)(-^)  nj  Pn"  (cos  0), 


(1) 


where  R  is  the  radius  of  the  earth,  r  is  the  radius  vector  of  the 
point  P,  6  is  the  complement  of  the  geographic  latitude,  (cos  9)  is 

an  associated  I^egendre  function  of  the  first  kind,  are  con¬ 

stant  coefficients  corresponding  to  the  internal  part  of  the  field  and 
e^^^  correspond  to  the  outer  field;  X  =  geographical  longitude. 
Several  definitions  [1,  3]  for  the  associated  Legendre  function  of 
the  first  kind  are  encountered  in  geomagnetism.  Thus,  Laplace  and  Gauss 
used  the  functions  that  Schmidt  denoted  by  (cos  0) : 

.  jp"’**  (cos  6)  =  sin”  6  cos”"”  0  ^ H ^  cos”'”^  0  -f 


2(2n~l) 

+  2.4(2»-l)(2n~3)  ;  0  + 

But  according  to  Schmidt *s  second  definition. 


(2) 


Pn’”(cOS0) 


^  ~  W)1 


(2n)! 


(n  +  m)!  2”nl(7i--m)i  ' 


(3) 


where  ^  =  2  for  m  ^  1  and  Eq  =  1. 

We  shall  henceforth  use  the  first  Schmidt  notation  (2)  and  the 
corresponding  expression  for  the  derivative  with  respect  to  0: 


5P”’’"(cos0) 


(4) 


^ - =  /n  ctg  0  P"'*”  (cos  0)  —  (it  —  m)  (cos  0). 

This  necessitates  making  the  appropriate  conversion  of  the  coef¬ 
ficients.  This  is  easily  done  by  applying,  for  example,  the  obvious  re¬ 
lationship  ^  ^ 

Jn,  mpn,  m  (^jqs  0)  *=  Li^P^”  (cOS  0) ,  ^  ^  ^ 

which  is  written  similarly  also  for  the  coefficients  i,  E  and  e.  Sub¬ 
stituting  Expression  (3)  here,  we  write  Relationship  (5)  in  the  more 
explicit  form 
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r«.»n  _  ■ 


Cm  (n  —  m)  I  (2n)i 


■/n 


m 


(5*) 


(n-fm)I  2"nl(n  — m)I 

We  shall  assione  that  the  satellite  Is 
moving  along  an  elliptical  orbit.  The  pro-^ 
Jection  of  this  orbit  onto  the  celestial 
sphere  is  shown  on  the  figure,  where  Y 
is  the  Vernal  Equinox,  ^  is  the  ascending 
node  of  the  ISZ  *  s  orbit ,  N  is  the  North 
Celestial  Pole,  £  is  the  projection  of 
point  P  onto  the  sphere,  NA  is  the  geogra¬ 
phic  meridian  passing  through  point  2^  is 
the  projection  of  the  perigee  onto  the  sphere,  plane  of 

the  geographical  equator,  anp  is  the  plane  of  the  ISZ»s  orbit,  OB  is 
the  noimal  to  the  plane  of  the  ISZ*s  orbit  passed  from  the  center  0  of 
the  unit  sphere,  and  is  the  longitude  of  point  2  ^'^om  the  ascending 
node. 


The  position  of  the  plane  of  the  ISZ/s  orbit  is  determined  by  the 
following  angles: 

the  longitude  0,  of  the  ascending  node  and  the  inclination  of  the 
orbit  i  to  the  plane  of  the  geographical  eqtf^tor.  ’ 

The  shape  of  the  orbit  is  characterized  by  the  semimajor  axis  a 
of  the  ellipse  and  the  eccentricity  £. 

The  position  of  point  2  on  the  elliptical  orbit  is  determined  by 
the  true  anomaly  v  (arc  Tip);  here,  v  =  u  —  co,  where  u  is  the  latitude 
argument  (arc  ftp)  and  co  is  the  angular  distance  of  perigee  from  the 
node  (arc  ftjx). 

Thus,  it  is  necessary  to  express  the  coordinates  of  point  P(r,  G, 
X)  in  terms  of  the  true  anomaly  v,  the  five  constants  ft,  1,  (o,  a^,  e 
and  the  time. 
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For  the  ISZ  orbit,  we  leave  the  component  in  the  direction  of 
the  radius  vector;  we  take  the  component  in  the  direction  of  the  arc 


s 


of  a  great  circle  passing  through  point  £  and  the  normal  OB;  we  take  Y 
perpendicular  to  the  components  X_  and  Z„. 

3  S 

It  is  easily  seen  that  the  conversion  from  X,  Y,  Z  coordinates  to 

the  new  coordinates  X„,  Y„,  and  Z^  is  effected,  by  the  formulas  rotating 

s  s  s 

the  coordinate  system  through  the  angle  a  formed  by  the  meridian  of 

point  £  with  the  great  circle  pB: 

Xc  =  X  cos  a  —  Y  sin  a, 

Xc  =  X  sin  a  4-  Y  cos  a, 


(6) 


z,=£ 


Formulas  (6)  can  be  used  for  all  quadrants  of  u  if  we  arbitrarily 
regard  a  as  positive  for  coimterclockwise  rotation. 

The  expressions  for  sin  6,  cos  6,  sin  a  ^d  cos  a  are  found  by  the 

formulas  of  spherical  trigonometry  from  the  triangle  ftiVp  : 

sin0  ~  sinttcosi/siniu  =  cos»/cosXu,  cos9  =sinnsini, 
sin  a  ==  ±  sin  i  cos  Xu,  cos  a  =  sin  Xu  /  sin  u,  ’  (7^ ) 

tg Xu  =  cos  i Ig  n,  ctg  9  =  sin'Xu tg  i  =  sin  nsin i / sin  9. 

FollG7;ing  [4],  let  us  introduce  the" absolute  longitude  X*,  which 
is  reckoned  frcsn^the  point  of  the  Vernal  Equinox: 

(8) 


_  ActK)  360°  y  (ceK)  360°  ^ 

— taB  nf>tnr\  oc-i 


86400 


(sek). 


86164,09 


Here  is  the  longitude  of  the  meridian  of  Greenwich,  rec- 

Z  V 

voned.fron  the  Vernal  Equinox  at  Greenwich  midnight  in  seconds  of  time 
(can  be  taken  from  the  astronomical  ephemeris  for  each  day  of  the  year), 
]i(sek)  Greenwich  time  (in  seconds)  at  the  point  under  considera¬ 

tion,  and  86,164.09  is  the  rt-ength  (in  seconds)  of  the  sidereal  day. 

On  the  other  hand. 


X*  =  Q  +  X 


u> 


(9) 
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Thus  we  have  from  (8)  and  (9) 

X  =  j^Q  —  gg^QQ  —  86164, J9]  +  ^  =  (^0) 

where  is  the  geographical  longitude  of  the  ascending  node. 

Using  Formulas  (6)  for  rotation,  of  the  coordinate  system.  Expres¬ 
sion  (1)  for  the  components  of  the  magnetic  field  strength.  Expression 
(4)  for  the  derivative  of  the  Legendre  function  with  respect  to  0,  the 
spherical- trigonometry  formulas  (7)  and  Relationship  (lO),  we  obtain, 
after  a  series  of  manipulations,  working  formulas  for  the  magnetizing- 
force  components  of  the  earth *s  magnetic  field  in  the  orbital  coordin¬ 
ate  system  as  functions  of  the  elements  of  the  ISZ*s  orbit: 


00  n 

■X’o  =  2  2  {l(^  —  ^)  cos  i  —  sin  i]  ( —I  4. 

n«lm»o  '•  i  \  r  J  ~ 

4.  j  j  —  [(n  _  ^.m+l  ^ 

00  n 

7c  =*  2  2  ’  sin  tt  (mA^^  cos  i  —  (n  —  m)  sin  i)  cos  b]  X 

Jv»l7;v«0 

^  [l"-"  (4)"""  +  (^)”'‘]  -  ImA’--  sin  B  -  cos'  i  + 

+  {n-m)  sin  i)  cos  u]  £"•"  (x)”"”]}  • 

00  n 

•?«=  3  3  |[.4"’'"sin«cosi  — 5’‘’”’cosb)  '(n  +  l)  — 

-  »?•"'  (^)  ]  +  [S”-"’  sin  B  cos  £  +  A"-"'  cos  b]  x 

(t  r  <" + . 


(11) 


where  we  have  adopted  the  following  notation; 


P"-”^(cos  0) 
sin  6 


sin  (m  —  1)  Xu, 


B"'”  =  ^  ?)  cos 

sm  9  '  ' 


Jn,  m  ^  Jn,m  gjjj  mX^  —  i”’  ™  COS  TJlX^i 
Jn,  m  —  jn,  m  gjjj  ^  -j.  /n,  m  qqq 

Vj 


(12) 

(13) 
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Expressions  similar  to  (13)  are  obtained  for  the  coefficients  cor¬ 
responding  to  the  exterior  part  of  the  field. 

Now  it  remains  to  express  the  quantities  and  in  terns  of 
the  orbital  elements. 

Using  the  Moivre  foimulas.  Formula  (7)  from  spherical  trigonometry 
and  Schmidt *s  first  definition  (2)  for  the  associated  Legendre  function, 
we  obtain 

^  _  C*^aTn-s5s  4.  cLia”''‘b*  - . . .)  (c),  m  >  1 . 


where 


2(^-r-l) 


m-2 


,  — — 2)(ra  — m  — 3)^^^  ■ 

2.4(2n~l)(2a  — 3)  ""j* 


,n 


and  C  are  binomial  coefficients : 

a  =  cos  u,  &  =  smu  cos  c  =  sin  a  sin  i.  (15) 

Values  of  and  are  given  in  the  table  up  to  n  =  6.  Values 

of  A^^  are  determined  by  the  same  formulas  (l4)  or  taken  from  the 
table;  it  should  be  noted  that  in  Formulas  (ll)  they  always  appear  with 
a  multiplier  (n  —  m),  so  that  they  vanish  for  m  =  n. 

Formulas  (ll)  for  the  magnetizing- force  components  of  the  earth’s 
magnetic  field  were  derived  for  a  point  P  fixed  on  the  iSZ’s  orbit.  As 
the  satellite  moves  on  an  elliptical  orbit,  the  tr*ue  anomaly  v  and  the 
radius  vector  r  of  point  P  vary  with  time  t.  Without  solving  the  Kepler 
equation,  we  can  determine  r  and  v  by  the  formulas  [5,  6]: 

p  =3  Af-j-  2«^l---~j  sin  Af  +  -^-e*  sin  2A/  +  ^e®  sin  3A/  4-  •  •  m  (16) 
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i  +  'y  — *«(i  — -|-«*jcosi?f  —  ~cos2A/ — -|-c*  cos  3iT/— . . .  (l?) 


For  a  given  point  in  time  ^  the  value  of  the  mean  anomaly  M  is 
found  from  the  formula 


(18) 


where  Tq  is  the  period  of  revolution  of  the  ISZ  on  the  orbit  and  t^  is 
one  of  the  times  at  which  the  satellite  passes  perigee. 

For  an  elliptical  orbit,  Q,  and' i  have  been  regarded  as  constant 
quantities.  In  actuality,  however,  due  to  the  deviation  of  the  earth *s 
gravitational  field  from  the  central  field,  the  satellite's  orbit  will 
e:jq)erlence  perturbations,  which  may  be  represented  as  the  following 
two  effects  [7 ] : 

1)  small  periodic  oscillations  of  the  node  i  with  an  amplitude 
~0®01*.  ¥e  may  disregard  this  perturbation  and  assume  that  i  =  const; 

2)  precession  of  the  orbit  —  an  almost  uniform  change  in  the  lon¬ 
gitude  of  the  ascending  node  that  can  be  defined  by  the  formula 

=  =  (19) 

« 

where  p  -  O.OOI63  and  Hq  is  the  initial  longitude  of  the  ascending  node. 

It  is  therefore  necessary  to  account  for  the  time  variation  of  Q 
by  formula  (19)  in  calculating  the  geographic  longitude  of  the  as¬ 
cending  node. 

In  conclusion,  a  few  words  on  the  procedure  for  calculating  the 
magnetizing- force  components  of  the  earth's  magnetic  field  in  the  or¬ 
bital  coordinate  system. 

We  shall  regard  the  following  quantities  as  assigned:  Qq,  i,  cd, 

^0  ^p’  Formula  (19)^  we  determine  0.  For  a  certain 

fixed  moment  in  t^e  t,  we  use  the  expression  in  square  brackets  in 

Formula  (10)  to  calculate  and  then  use  Formulas  (13)  to  calculate 
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the  coefficients  and  e^^^.  Then  we  find  the  mean  an¬ 

omaly  M  hy  Foiroula  (18)  for  the  same  moment  in  time.  On  the  one  hand, 

« 

knowledge  of  M  enables  us  to  employ  Formula  (I7)  to  calculate  the 
distance  to  point  P  and,  consequently,  the  quantities  R/r  and  r/R  as 
well.  On  the  other  hand.  Formula  (I6)  is  used  to  calculate  the  true 
anomaly  v  and  then  the  latitude  argument  u,  which  is  equal  to  v  ^  a>. 
Using  the  known  latitude  argument,  it  is  easy  to  find  the  quantities 

а,  b  and  c  and,  consequently,  by  Formulas  (l4)  or  from  the  table,  the 

quantities  and  At  this  point.  Formulas  (11)  can  be  used  to 

calculate  the  components  X_,  Y_,  and  Z^. 

So  S 

Received  2J  December  I963 
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GEOGRAPHICAL  DISTRIBUTION  OP  RADIATION  INTENSITY  IN  THE  REGION 
OP  THE  BPJIZILIAI^  MAGNETIC  ANOMALY  AT  AN  .\LTITUDE  OF  ABOUT  300  km 


S.N.  Vemov,  V.Ye.  Nesterov,  I. A.  Savenko, 

P.I.  Shavrin  and  K.N.  Sharvina 

The  subject  is  the  geographic  distribution  of  radiation  intensit; 
in  the  region  of  the  Brazilian  magnetic  anomaly  according  to  the  data 
frcmi  the  Kosmos-7  and  Kosmos-15  satellites.  The  distribution  obtained 
is  compared  with  the  results  of  measurements  made  on  the  satellites 
Kosmos-3  and  Kosraos-5  as  v/ell  as  on  the  satellite  Discoverer  31 
[3,  5]. 

*  *  * 

The  anomalously  small  magnitudes  of  the  terrestrial  magnetic  fie] 
along  the  Brazilian  coastline  make  it  possilbe  to  observe  the  radiatic 
of  the  earth’s  radiation  belts  at  low  altitudes  in  this  region.  Begin¬ 
ning  in  i960,  the  distribution  of  radiation  in  the  region  of  the  Bra¬ 
zilian  magnetic  anomaly  has  been  studied  by  many  authors  [1-4].  In  the 
present  paper,  we  present  the  results  of  an  investigation  of  the  geo¬ 
graphic  radiation- intensity  distribution  in  this  region  by  the  satel¬ 
lites  Kosmos-7  and  Kosmos-15.  The  launching  dates  and  orbital  charac¬ 
teristics  of  the  satellites  are  indicated  in  Tvable  1.  The  results  of 
counting- rate  measurements  on  screened  STS-5  Geiger  counters  were  used 
to  construct  the  distribution  of  the  radiation  intensity  in  the  region 
of  the  Brazilian  anomaly. 


TABLE  1 


CnyninK 

Jim 

i 

Itccmreii  it 

Kat 

Ewrora  n  iiaiioiis 

4  anoM.i.'siitf,  KM 

'j  «KocMOC*4t 

0  26.IVMn62 

208—330 

312-323 

♦KorMoc-7» 

28.VII.11)G2 

21f>_3C9 

235-3^0 

«Kockoc*15» 

22.IV.19G3 

173—371 

235—305 

1)  Satellite;  2)  launching  date;  3)  perigee 
and  apogee,  km;  4)  altitude  in  region  of 
Brazilian  anomaly,  km;  5)  Kosmos-4;  6)  26 
April  1962. 

_2 

The  minimum  screening  of  the  Geiger  counters  was  3  g*cm  ,  i.e., 
the  counters  were  capable  of  registering  electrons  v;ith  energies  E  > 

>  6  Mev  and  protons  with  energies  E  >  50  Mev.  Electrons  with  lov/er  en¬ 
ergies  were  registered  at  an  efficiency  <  1^  from  the  bremsstrahlung 
that  they  generated  in  the  casing  of  the  satellite.  The  readings  of  the 
STS-5  counters  were  stored  in  the  telemetry- system  memory  every  40  sec. 

Pig.  1  presents  the  results  of  Geiger^ counter  counting- rate  meas¬ 
urements  obtained  during  the  fligh'*'-s  of  the  satellites  Kosmos-7  and  Kos 
mos-15  across  the  Brazilian  magnetic  anomaly;  lines  of  equal  counting 
rate  f or -this  counter  are  also  plotted.  The  STS-5  Geiger  counter  regis¬ 
tered  radiation  in  both  the  internal  and  the  artificial  radiation  belts 
of  the  earth,  with  the  lather’s  contribution  dominating,  particularly 
during  the  time  of  measurements  made  with  Kosraos-7»  Indeed,  according 
to  Table  2,  in  which  typical  values  of  the  counting  rate  for  the  Geiger 
and  scintilation  counters  and  their  ratios  in  the  region  of  maximum 
coimtlng  rate  are  given  for  comparison  of  the  results  of  radiation  meas 
urements  before  and  after  the  artificial  belt  was  formed,  not  only  had 
counting  rate  increased  during  the  measurements  with  the  Kosmos-7  and 
Kosmos-15  satellites,  but  the  ratio  of  these  rates  had  also  diminished. 
This  indicates  that  the  basic  contribution  to  the  registered  counting 
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l)  Satellite;  2)  launching  date;  3)  pe 
and  apogee.  Ion;  4)  altitude  In  region 
Brazilian  anomaly,  km;  5)  Kosmos-5;  6) 
April  1962. 

The  minimum  screening  of  the  Geiger  counters  wa 
the  counters  were  capable  of  registering  electrons  vi 
>  6  Mev  and  protons  with  energies  E  >  50  Mev.  Electr 
ergies  were  registered  at  an  efficiency  <  1^  from  th 
that  they  generated  in  the  casing  of  the  satellite. 
STS-5  counters  were  stored  in  the  telemetry- system  m 
Fig.  1  presents  the  results  of  Geiger- counter  c 
urements  obtained  during  the  flights  of  the  satellit 
mos-15  across  the  Brazilian  magnetic  anomaly;  lines  ( 
rate  for  .this  counter  are  also  plotted.  The  STS- 5  Oe 
tered  radiation  in  both  the  internal  and  the  artific 
^^of  the  earth,  with  the  lather’s  contribution  dominati: 
during  the  time  of  measurements  made  with  Kosmos-7.  ; 
to  Table  2,  in  which  typical  values  of  the  counting  ; 
and  scintilation  counters  and  their  ratios  in  the  reg: 
counting  rate  are  given  for  comparison  of  the  result? 
urements  before  and  after  the  artificial  belt  was  foi 
counting  rate  increased  during  the  measurements  with 
Kosmos-15  satellites,  but  the  ratio  of  these  rates  h? 
This  indicates  that  the  basic  contribution  to  the  re{ 
fate  aboard  the  Kosmos-7  and  Kosmos-15  was  made  by  n 
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artificial  radiation  belt.  (This  conclusion  is  obvious  for  Kosmos-7> 
since  the  counting  rates  of  the  Geiger  counter  aboard  this  satellite 
are  considerably  in  excess  of  the  corresponding  values  obtained  on  Kos- 
mos-4.  As  fcr  the  Geiger  counting  rates  registered  on  the  Kosmos-15  and 
Kosinos-4:  although  they  differ  little  from  one  another,  this  difference 
becomes  significant  when  we  take  into  account  that  the  orbit  of  Kosraos- 
15  passes  considerably  lower  than  that  of  Kosmos-4) . 

~  ("'Stable  2 


j  2  CKO|>OrTh  C'ICTO,  1i.un-eM~*-C£K-‘ 

l^csi  • 

I 

_  1 
CayTHHK 

9  j 

,  J 

rcfircponcitoro 
cneriMKa,  Np 

1  <-iuum>.tn(iiinoa-  j 
{  ijoro  cBcriHKa, 

{4  j 

5  «Kocmoc-4*  I 

'^3*10*- 

I 

—3-103  : 

10 

«Kocmoc-7» 

1 

^  io»  ! 

«Kocuoc*15»  I 

1 

-  10*  i 

4 

1)  Satellite;  2)  counting  rate,  pulses 
—2  —  1 

•cm*”  ‘Sec*"  ;  3)  Geiger  counter,  N  ;  4) 

O 

scintillation  counter,  5) 

6)  Kosmos~4. 

It  is  clear  from  Fig,  1  that  the  contours  of  equal  Geiger  counter 
counting  rate  aboard  the  satellites  Kosmos-7  and  Kcsmos-15  are  similar, 
but  since  the  measurements  with  Kosmos-7  were  made  immediately  after 
formation  of  the  artificial  radiation  belt  (on  9  July  1962,  the  USA  set 
off  a  high-altitude  thermonuclear  explosion  over  Johnston  Island),  the 
counting  rate  of  the  counter  aboard  this  satellite  was  greater  than  the 
corresponding  value  obtained  v/ith  the  satellite  Kosmos-15,  and  the  re¬ 
gion  of  high  counting  rate  was  therefore  somev/hat  greater  in  size. 

As  we  know,  the  radiation  of  the  artificial  radiation  belt  con¬ 
sists  primarily  of  electrons  with  energies  ~  1-7  Mev.  Therefore  Fig.  1 
reflects  the  Intensity  distribution  of  artificial  radiation  belt  elec- 
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Pig.  2.  Comparison  of  geographic  distribution  of 
radiation  intensities  in  the  internal  and  artifi¬ 
cial  radiation  belts  of  the  earth. 

The  solid  lines  represent  lines  of  equal  Gelgei^ counter  rates  on  the 
satellite  Kosmos-15»  The  dot-dash  lines  are  lines  of  equal  counting 
rate  for  the  scintillation  counter  aboard  the  Discoverer-31  satellite 
The  dashed  contour  limits  the  region  in  v/hich  the  spectrum  of 
electrons  v/ith  energies  from  100  to  1000  kev  was  measured  aboard  the 
satellite  Discoverer- 31;  the  electron  intensity  on  the  central  line  is 
100  and  more  times  greater  than  the  intensity  at  the  periphery  [5], 

trons  with  energies  >  1  Mev  in  the  region  of  the  Brazi3ian  anomaly. 

The  geographic  distribution  of  electrons  in  the  internal  radiation 
belt  in  the  region  of  the  Brazilian  anomaly  (Pig.  2)  was  measured  V7ith 
the  American  satellite  Dicoverer-31  [5]  using  a  10-channel  permanent- 
magnet  3- spectrometer,  which  registered  electrons  in  the  energy  range 
from  100  to  1000  kev.  This  satellite  was  up  in  September  I96I  and  its 
altitude  ranged  from  240  to  4l0  km.  It  is  seen  from  Pig.  2  that  the 
positions  of  the  electron- intensity  maxima  in  the  internal  and  artifi¬ 
cial  belts  are  the  same  in  the  region  of  the  Brazilian  anomaly. 

The  Discoverer  31  satellite  was  also  equipped  with  a  plastic- sc inr- 
tillator  scintillation  coun'f'er,  which  was  screened  by  a  layer  of  alum¬ 
inum  1.25  mm  thick  and  had  a  radio  threshold  of  1  Mev.  This  counter 
could  register  electrons  with  energies  >  2  Mev  and  protons  with  ener¬ 
gies  >  20  Mev,  as  well  as  the  bremsstrahlung  that  arose  under  the  ac¬ 
tion  of  electrons  with  energies  of  only  a  few  megaelectron-volts.  The 
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contours  of  equal  counting  rate  for  this  counter  are  also  shown  in  Fig. 

2. 

It  is  evident  from  Fig,  2  that  the  position  of  the  equal-rate  con¬ 
tour  center  for  the  scintillation  counter  on  the  Discoverer-31  almost 
coincides  with  the  center  of  electronr- intensity  distribution,  while 
the  contours  themselves  are  similar  to  lines  of  equal  electron  inten¬ 
sity.  If  the  scintillation  counter  on  the  Discoverer-31  sat'=‘llite  reg¬ 
istered  electrons  preferentially,  such  a  similarity  would  be  natural. 
However,  electrons  with  energies  exceeding  2  Mev  must  also  exist  in 
the  internal  belt  in  this  case.  If  we  assume  that  the  scintillation 
counter  registered  preferentially  protons  with  energies  >  20  Mev,  then 
we  must  conclude  from  Pig.  2  that  the  spatial  distributions  of  the 
electrons  and  protons  in  the  Brazilian  anomaly  are  the  same. 

An  Indication  of  the  existence  of  differences  in  the  spatial  dis¬ 
tributions  of  electrons  with  energies  of  the  order  of  100  kev  and  the 

radiation  registered  by  the  STS- 5  Geiger  counter  v;hen  screened  with 
—2  —2 

3.4  g'Cm"’  Pb  and  0.8  g^cm"  A1  in  the  region  of  the  Brazilian  anomaly 
at  an  altitude  of  ~  650  km  was  obtained  by  V. I.  Krasovskiy  and  his  col¬ 
laborators  [4]  as  a  result  of  studies  made  with  the  satellites  Kosmos- 
3  and  Kosmos-5  (Fig.  3)«  It  is  seen  from  Pig.  3  that,  according  to  the 
data  from  detectors  v/ith  fluorescent  screens  aboard  the  Kosmos-^,  the 
center  of  distribution  of  electrons  with  energies  of  100  kev  coincides 
with  the  distribution  center  of  the  artificial- radiation-belt  electrons 

with  an  average  energy  of  ~2  Mev  as  obtained  from  measurements  with  the 

/ 

Kosmos-15  satellite,  although  the  equal- intensity  lines  of  these  two 
electron  groups  are  not  fully  similar. 

On  the  other  hand,  the  radiation  distribution  registered  by  the 
lead-protected  Geiger  counter  aboard  the  Kosmos-3  satellite  does  not 
agree  with  the  electron  distribution  in  the  Brazilian  anomaly,  either 
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on  the  basis  of  data  frcxn  the  fluorescent- screen  detectors  on  the  Kos- 

inos-3  satellite  or  on  the  basis  of  the  Kosmos-15  data. 
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Ngtg^  puls es/cm^* sec;  E)  Energy^l iterated  in  crys¬ 
tal,  Mev/cm^*sec;  F)  G)  energy  liberated  per 

single  particle,  Mev;  H)  cosmic  background;  l)  N  , 
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The  Geiger  counters  aboard  the  Kosmos-5  and  Kosmos-15  satellites 
had  approximately  identical  screening  and  differed  only  in  their 
bremsstrahlung  efficiencies.  The  counter  aboard  the  Kosmos-5  was  screen^ 
ed  with  lead  and  exhibited  considerably  lower  registering  efficiency 
for  bremsstrahlung  as  compared  v;ith  the  counter  on  the  Kosmos-15.  For 
this  reason,  the  disagreement  between  the  particle- intensity  geographr- 
ic  distributions  registered  by  the  Geiger  counters  on  the  Kosmos-3^ 
Kosmos-5  and  Kosmos-15  satellites  can  be  accounted  for  by  preferential 
registration  of  protons  aboard  the  Kosmos-3  and  the  consequent  differ¬ 
ences  between  the  proton  distribution  and  electron  distribution  in  the 
Brazilian  anomaly  [6]. 

The  measurements  made  v/ith  the  Kosmos-15  satellite  confirmed  this 
conclusion  qualitatively. 


Since  the  counting-rate  ratio  for  the  Geiger  and  scintillation 
counters  and  the  amount  of  energy  liberated  in  the  crystal  per  single 
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particle  registered  by  the  scintillation  counter  are  directly  connect¬ 
ed  to  the  content  of  penetrating  particles  in  the  radiation,  the  geo¬ 
graphic  distribution  of  these  quantities  was  studied  in  the  Brazilian 
anomaly  (counting  rate  and  amount  of  energy  liberated  were  averaged 
over  a  time  Interval  of  120  sec).  The  dark  circles  In  Pig.  3  denote 
points  at  which  the  ratio  of  counting  rates  for  the  Geiger  and  scintil- 
l^lon  counters,  ^^g/Ng^g>  exceeded  here,  the  counting  rates  remained 

high  and  could  not  be  accounted  for  by  registration  of  cosmic  rays 
alone.  At  these  points,  the  values  of  energy  liberated  in  the  crystal 
per  single  particle  are  two  or  more  times  as  large  as  the  analogous 
values  in  the  region  in  v;hich  the  Geiger  counter  rate  reached  its  maxi¬ 
mum. 

Table  3  presents  the  counting  rates  for  both  counters,  their  ratio, 
and  the  crystal- energy  values  for  one  transit  of  the  Brazilian  magnetic 
anomaly  by  the  satellite. 

The  change  in  the  composition  of  the  radiation  during  the  passage 
from  point  3  bo  point  4,  v/hich  is  at  lov/er  latitude,  is  evident  from 
Table  3- 

If  we  exclude  the  cosmic- ray  background  from  the  counter  indica¬ 
tions,  we  may  conclude  from  the  tabulated  data  that  the  ratio  of  the 
number  of  bremsstrahlung  7-quanta  from  electrons  with  energies  <  6  Mev 
to  the  number  of  protons  diminishes  by  approximately  one  order  of  mag¬ 
nitude  on  passage  from  point  3  to  point  4,  It  is  seen  from  Fig.  3  that 
these  points  with  large  proton  contribution  are  situated  to  the  west 
and  north  of  the  region  i'n  v/hich  the  counting  rate  is  highest.  Further, 
it  was  found  that  even  the  points  v/ith  relatively  high  penetrating- par¬ 
ticle  contributions,  as  obtained  duidng  a  passage  of  the  2nd  space 
vehicle  over  the  Brazilian  anomaly,  are  grouped  in  approxlmatjely  the 
same  way  (open  circles  in  Pig.  3).  In  the  Brazilian  anomaly,  therefore. 
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the  intensity  of  electrons  drops  more  sharply  with  diminishing  L  than 
does  that  of  protons  on  magnetic  shells  with  L  not  too  large. 


Pig. 3. Radiation  intensity  distribution  according  to 
data  obtained  from  the  satellite  Kosmos~3  [4]  and 
Kosmos-15. 

The  solid  lines  represent  lines  of  equal  Geiger^ counter  rates  for  the 
satellite  Kosmos-15;  the  dashed  lines  are  lines  of  equal  electron  in¬ 
tensity,  energies  above  100  kev  [4];  the  dot-dash  lines  are  lines  of 
equal  counting  rate  for  a  Geiger  counter  behind  a  shield  of  3.4  g«cm“^ 
of  Pb  +  0.8  g*cm"2  ^2  [4].  -the  open  circles  are  points  at  which,  accor¬ 
ding  to  data  obtaine'd  with  the  2nd  space  vehicle,  of  the  ratio  N  / 

—  g 

/Ng^g  <  while  the  dark  circles  are  the  analogous  points  for  the 

Kosmos-15  satellite.  The  figures  indicate  the  Geiger- counter  rates  aver¬ 
aged  over  2  minutes  and  the  value  of  the  ratio  1]  /N  .  over  the  same 
span  of  time.  -  g  sus 


It  follows  from  caaparison  of  the  equal- electron^- intensity  con¬ 
tours  obtained  with  the  Kosmos-7  and  Kosmos-15  satellites  v;ith  the  con¬ 
tours  of  equal  sclnt illation- counter  rates  from  the  satellite  Discover- 
er-31>  which  also  appears  to  have  registered  electrons  preferentially, 
that  the  electron  distributions  in  the  internal  and  artificial  radia¬ 
tion  belts  are  the  same  in  the  region  of  the  Brazilian  anomoly.  It  fol¬ 
lows  from  this  that  the  electron- intensity  distribution  in  this  region 
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is  detemined  preferentially  by  the  loss  mechanism  and  not  by  the  in¬ 
jection  conditions. 

Conclusions.  1.  Using  data  fran.  the  satellites  Kosmos-7  and  Kos- 
mos-15,  the  geographic  distribution  of  the  artificial  belt  electron  in¬ 
tensities  was  determined  at  altitudes  -300  Ion  in  the  Brazilian  anomaly 
and  found  to  agree  approximately  with  the  electron  distribution  of  the 
internal  radiation  belt  as  obtained  using  the  magnetic  spectrometer  on 
the  satellite  Discoverer-31j  and  v/ith  the  distribution  of  radiation 
registered  by  a  plastic- scintillator  scintillation  counter.  • 

2.  According  to  data  fran  the  2nd  space  vehicle  and  the  sat¬ 
ellite  Kosmos-15,  experimental  points  with  large  Geiger^ to- scintilla¬ 
tion  counting- rate  ratios  and  large  values  of  energy  liberation  per 
particle  in  the  crystal  are  situated  on  magnetic  shells  v/ith  L  <  1.4, 
which  attests  to  a  more  rapid  drop  in  electron  intensity  in  the  region 
of  the  Brazilian  anomaly  with  diminishing  L  as  compared  v;ith  proton  in¬ 
tensity.  Thus  the  geographic  distribution  of  electrons  in  the  Brazilian 
anomaly  is  apparently  somev/hat  different  from  the  distribution  of  high- 
energy  protons. 

The  authors  are  indebted  to  O.F.  Gorskaya  and  H.  Trishkina  for 
their  assistance  in  organizing  the  results. 

Received  l4  January  1964 


REFERENCES 

1.  S.N.  Vernov,  I. A.  Savenko,  P.I.  Shavrin  and  N.F.  Pisarenko,  in  Col¬ 
lection  entitled:  "Iskusstyennyye  sputnlkl  Zemll"  [Artificial 
Earth  Satellites],  No.  10.  Izd-vo  AN  SSSR  [Academy  of  Sciences 
USSR  Press],  I96I,  page  40. 

2,  V.L.  Ginzburg,  L.V.  Kurnosova,  V.I.  Logachev,  L.A.  Razorenov, 

I. A.  Sirotkin  and  M.I.  Fradkin,  In  collection  entitled :"Iskusst- 


-  212  - 


vennyye  sputnik!  Zemli,”  No.  iO.  Izd-vo  AN  SSSR,  I96I,  page  23. 

3.  P.D.  Seward  and  H.N.  Kornblum,  Jr.,  Preprint,  I963. 

4.  V.I.  Krasovskiy,  Yu.  I.  Gal*perin,  V.V.  Temnyy,  G.M.  Mulyarchik, 
N.V.  Dzhordzhio,  M.Ya.  Marov  and  A.D.  Bolyunova,  Geomagn.  1  aero- 
miya  [Geomagnetics  and  Aeronomy],  3>  No.  3,  4o8,  1963. 

5.  L.G.  Mann,  S.D.  Bloom  and  H.I.  West,  Jr.,  Space  Res.  Ill,  ed.  W. 
Priester,  I963, 

6.  Yu. I.  Gal*perin,  V.I.  Krasovskiy,  N.V.  Dzhordzhio,  T.M.  Mulyar¬ 
chik,  A.D.  Bolyunova,  V.V.  Temnyy  and  M.Ya.  Marov,  Kosmich. 
issled  [Cosmic  Research],  1,  126,  1963. 

Manu¬ 

script 

Page  [Transliterated  Symbols] 

No. 

206  r  =  geygerovskiy  =  Geiger 

206  cu  =  sts  =  stsintillyat3ion5ry  =  scintillation 


-  213  - 


32WESTIGATION  OP  TERRESTRIAL  RADIATION  BELTS  IN  THE  VldNITY 
OF  THE  BRAZILIAN  MAGfNETIC  ANOMALY  AT  ALTITUDES  OP  235-345  km 
S.N.  Vernov,  V.Ye.  Nesterov,  N.F.  Pisarenko,  I. A.  Savenko, 

O.I.  Sav\m,  P.I.  Shavrin,  K.N.  Sharvina 
Results  are  given  for  investigations  of  the  terrestrial  radiation 
belt  in  the  vicinity  of  the  Brazil  magnetic  anomaly;  these  investiga¬ 
tions  were  carried  out  with  the  Kosmos-4,  Kosmos-7>  Kosmos-9>  and  Kos- 
mpso-15  satellites  by  means  of  Geiger  and  scintillation  counters. 

The  results  obtained  with  these  satellites  and  from  the  2nd  space 
vehicle  are  presented.  • 

Daring  the  radiation  studies  carried  out  by  means  of  the  2nd 
space  vehicle  at  altitudes  of  about  300  km  in  the  low  latitudes  over 
the  Atlantic  Ocean,  close  to  the  coast  of  Brazil,  a  large  region  of 
high  radiation  intensity  was  detected  [1,  2].  It  was  established  that 
the  intensity  of  radiation  in  this  region  rises  sharply  as  a  result  of 
the  descent  of  the  inner  radiation  belt  to  low  altitudes,  this  being 
due  to  a  gigantic  negative  magnetic  anomaly.  The  magnetizing  force  of 
the  field  in  the  Brazil  anomaly  is  anomalously  small  and  at  an  altitude 
300  km  attains  values  below  0.22  gauss,  which  is  equivalent  to  an  alti¬ 
tude  of  1500  km  for  the  same  magnetic  shell,  but  along  other  longitudes. 
For  this  reason  the  investigation  of  the  inner  radiation  belt  can  be 
carried  out  by  means  of  satellites  launched  to  low  heights  [1-5]. 

On  the  other  hand,  the  study  of  the  radiation  belts  in  the  vicin¬ 
ity  of  magnetic  anomalies  is  of  independent  interest,  since  it  may 

yield  information  regarding  the  mechanisms  of  particle  loss  and  genera- 
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tion  in  the  radiation  belts. 


Below  we  present  preliminary  results  of  investigations  of  the 
terrestrial  radiation  belts  in  the  vicinity  of  the  Brazil  magnetic 
anomaly  at  altitiades  of  235-345  Voai,  these  investigations  having  been 
carried  out  v;ith  the  satellites  Kosmos-4,  Kosmos-7^  Kosmos-9>  and  Kos- 
mos-15. 

The  launching  dates  and  orbital  characteristics  of  these  satel¬ 
lites,  as  well  as  those  of  2nd  space  vehicle,  are  presented  in  the  fol¬ 
lowing  table. 


1  CnyTMHK  1 

2  i 

JI-iTa  sanycKa 

1  ! 

■5  1 

->  Ilepurea  n 
anorcii,  xjtt  { 

1 

L  Bucora  b  paaoiie 

V  BpaaiLiJbCKDit 

1  aHOManna,  km 

5  2KocMnqecKHH 

-  KopaG.’ii. 

19.VIIL1960 

306—339 

310-335 

6  «Kocmoc-4» 

26JV.1960 

298—330 

312—325 

«Kocmoc~7» 

28.VII.1962 

210—369 

235-340 

<Kocmoc-9* 

27.IX.1962 

301—353 

j  314-345 

<Kocuoc*15> 

22.IV.1963 

173—371 

1  235—305 

1)  Satellite;  2)  launch  date;  3)  perigee 
and  apogee,  in  km;  4)  altitude  in  the  vi¬ 
cinity  of  the  Brazil  anomaly,  in  km;  5) 

2nd  space  vehicle;  6)  Kosmos-4. 

VARIATION  IN  RADIATION  INTENSITY  PK)M  THE  INNER  RADIATION  BELT  IN  THE 
PERIOD  OP  TIME  BETWEEN  THE  PLIQITS  OP  THE  2^  SPACE  VEHICLE  AND  THE 
kosmos-4  SATELLITE 

In  connection  with  the  onset  of  the  minimum  in  solar  activity 
there  arises  interest  in  the  study  of  variations  in  particle  intensity 
in  the  inner  radiation  belt.  The  lifetime  of  protons  in  the  inner  radi¬ 
ation  belt  is  a  function  of  the  proton  energy  and  the  density  of  the 

atmosphere,  this  lifetime  being  of  the  order  of  10-10°  sec  for  alti- 

8 

tudes  of  1000  km  [6],  The  duration  of  the  solar  cycle,  equal  to  4*10° 
sec  (11  years)  is  greater  than  the  lifetime  of  the  protons  at  these  al¬ 
titudes.  Consequently,  at  altitudes  below  1000  km,  the  changes  in  at¬ 
mospheric  density  occurring  during  the  course  of  the  cycle  of  solar  ac¬ 
tivity  and  affecting  the  magnitude  of  the  ionization  proton  losses  may 
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Fig,  1.  Comparison  of  Geiger- counter  data  obtained 
from  the  flights  of  the  2nd  space  vehicle  and  the 
Kosmos-4  satellite  througlPthe  Brazil  anomaly. 

Solid  circles  —  counting  rate,  registered  aboard  the  Kosmos-4  satellite, 
in  pulses/cm^.sec;  open  circles  —  counting  rate  registered  aboard  the 

p 

2nd  space  vehicle,  in  pulses/cm  ‘sec.  Solid  lines  —  contours  of  count- 

2  2 

ing  rates  equal  to  25  pulses/cm  •zee  and  6  pulses/cm  •  sec  as  recorded 
aboard  the  Kosmos-15  satellite. 


be  the  factors  responsible  for  the  temporary  variations  in  proton  in- 

t 

tensity  in  the  inner  radiation  belt  [7]  which  result  in  an  increase  in 
particle  Intensity  at  the  above- indicated  altitudes  during  the  years  of 
minimum  solar  activity. 

In  order  to  reveal  the  nature  of  the  variations  in  the  vicinity 
of  the  Brazil  anomaly,  an  attempt  was  made  to  compare  the  Geiger- count¬ 
er  data  produced  by  the  2nd  space  vehicle  and  those  of  the  Kosmos-4 
satellite.  Unfortunately,  a  direct  comparison  is  impossible,  since  the 
existing  information  pertains  to  various  regions  of  the  anomaly  (Fig. 
1).  The  contours  of  equal  Geiger- counter  counting  rates  obtained  by  the 
Kpsmos-15  satellite  can  be^employed  for  an  Indirect  comparison. 

Figure  1  shows  that  the  radiation  intensity  in  the  vicinity  of 
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the  maxlmiaia  Geiger- counter  count  produced  hy  the  2M  space  vehicle  in¬ 
creased  in  1962  by  a  factor  of  approximately  2-3  relative  to  the  data 
obtained  in  i960. 


Fig.  2.  Counting  rates  from  Geiger 
counters  as  a  function  of  B  values 
for  several  values  of  L.  Solid 
lines  —  the  2nd  space  vehicle; 
dashed  lines  ~  the  Kosmos-4  sat¬ 
ellite.  1)  N,  pulses/cm2* sec;  2) 

B,  gauss. 

A  more  rigorous  comparison  can  be  carried  out  by  comparing  the 
counting  rates  of  the  Geiger  counters  aboard  the  2nd  space  vehicle  and 
Kosmos-4  satellite  for  identically  established  values  of  intensity  for 
the  magnetic  field  B  for  given  values  of  L  (in  Fig.  2,  B  and  L  are  the 
Mcllwain  coordinates).  Since  the  readings  of  the  counters  aboard  the 
2nd  space  vehicle  were  taken  infrequently  (each  3  minutes),  the  average 
values  of  B  and  L  for  this  interval  of  time  were  taken. 

Figure  2  shows  the  counting  rate  of  the  Geiger  counter  as  a  func¬ 
tion  of  the  intensity  of  the  ma,gnetic  field  B  as  obtained  by  the  2nd 
space  vehicle  and  the  Kosmos-4  satellite  for  various  values  of  L. 

For  L  "'1.2,  1.3>  and  1.45  the  counting  rate  of  the  counter  aboard 
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the  Kosmos-4  satellite  rises  more  steeply  with  a  reduction  in  B  than 
does  the  [counting  rate]  obtained  from  the  2nd  space  vehicle.  With  L 
-1.3  an(3  L  '-1.45  the  counting  rate  at  the  maximum  obtained  from  the 
Kosmos-4  satellite  exceeded  the  counting  rate  produced  by  the  2nd  space 
vehicle  by  a  factor  of  4-6. 

Hess  calculated  the  curves  showing  the  change  in  proton  Intensity 
in  the  inner  radition  belt  during  the  course  of  the  solar^activity  cy¬ 
cle,  these  changes  being  attributable  to  changes  in  atmospheric  densi¬ 
ty.  Having  used  these  curves  [7]  (Fig.  13 )>  it  becomes  possible  for  us 
to  arrive  at  the  estimate  that  the  intensity  of  protons  with  energies 
of  25  Mev  must  increase  over  the  period  of  time  between  the  flights  of 
the  2nd  space  vehicle  and  the  Kcsmos-4  satellite  by  a  factor  of  four 
for  the  magnetic  shell  L  =  1.25  given  a  magnetic-field  strength  of  B  == 
=  0.209  gauss.  For  protons  with  energies  of  100  Mev  the  magnitude  of 
the  increase  is  equal  to  2.5. 

There  are  no  experimental  data  from  the  Kosmos-4  satellite  for  L 
-1.2  and  B  -0.225  gauss.  Extrapolation  of  the  experimental  curve  for 
L  -1.2  obtained  for  large  values  of  magnetic-field  strength  B  to  the 
value  B  0.215  gauss  yields  an  increase  by  a  factor  of  four.  Thus  the 
experimentally  determined  magnitude  of  the  increase  in  radiation  inten¬ 
sity  in  the  inner  radiation  belt  In  the  vicinity  of  the  Brazil  anomaly 
is  in  rp'^her  good  agreement  with  the  Increase  calculated  under  the  as¬ 
sumption  that  the  protor.s  are  injected  by  means  of  a  neutron  mechanism, 
and  that  the  losses  occur  primarily  as  a  result  of  ionization  losses. 

The  increase  in  the  counting  rate  of  the  Geiger  counter  recorded 
aboard  the  Kosmos-4  satellite  in  comparison  with  the  measurement  con¬ 
ducted  aboard  the  2nd  space  vehicle  cannot  be  uniquely  attributed  to 
the  Increase  in  the  proton  intensity  in  the  inner  belt,  since  the 
counting  rate  might  have  changed  as  a  result  of  differences  in  the 
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shLelcJlng  of  the  counters  or  because  of  an  East-West  asynnnetry  in  pro¬ 
ton  intensity  in  the  radiation  belt  [8,  9]-  However,  the  probability 
of  such  a  false  effect  is  small,  since  the  shielding  of  the  counters 
used  aboard  the  2nd  space  vehicle  and  Kosmos-4  satellite  was  virtually 
identical,  and  to  explain  the  recording  of  an  increase  in  the  counting 
rate  by  means  of  an  East-West  asymmetry  it  would  be  necessary  to  assume 
that  the  following  three  conditions  were  simultaneously  satisfied:  l) 
the  counter  aboard  the  Kosmos-4  satellite  during  the  flight  through  the 


Brazil  anomaly  was  randomly  oriented  to  the  V/est  v^hereas  the  counter 
aboard  the  2nd  space  vehicle  v/as  randomly  oriented  to  the  East  (it  has 
been  calculated  that  for  protons  exhibiting  energies  from  60  to  120 
Mev  and  subject  to  the  Freden-VJhite  spectrum,  \ost^zap  “  2  [9]);  2) 
the  space  vehicle  in  each  flight  through  the  Brazil  anomaly,  for  which 
radiation  data  v/ere  available,  must  be  oriented  identically;  3)  the  or¬ 
ientation  of  the  Kosmos-4  satellite,  as  well  as  that  of  the  2nd  space 
vehicle,  should  not  have  changed  during  the  course  of  the  entire  flight 
time  through  the  anomaly. 

Because  of  the  low  probability  of  the  above- indicated  false  ef¬ 
fects,  it  is  apparently  possible  to  draw  the  conclusion  from  the  deri¬ 
ved  results  that  there  existed  a  temporary  jjariat ion  in  the  intensity 


cinitV  of  tho  Brazil 


of  particles  in  the  inner  radiation  belt 


magnetic  anomaly  in  196O-I962.  If  it  is  held  that  the  ifei^  belt  is 
fomxed  as  a  result  of  a  neutron  mechanism,  this  variation  must  be  as¬ 


sociated  primarily  with  the  reduced  density  of  the  atmospher^  in  I962 
at  an  altitude  of  -300  km  and  partially  with  the  increasing/intensity 
of  cosmic  radiation  during  this  period  (in  Reference  [lOj^it  is  esti¬ 
mated  at  20^) .  y 

DETEmiNATION  OP  PARTICLE  LIFETIME  IN- AlT^IPICIAL  RADIATION  BELT 

An  analysis  of  the  short  term  relationship  between  the  total  number 
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of  pulses  recorded  by  the  Geiger  counters  during  the  course  of  a  day 
aboard  the  satellite  Kosmos-7>  Kosmos-9  and  Kosinos-15  (these  satel¬ 
lites  were  launched,  respectively,  20  days,  2  months,  and  9  months 
after  the  formation  of  an  artificial  radiation  belt  on  9  July  1962) 
make  it  possible  to  determine  the  lifetime  of  the  particles  in  the  ar¬ 
tificial  radiation  belt  with  mirror  points  lying  at  altitudes 
<  370  km.  This  time  proved  to  be  equal  to  3  months  [10],  Since  the  ar¬ 
tificial  radiation  belt  descends  to  an  altitude  of  300  km  primarily  in 
the  vicinity  of  the  Brazil  magnetic  anomaly  [11],  through  use  of  the 
Geiger- counter  data  from  the  Kosmos-4  and  Kosmos-9  satellites  for  near¬ 
by  positicns  in  this  area  of  approximately  identical  altitudes  (-300 
km),  it  becomes  possible  to  evaluate  the  lifetime  t  of  the  particles 
in  the  artificial  radiation  belt  at  points  with  various  values  for  the 
terrestrial  magnetic  field  B. 

In  this  case  we  will  refer  to  the  readings  of  the  counter  aboard 
the  Kosmos-4  satellite,  resulting  from  cosmic  radiation  and  the  natur¬ 
al  radiation  belts,  as  the  background.  The  derived  results  are  shown 
in  Fig.  3»  These  results  may  be  regarded  as  estimates,  since  the  tra¬ 
jectories  of  the  Kosmos-7  and  Kosmos-9  satellites  in  the  vicinity  of 
Brazil  magnetic  anomaly  did  not  always/  coincide  and  It  sometimes  be¬ 
came  necessary  to  compare  counting  rates  at  points  differing  from  each 
other  by  approximately  2°  of  longitude.  We  can  see  from  Pig.  3  that  in 
the  central  part  of  the  anomaly  region,  with  B  =  0.23  gauss  and  L  - 
=  1.25-1.4,  the  lifetime  is  equal  approximately  to  4  months.  In  this 

part  the  orbit  of  Kosmo8-4  is  shifted  by  about  10®  with  respect  to 
the  orbit  of  the  Kosmos-7>  which  does  not  yield  a  great  error,  since 
here  the  background  due  to. cosmic  radiation  and  the  natural  radi¬ 
ation  belt  is  not  great.  As  can  be  seen  from  Fig.  3,  the  lifetime  of 
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the  particles  in  the  artificial  radiation  belt  for  L  <  1»7  is  more 
than  a  month. 


>1^5<L<UU 
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Fig.  3*  Lifetime  t 
of  particles  in  the 
artificial  radia¬ 
tion  belt  as  a  fiinc- 
tion  of  B  and  L. 

The  values  of  L  are 
indicated  around 
each  point,  l)  in 
months;  2)  B  gauss. 


The  quantity  t  for  1.25  <  L  <  1.4  and 
B  =  0.23  gauss  coincides  with  the  data  ob¬ 
tained  aboard  the  "Injun- 1*'  and  the  "injun- 
III"  satellites  for  the  same  B  and  1.25  <  L  < 
<  1‘35  [?]•  With  L  ~2  and  B  ==  0.265  gauss 
the  lifetime  is  about  20  days.  It  is  inter¬ 
esting  to  note  that  the  curves  showing  the 
drop  in  particle  intensity  for  the  artificial 
radiation  belt,  these  curves  having  been 
measured  aboard  the  Telstar  satellite  during 
the  same  period  as  the  measurements  carried 


out  aboard  the  Kosmos-7  and  Kosmos-9  satellites,  yield  approximately 
the  same  lifetime  for  L  -^2  and  considerably  lower  values  of  B  (0.04 
gauss  <  B  <  0.08  gauss)  [7^  12].  Hence  we  can  see  that  t  in  this  re¬ 
gion  is  independent  of  B,  l.e.,  [independent]  of  altitude.  This  may  in¬ 
dicate  that  at  L  ^2  the  energy  losses  of  the  particles  are  not  govern¬ 
ed  by  dissipation  in  the  atmosphere  and  that  there  exists  some  mechan¬ 
ism  of  losses  to  which  the  particles  in  the  shell  with  the  given  L  are 
subject  (for  example,  magnetic  dissipation). 


CONCLUSIONS 


In  the  investigations  of  radiation  in  the  vicinity  of  the  Brazil 
magnetic  anomaly  by  means  of  the  Kosmos-4,  Kosmos-7^  Kosmos-9  and  Kos- 
mos-15  satellites,  the  following  results  were  obtained. 

1.  During  the  course  of  the  flight  of  the  Kosmos-4  satellite  in 
April  1962  an  increase  in  the  counting  rate  of  Geiger  counter  was  de¬ 
tected,  this  increase  being  greater  by  a  factor  of  approximately  4  than 

the  measurements  carried  out  in  August  of  i960  aboard  the  2nd  space 
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vehicle.  The  magnitude  of  the  increase  corresponds  to  the  anticipated 
change,  as  calculated  by  Hess,  in  the  intensity  of  the  protons  in  the 
inner  belt  v;ith  transition  to  the  solar-activity  minimum;  this  change 
in  intensity  v;as  brought  about  by  the  reduction  in  atmospheric  density. 
This  fact  serves  as  an  additional  argument  in  favor  of  the  neutron 
mechanism  as  the  source  of  protons  in  the  inner  radiation  belt. 

2.  The  lifetime  of  the  electrons  in  the  artificial  radiation  belt 
has  been  measured,  and  in  the  case  of  magnetic  shells  v/ith  L  <  1.8  di¬ 
minishes  from  v^'alues  of  4  months  v/ith  B  =  0.23  gauss  and  L  =  1.25-1-4 
to  20  days  v;ith  B  =  O.265  gauss  and  L  =  2.  It  follov;s  from  comparison 
v;ith  measurements  carried  out  aboard  the  Telstar  satellite  that  the 
lifetime  of  electrons  in  the  magnetic  shell  with  L  -2  is  independent  of 
B  in  the  interval  0.04  to  0.265  gauss,  V7hich  indicates  the  existence 
in  this  magnetic  shell  of  a  pov;erful  loss  mechanism,  unlike  the  Coulomb 
scattering  in  the  atmosphere  (for  example,  magnetic  dissipation). 

The  authors  are  indebted  to  T.M.  Taranova  and  T.N.  Maslova  for 
the  formulation  of  the  results. 
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219  BOCT  =  vost  =  vostok  =  east 
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THE  POSSIBILITIES  OP  REPLACING  THE  NITROGEN  THE  AIR  WITH  HELIUI-I  Bi 


SPACE-VEHICLE  CABINS  AND  THE  EFFECTIVENESS  OF  USING  A  HELIUI-I- OXYGEN 
MIXTURE  FOR  VENTILATION  OF  A  SPACE- PRESSURE  SUIT 

A.G.  Dianov 

The  replacement  of  nitrogen  by  heliimi  in  the  atmosphere  of  space- 
vehicle  cabins  represents  an  expedient  approach  both  from  the  physio¬ 
logical  as  X‘:ell  as  from  the  engineering  standpoints.  Up  to  the  present 
time  there  had  been  no  prolonged  experiments  in  v/hich  a  helium-oxygen 
mixture  was  used  as  the  medium  of  human  environment. 

Two  experiments  have  been  carried  out  on  human  beings,  these  tests 
lasting  22  and  30  days.  It  was  established  that  it  is  possible  for  a 
human  being  to  spend  a  prolonged  period  of  time  (up  to  25  days)  in  an 
airtight  cabin  in  whose  atmosphere  the  nitrogen  of  the  air  had  been  re¬ 
placed  by  helium.  In  view  of  the  high  thermal  conductivity  of  the  hel¬ 
ium-oxygen  mixture,  the  zone  of  thermal  comfort  for  the  test  subjects 
during  daylight  hours  exhibited  a  temperature  range  of  24. 5-27. 5° 0,  the 
temperatures  ranging  from  26-29° C  for  this  zone  at  night.  A  change  in 
the  speech  patterns  of  the  test  subjects  was  noted,  this  change  being 
expressed  in  a  shift  of  the  speech  spectrum  tov/ard  frequencies  higher 
by  a  magnitude  of  0.7  of  an  octave. 

It  has  been  demonstrated  in  experiments  lasting  up  to  24  hours 
that  the  utilization  of  a  helium-oxygen  mixture  for  ventilation  of  a 
space  pressure  suit  at  elevated  ambient  temperatures  (27-30*’ C)  consid¬ 
erably  improves  heat  transfer  on  the  part  of  the  human  being  and  makes 

it  possible  to  reduce  the  ventilation  volume  of  the  space  suit. 
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itoong  contemporary  problems  of  space  medicine,  the  problem  of  pro¬ 
viding  a  microclimate  within  the  cabins  of  space  vehicles  assumes  an 
Important  place.  It  is  quite  obvious  that  the  microclimate  of  the  cab¬ 
ins  must  exhibit  optimum  physiological- hygienic  characteristics  and 
satisfy  a  number  of  engineering  requirements.  In  this  connection,  the 
problem  of  replacing  the  nitrogen  in  the  air  of  the  cabins  by  helium 
takes  on  great  significance.  The  concepts  upon  which  the  hypotheses  of 
the  expediency  of  this  substitution  are  based  follow  from  considera¬ 
tion  of  the  primary  physicochemical  properties  of  helium  and  the  phys¬ 
iological  hygienic  investigations  involving  the  use  of  this  gas  which 
v;ere  carried  out  prior  to  this  time  in  various  areas  in  the  field  of 
medicine. 

In  viev/  of  the  lov/  solubility  of  helium  in  comparison  V7ith  nitro¬ 
gen  in  liquids  and  particularly  in  fats  [1],  an  atmosphere  consisting 
of  oxygen  and  helium  involves  fewer  dangers  connected  V7ith  the  develop¬ 
ment  of  decompression  disturbances  which  may  affect  a  human  being  in 
the  cabin  of  a  space  vehicle  as  a  result  of  pressure  drops.  The  pro¬ 
ject  carried  cut  in  connection  with  the  utilization  of  helium  in  order 
to  prevent  caisson  disease  in  divers  [2],  as  well  as  theoretical  in¬ 
vestigations  [3],  have  confirmed  this  hypothesis. 

The  substitution  of  nitrogen  by  helium  eliminates  the  harmful  ef¬ 
fect  on  a  human  being  of  induced  radioactivity  which  may  occur  under 
the  action  of  cosmic  radiation  on  nitrogen  molecules  [4]. 

Having  considered  the  high  thermal  conductivity  of  helium  (great¬ 
er  by  a  factor  of  6  in  comparison  with  nitrogen),  we  have  a  basis  for 
the  assumption  that  a  human  being  in  the  cabin  of  a  space  vehicle  with 
a  helium-oxygen  medium  may  more  easily  withstand  the  higher  ambient 
temperatures  than  in  air.  Should  this  hypothesis  be  experimentally  con¬ 
firmed,  tho  substitution  of  nitrogen  by  helium  will  play  a  significant 
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role  in  shielding  a  human  being  against  the  high  temperatures  (up  to 
35* C)  which  may  prevail  in  a  space  vehicle. 

In  view  of  the  fact  that  the  density  of  helium  is  smaller  by  a 
factor  of  approximately  7  than  the  density  of  air,  the  utilization  of 
a  helium-oxygen  mixture  in  space  vehicles  will  lead  to  a  reduction  in 
the  launching  weight  of  the  vehicles.  Moreover,  the  presence  of  helium 
in  the  atmosphere  of  the  space-vehicle  cabin  is  expedient  should  it  be¬ 
come  necessary  to  detect  the  source  of  a  breakdown  in  the  airtightness 
of  the  vehicle,  since  the  best  method  of  detected  this  circumstance 
involves  the  utilization  of  a  helium  leakage  detector.  It  may  also  be 
assumed  that  the  substitution  of  nitrogen  by  helium  leads  to  a  reduc¬ 
tion  in  the  energy  required  for  the  forced  ventilation  of  the  cabin. 

Up  to  the  present  time  a  number  of  projects  [2,  3,  5-13]  have 
been  devoted  to  the  study  of  the  influence  of  a  helium- oxygen  mixture 
on  animal  and  human  organisms.  In  the  experiments  with  animals  it  has 
been  demonstrated  that  it  is  possible  to  achieve  a  prolonged  stay  (up 
to  two  and  a  half  months)  in  a  gaseous  medium  in  which  the  nitrogen 
of  the  air  has  been  replaced  by  helium.  In  the  range  of  temperatures 
from  18  to  22°C,  the  helium,  exhibiting  a  greater  thermal  conductivity 
than  nitrogen,  raises  the  ability  of  animals  to  eliminate  gases  by  in¬ 
creasing  the  losses  of  heat.  With  a  rise  in  the  temperature  of  the  hel¬ 
ium-oxygen  mixture  to  27-29® C,  however,  animals  exhibit  no  significant 
changes . 

The  effect  of  the  helium- oxygen  mixture  on  the  hirnian  organism  was 
investigated  only  in  brief  experiments  lasting  no  more  than  several 
hours  (during  dives  to  great  depths,  in  the  treatment  of  certain  res¬ 
piratory-organ  diseases,  etc.).  The  results  of  these  investigations 
demonstrated  the  possibility  of  a  human  being  briefly  breathing  a  hel¬ 
ium-oxygen  mixture  under  both  normal  and  elevated  pressures  (up  to  16 

-  226  - 


atm).  However,  in  these  experiments  the  helium- oxygen  mixture  was  not 
employed  as  the  general  gaseous  medium  surrounding  the  individual,  hut 
rather  as  a  gaseous  mixture  supplied  for  purposes  of  breathing  through 
a  mask.  Prolonged  experiments  in  which  a  helium- oxygen  mixture  was  used 
as  the  medium  of  human  environment  had  not  been  carried  out  as  of  the 
present. 

The  possibility  of  a  prolonged  stay  on  the  part  of  a  human  being 
in  an  airtight  cabin  at  ground  barometric  pressure,  with  the  nitrogen 
in  the  air  of  the  cabin’s  atmosphere  having  been  replaced  by  helium, 
is  the  subject  of  the  present  v;ork.  Tv/o  prolonged  experiments  with  an 
over-all  duration  of  22  and  50  days  were  carried  out  with  participation 
of  two  test  subjects  (the  test  subjects  spent  10  and  25  days,  respect¬ 
ively,  in  the  helium-oxygen  medium).  The  regeneration  of  the  air  in  the 
cabin  and  the  maintenance  of  the  required  humidity  levels  were  achieved 
by  means  of  air-conditioning  systems.  The  temperature  of  the  gaseous 
medium  in  the  cabin  v/as  maintained  by  means  of  a  heat- regulation  sys¬ 
tem.  The  substitution  of  the  nitrogen  by  helium  in  the  air  of  the  cabin 
v/as  carried  out  as  follows :  initially  the  cabin  was  ventilated  with 
pure  medicinal  oxygen  in  order  to  remove  all  nitrogen  from  the  cabin 
and  desaturate  this  gas  from  the  organism  of  the  test  subject.  Then, 
as  an  atmosphere  consisting  of  97^  oxygen  and  yf>  nitrogen  was  develop¬ 
ed  in  the  cabin,  the  oxygen  ventilation  was  curtailed  and  ventilation 
with  helium  of  high  purity  was  undertaken  to  the  point  at  which  an  at¬ 
mosphere  consisting  approximately  of  22.5^  oxygen,  765^  helium,  and 
1.5^^  niurogen  was  attained.  The  concentration  of  carbon  dioxide  during 
the  course  of  the  experiment  did  not  exceed  0.7^>  the  relative  humidity 
was  maintained  at  a  level  of  30-60^,  and  the  temperature  of  the  gaseous 
medium  in  the  cabin  varied  within  a  range  of  16-32® C.  The  variations 
in  the  temperature  of  the  gaseous  medium  within  such  a  wide  range  were 
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made  necessary  by  the  need  to  determine  zones  or  themal  comfort  for 
the  test  subjects  both  in  the  air  and  in  the  helium-oxygen  media. 

The  test  subjects  wore  cotton  Jersey  underwear  and  sweatsuits. 

They  ate  four  times  daily,  with  a  general  average  dally  food  intake  of 
3600  kcal.  During  the  course  of  the  entire  experiment  the  subject  was 
seated  in  an  am  chair:  daring  the  hours  in  which  he  was  av/ake  he  was 
in  a  sitting  position,  while  during  sleep  he  was  lying  down  in  a  hori¬ 
zontal  posltitlon  (the  back  of  the  chair  being  folded  back  in  this 
case).  During  the  course  of  the  experiments  the  functioning  of  the 
central  nervous  system,  respiration,  the  cardiovascular  system,  gas 
and  heat  exchange,  as  well  as  speech  and  hearing  v/ere  studied.  Moreover, 
the  behavior  of  the  subjects  was  kept  under  observation  and  their  moods 
were  taken  into  consideration. 

As  a  result  of  the  experiments  that  were  carried  out  it  was  demr- 
onstrated  that  a  helium  mediimi,  because  of  lbs  high  themal  conducti¬ 
vity,  significantly  alters  the  transfer  of  heat  on  the  part  of  a  human 
being.  A  stay  in  a  helium-oxygen  medium  at  temperatures  18-24° C  comfor¬ 
table  for  air  resulted  in  noticeable  cooling  of  the  subjects:  at  a  cab¬ 
in  temperature  of  21° C  the  average  weighted  surface  temperature  of  the 
skin  of  the  subject  in  the  helium-oxygen  medium  was  virtually  two  de¬ 
grees  lower  than  in  air.  In  the  helium- oxygen  medium  the  zone  of  ther¬ 
mal  comfort  for  the  test  subjects  in  a  State  of  wakefulness  during  day¬ 
light  hours  ranged  from  24.5-27.5°C,  while  at  night,  during  sleep,  it 
ranged  from  26-29° C.  Our  attention  is  drawn  to  the  significant  reduction 
(ly3®)  of  the  zone  of  themal  comfort  in  the  helium-oxygen  medium  in 
comparison  with  an  analogous  zone  in  an  air  medium. 

The  noted  changes  are  explained  by  the  more  pronounced  cooling 
properties  of  the  helium-oxygen  medium  in  comparison  with  air.  In  a 
helium-oxygen  medium  the  drop  in  temperature  in  a  dry-bulb  catathemo- 
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meter  took  place  considerably  more  rapidly  than  in  air:  at  an  ambient 
temperature  of  20.0®C  the  drop  occurred  approximately  39^  more  rapidly, 
while  at  a  temperature  of  24. 5^*0  the  corresponding  figure  was  33* 5^- 
The  body  temperature  of  the  test  subjects  during  the  course  of  the  ex¬ 
periments  experienced  no  regular  variations  and  fluctuated  between 
36.2-37*0"C. 

The  reaction  to  heat  on  the  part  of  the  test  subjects  in  a  helium- 
oxygen  medium  was  somewhat  different  from  that  in  air.  In  the  helium- 
oxygen  medium  a  change  in  temperature  was  sensed  more  clearly  than  in 
air.  Moreover,  a  change  in  the  temperature  of  the  he li\am- oxygen  medium, 
v/hether  up  or  down,  was  sensed  more  rapidly  by  the  subjects  than  in 
air.  The  reaction  to  heat  in  a  helium- oxygen  medium  is  subject  to  a  far 
greater  extent  to  the  influence  of  such  factors  as  the  intake  of  food 
and,  particularly,  physi-'^l  exercise.  During  the  course  of  physical  ex¬ 
ercise  in  a  helium- oxygen  medium,  at  a  comfortable  temperature  for  a 
state  of  rest,  the  subjects  experienced  a  sensation  of  thermal  discom¬ 
fort  much  more  rapidly  and  to  a  much  greater  extent.  On  the  other  hand, 
the  return  to  normal  sensations  of  heat  after  physical  exercise  in  a 
helium- oxygen  medium  also  occurred  much  more  rapidly  than  in  an  air 
medium. 

The  experimental  data  considered  below  were  derived  primarily  at 
comfortable  temperatures  for  the  gaseous  medium  in  the  cabin. 

In  investigating  the  functional  state  of  the  central  nervous  sys¬ 
tem,*  deteminations  were  made  of  the  magnitudes  of  the  rheobase  and 
the  chronaxy  of  the  cutaneous,  visual,  vestibular,  and  motor  analyzers, 
the  capacity  of  the  eye  to  resolve  flickering  light  pulses  of  increas¬ 
ing  frequency,  the  state  of  the  taste  and  sensory  ajialyzers,  the 
bioelectric  potentials  of  various  sections  of  the  brain  in  a  state 
of  relative  rest,  and  during  the  course  of  various  functional 
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tests,  determinations  were  made  of  the  conditioned-motor  reilexes, 
the  state  of  the  higher  psychic  functions,  and  the  ability  uo  perfonn 
work. 

The  analysis  of  the  bioelectric  potentials  and  the  magnitudes  of 
the  latent  period  of  conditioned-motor  reflexes  showed  that  during  the 
course  of  the  experiments  the  test  subjects  exhibited  gradual  intensi¬ 
fication  of  inhibitory  processes  in  the  cerebral  cortex,  which  ic  home 
out  by  the  gradual  increase  in  the  bioelectric  activity  of  slow  rhythms 
in  the  four  standard  abductions,  as  well  as  a  certain  extension  of  the 
latent  period  of  conditioned-motor  reflexes.  Both  during  the  first  and 
second  experiments,  the  analysis  of  the  electroencephalographic  records 
was  carried  out  by  a  detemination  of  the  magnitude  of  the  total  bio¬ 
electric  effect  over  a  period  of  10  seconds  in  Integral  units.  During 
the  course  of  the  first  prolonged  experiment,  as  the  ability  of  the 
test  subject  to  function  was  being  investigated,  the  magnitude  of  the 
bioelectric  activity  of  the  delta-rhythm  at  the  beginning  of  the  exper¬ 
iment  amounted  to  l4  integral  units  as  the  transmission  of  information 
by  means  of  a  coding  device  was  being  carried  out,  this  figure  gradually 
increasing  toward  the  end  of  the  experiment  to  35  integral  units.  The 
magnitude  of  the  bioelectric  activity  of  the  theta- rh3rthm  increased, 
from  12  to  25  integral  units,  while  the  alpha- rhythm  increased  from  12 
to  31  integral  units.  In  the  second  experiment,  the  same  quantitative 
relationship  was  observed  for  the  Increase  in  the  magnitudes  of  the 
bioelectric  activity  of  the  low-frequency  rhythms.  The  Indicators  of 
bioelectric  activity  for  high-frequency  rhythms  during  the  course  of 
the  experiment  exhibited  a  certain  tendency  to  diminish  both  during 
periods  of  rest  and  during  periods  of  work  on  the  part  of  the  test  sub¬ 
jects. 

The  gradual  Increase  in  the  magnitudes  of  the  bioelectric  activity 
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for  low-frequency  rhytlims  during  the  course  of  the  experiments  cannot 
be  associated  v/lth  any  specific  Influence  by  the  helium- oxygen  medium 
on  the  higher  nervous  activity  of  the  test  subjects.  This  is  confinned 
by  the  fact  that  during  the  prolonged  experiment  involving  an  air  med¬ 
ium,  the  test  subject  also  exhibited  a  regular  increase  in  the  bioelec¬ 
tric  activity  of  these  rhythms  [l4].  Apparently,  the  increase  in  bio¬ 
electric  activity  of  the  low-frequency  rhythms  should  be  regarded  as  a 
result  of  the  reduction  in  the  Influx  of  afferent  information  to  the 
cerebral  cortex.  The  recovery  of  bioelectric  brain  activity  to  the  in.- 
itial  level  after  completion  of  the  experiment  confirms  the  indicated 
hypothesis.  However,  it  should  be  pointed  out  that  these  changes  are 
not  indicative  of  serious  disruptions  of  the  higher  nervous  activity 
of  the  test  subjects,  since  their  general  state  and  ability  to  function 
during  the  course  of  the  experiment  remained  virtually  unchanged.  All 
remaining  indicators  of  the  functional  state  of  the  central  nervous 
system  during  the  stay  of  the  test  subjects  in  a  helium-oxygen  medi\xm 
underwent  no  significant  changes.  In  addition,  no  changes  were  detected 
in  the  general  well-being  and  behavior  of  the  test  subjects. 

The  Indicators  for  natural  respiration,  the  cardiovascular  system, 
gas  transfer,  and  expenditure  of  energy  on  the  part  of  the  test  sub¬ 
jects  under  the  conditions  of  basic  exchange  and  in  a  state  of  relative 
rest  exhibited  no  significant  changes.  However,  the  application  of  a 
functional  test  in  the  form  of  metered  physical  load  showed  thot  with 
increasing  duration  of  the  experiments  there  appeared  a  gradual  in¬ 
crease  in  the  pejvminute  respiration  volume,  the  frequency  of  cardiac 
contractions,  the  quantity  of  oxygen  required,  and  the  expenditure  of 
energy  upon  completion  of  physical  exercise. 

Apparently,  these  changes  are  also  not  due  to  the  effects  of  the 
helium- oxygen  medium,  but  rather  due  to  the  prolonged  hypodynamia  and 
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relative  isolation.  The  progressive  deterioration  of  the  physical  con¬ 
dition  of  the  test  subjects  was  clearly  brought  out  here  as  the  dura¬ 
tion  of  the  experiments  was  Increased.  In  each  case  the  performance  of 
physical  work  placed  ever-increasing  strain  on  respiration^  the  car¬ 
diovascular  system,  and  exchange  of  gases.  Thus,  for  example,  during 
the  course  of  a  30-day  experiment  the  per-minute  respiration  volume, 
after  the  test  subject  had  completed  20  squats  within  30  seconds  after 
having  spent  two  days  in  the  helium-oxygen  medium,  amounted  to  l8.6 
liters;  after  eight  days  in  this  medium,  the  volume  came  to  20.4  li¬ 
ters,  after  twelve  days,  22.7  liters,  and  after  sixteen  days,  the  res¬ 
piration  volume  amounted  to  24.5  liters  [after  the  completion  of  the 
aforementioned  exercise].  The  respiration  indicators  subsequently  sta¬ 
bilized  and  remained  at  this  compai»atively  high  level  until  the  end  of 
the  experiment.  During  the  investigations  conducted  during  the  perform¬ 
ance  of  physical  work  on  the  eighth  and  twelth  days  after  completion 
of  the  experiment  it  was  noted  that  there  appeared  a  reduction  of  the 
per-minute  respiration  volume  to  the  initial  level.  The  change  in  the 
frequency  of  the  cardiac  contractions  and  in  the  indicators  of  gas  ex¬ 
change  followed  the  same  trend. 

The  investigations  showed*  that  a  stay  in  a  helium- oxygen  medium 
leads  to  a  significant  change  in  the  speech  of  the  test  subjects,  this 
being  expressed  in  a  shift  in  the  spectrum  toward  higher  frequencies  by 
an  order  of  magnitude  of  0.7  of  an  octave.  Intelligibility  of  speech  in 
this  case  suffered  somewhat  but  does  not  drop  below  the  level  of  toler¬ 
able  magnitudes.  The  auditory  function  of  the  test  subjects  in  the  hel¬ 
ium-oxygen  medium  underwent  no  significant  change. 

Up  to  the  present  time  no  attempt  had  been  made  to  use  helium  for 

ventilation  of  the  space  suit.  At  the  same  time,  considering  the  higher 
thermal  conductivity  of  helium  in  comparison  with  air,  it  might  be  as- 
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Slimed  that  the  utilization  of  a  helium- oxy&en  mi:.cture  for  ventilation 
of  a  space  pressure  suit  will  considerably  Improve  conditions  of  heat 
transfer  on  the  part  of  the  human  being  at  high  ambient  temperatures 
and,  possibly,  will  make  it  possible  to  reduce  the  level  of  space-suit 
ventilation,  retaining  thermal  comfort  for  the  individual.  Reduction 
of  the  space- suit  ventilation  level  represents  a  certain  engineering 
advantage  from  the  standpoint  of  economy  in  the  energy  required  for 
the  achievement  of  forced  ventilation. 

In  order  to  clarify  these  problems,  we  carried  out  four  experi¬ 
ments  with  two  test  subjects  in  an  airtight  cabin,  in  conjunction  with 
A.D.  Logunov,  and  the  first  of  these  test  subjects  v/as  kept  in  the 
space  suit  for  a  period  of  8  hours,  while  the  second  subject  stayed  in 
the  suit  for  24  hours.  Each  test  subject  participated  in  one  experi¬ 
ment  involving  the  use  of  a  helium- oxygen  medium  and  in  one  control  ex¬ 
periment  of  the  same  duration  in  an  air  medium.  The  helium- oxygen  med- 
ium  in  the  cabin  was  produced  in  the  same  manner  as  in  the  prolonged 
experiments.  The  supply  of  the  gas  mixture  for  purposes  of  respiration 
and  suit  ventilation  was  achieved  by  means  of  an  autonomous  regenera¬ 
tion  and  air-conditioning  system. 

During  the  course  of  the  experiments,  the  temperature  and  humidity 
of  the  gaseous  medium  of  the  cabin  was  recorded,  and  similar  measure¬ 
ments  were  taken  in  the  gas  lines  at  the  inlet  to  and  outlet  from  the 
space  suit,  as  well  as  in  the  space  within  the  suit.  The  ventilation  of 
the  space  suit  was  measured  by  means  of  a  Venturi  tube  (in  the  air  med¬ 
ium)  and  by  means  of  dry- running  gas  flowmeters  (in  the  helium- oxygen 
medium).  The  body  and  skin  temperatures,  as  well  as  the  rate  of  respir¬ 
ation  and  cardiac  contractions  of  the  test  subjects  were  measured.  The 
heat  output  of  the  test  subjects  was  determined  by  means  of  indirect 

calorimetry  in  accordance  with  the  Douglas-Holden  method.  The  moisture 
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losses  of  the  test  subjects  were  measured  in  all  of  the  experiments  by 
means  of  laboratory  scales.  The  magnitude  of  heat  transfer  on  the  part 
of  the  test  subjects  were  determined  on  the  basis  of  changes  in  body 
temperature  and  the  mean-v;elghted  skin  temperatures,  the  quantity  of 
evaporated  moisture,  and  the  difference  betv/een  the  temperatures  of  the 
ventilation  air  at  the  inlet  to  and  the  outlet  from  the  space  pressure 
suit.  The  thermal  balance  was  determined  during  the  comparison  of  these 
quantities  with  the  magnitude  of  the  heat  produced  by  the  test  subjects. 

During  the  course  of  the  experiments  in  the  air  mediuiri,  the  temp¬ 
erature  in  the  airtight  cabin  v/as  maintained  at  a  level  of  i7-50®C  and 
the  ventilation  of  the  space  pressure  suit  v/as  kept  at  a  level  of  l60- 
180  liters/minute;  the  temperature  of  the  air  at  the  inlet  to  the 
space  pressure  suit  fluctuated  around  22® C.  Under  these  conditions, 
the  organisms  of  the  test  subjects  experienced  overheating:  their  re¬ 
action  to  heat  was  one  of  discomfiture,  abundant  perspiration  v:as  no¬ 
ted,  and  body  temperature  rose  to  37.2  to  37.4° C.  In  the  calculation  of 
the  heat  balance  a  certain  accumulation  of  heat  in  the  organisms  of 
the  test  subjects  was  noted  (up  to  2  kcalAr). 

During  the  course  of  the  24-hour  experiment  carried  out  in  a  hel¬ 
ium-oxygen  medivun  at  the  same  values  for  the  ambient  temperature  and 
the  ventilation  of  the  space  pressure  suit,  the  reactions  to  heat  on 
the  part  of  the  test  subjects  produced  no  discomfort,  despite  the  fact 
that  the  temperature  of  the  gaseous  mixture  at  the  inlet  to  the  space 
pressure  suit  was  3®  higher  than  in  the  analogous  experiment  in  an  air 
medium.  With  a  drop  in  the  temperature  of  the  gaseous  medium  at  the  in¬ 
let  to  the  space  pressure  suit  to  22° C  the  test  subject  evaluated  his 
reaction  to  heat  as  "cool," 

During  the  course  of  the  8-hour  experiment  in  a  he Hum- oxygen  med¬ 
ium  the  reaction  to  heat  on  the  part  of  the  test  subject  was  one  of 
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comfort,  despite  the  fact  that  the  ventilation  of  the  space  pressure 
suit  was  lower  by  a  margin  of  6O-80  liters /min,  while  the  temperature 
of  the  gaseous  mixture  at  the  inlet  to  the  space  pressure  suit  was 
higher  by  a  margin  of  ^6°C  than  in  the  analogous  experiment  in  an  air 
medium. 

In  the  experiments  with  the  helium- oxygen  medium  the  temperature 
of  the  body  and  the  skin  of  the  test  subjects  exhibted  no  significant 
change,  while  the  loses  of  moisture  were  lov/er  by  a  factor  of  40^. 

There  was  no  accumulation  of  heat  in  the  organisms  of  the  test  subjects 
and  a  negligible  heat  deficit  was  actually  noted. 

Received  9  January  1964 
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